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Chuong I

Bo tic vé co hoc vat rdn va
cac phuong phap tinh trong co hoc

§1.1. CO HOC VAT RAN BIEN DANG

1. Cac phuong trinh can biing: (Equation of internal equilibrium)

Dudi tdc dung cda tai trong ngoai, vat thé chiu luc (c6 thé tich V, bd mat S
va nhing lién két caAn thiét nao dé dé bao ddm kha ning chiu lyc ma khéng bi bién
hinh) bi bién dang va bén trong né sé xudt hién uUng suft.

Ung sufit tai cdc diém khdc nhau la khdc nhau va dugc xdc dinh bdi trang thdi
wng sudt tai diém dé. Nhu dd bi€t trong sdc bén vat lidu, trang thdi dng sufit tai
mdt diém la tap hgp cla tdt cd cdc gid tri Ung suflt tdc dung trén cdc mit cit qua
diém khao sdt. Va trang thdi dng sufit tai mot diém hoan toan xdc dinh khi bi&t
céc ung sufit trén 3 mat vuéng géc nhau tai diém d6. Hay cu thé hon, véi mét he
toa do vudng géc théng thudng xyz, thi trang thdi ung suft tai mét diém hoan toan
xdc dinh khi bigt tap hgp 9 thanh phan wng suit tic dong trén 3 mat phang vuéng
géc nhau va song song vdi cdc mat phéng toa do:

Iy » y’ zrxy’ yx; y;:zy:zxytxz_ : (11)

Néu tdch ra tir vat thé mot phén t6
vat thé thi ré rang phan t6 nay phai & trang
thdi cAn bing bdi cdc ndi luc (Uing sudt) va
ngoai luc (lyc khéi) téc dung 1én né. (Xem
hinh 1.1 vdi chii ¥ rdng dé don gian chi vé
cdc thanh phin dng suit tdc dung trén 2
mat phing // mat phing yz va luc khéi chi
vé thanh phan g, song song truc x).

wh

Bang céch st dung cdc phuong trinh
cin bing tinh hoc théng thudng, bé qua cdc
vé cung bé bac cao, cufi cung ta c6:

Hinh 1.1

/Tq fa—z.!’—dx

i- Ot :?f dx
+

tzy ——-Z-oz' dr
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Tit 3 phuong trinh téng momen vdi 3 truc toa d6 x, y, z ta cé cdc biéu thuc
cda dinh luat d6i ung clda Ung sudt ti&p. Cu thé la:

Tyx = Txy» Toy = Tyz» Txz = Tax

(1.2)

Céc bifu thuc nay chi ra ring: Trang thdi dng sudt tai mot diém cd thé hoan
toan xdc dinh thay vi 9 ma bang 6 thanh phan ung sudt sau diy va tap hogp cua

ching 12 vecto ung sudt {o}

{o} = {ox, 0y, 0,, Txy s Tyz > Tox}

(1.3)

Con tit 3 phuong trinh hinh chi€u theo 3 truc x, y, z sé cho 3 phuong trinh

can bang sau:
00y + OTxy + Myq

ax Jy Jz
Orxy N 00y N Oryz
ox dy Jdz
Jt 0t Jo

Xy Yy 24 g =0
[95.4 Jy 0z

trong dd: gx , gy , &z 12 cdc Iyc khoi thanh
phan, hay cu thé hon la cdc luc khéi

trén 1 don vi thé tich tdc dung doc theo -

cdc phuong x, y, z. Lyc khéi cé thu
nguyén [Lud (chitudai®] la 3 thanh
phan cua vecto luc khéi {g}.

Cédc phuong trinh (1.4) duge goi la
phuong trinh vi phan can bang, hay
phuong trinh can biang noi.

Trong bai todn 2 chiéu (2-D): Céc
ung sufit chi 124 ham s 2 bién s6, vi du
x, y. Trang thdi @ng suit tai mot diém

~ lic d6 chi can, bifu dién bdi ba thanh

phin Ung suit oy, oy vA 14y. (hinh 1.2)

Lic d6 cdc phuong trinh cAn bing ndi chi con hai phuong trinh sau:

do, ot

X4 g =0
ox  ay

arxy

day
—=+—=+g,=0
Ix y

(1.4)
Ty +29% d,
yx+z)_y 1y 1
) Ty s 20y
= & +2%% 4y
Z.t’_y ox
[
y %
[ .
e Hlnh 1.2
(1.5)

Trong bai todn 1 chiéu (1-D): Trang thdi @ng sudt tai mét diém bat ky duge
dac trung bdi mot thanh phan dng suit va l1a ham cda mot bi€n s6 (vi du toa dd

x). Phuong trinh can bing chi con la:
doy

_.+gx=0
)4

(1.6)



2. Quan hé gia bién dang - chuyén vi:

Dudi tdc dung cua tai trong, vat thé
chiu lyc bi bién dang, cdc diém trong vat

thé chuyén dich dén vi tri mdi trong khong Y
. . b e Y s 2 . ~
gian. Ta néi rang cdc diém cé chuyén vi. =

Xét diém M bat ky c¢é toa do (x, Y, 2).
Do bign dang, diém M chuyén tdi vi tri M’.
(hinh 1.3). Hinh 1.3
Ta goi MM’ : 1a chuyén vi toan phan cia diém M.
Hinh chigu cia chuyén vi toan phan MM’ lén 3 truc toa do la u, v, w la céc
chuyén vi thanh phén. Va ching la ham s§ cua toa do diém.

Do vat thé bi bién dang, cdc diém cé chuyén vi nén moét doan thang nhd vo
cung c6 phuogng nao dé di qua diém khéo sit cing sé bi bién dang co ngin hoac
dan dai ra, cing nhu vay cdc géc vudng tao bdi hai doan thang thing géc nhau tai
diém khdo sdt cing sé khong con vudéng nita. Ta néi riing tai diém khao sit cé bién
dang dai va bi€n dang géc. N6i chung, theo cdc phuong khdc nhau thi cé bién dang
dai khdc nhau va bign dang géc clia géc vudng hgp bdi hai phuong bit ky thing
géc nhau cing khdc nhau. Va cing nhu TTUS, tdp hgp cua cdc bi€n dang dai va
géc theo cdc phuong bat ky qua modt diém duge goi la trang thdi bién dang. Va
ciing c¢6 thé thdy, tuong ty nhu TTUS, TTBD tai.mét diém xdc dinh biing 6 thanh
phan bi€n dang hay vecto bi€n dang {e} va:
}T

{e} = {ey, €y v €z 7xy» 7yzo Vzx (1.7)

gdm ba bién dang dai theo ba phuong truc toa dé X, ¥, z va ba bién dang géc trong
ba mat phang:song song cdc mit
phing toa do..
Gita .cac thanh phan bié€n ¥

dang va cdc thanh phan chuyén vi
c6 mbi quan hé vdi nhau. D& don
gian ta xét bai todn phdng (dieu
nay khéng lam mit tinh téng quat
cua van dé). Xem hinh 1.4 | B R W - ‘ o1

Xét phan t& ch@ nhat OABC ¢6 -
cdc canh dx, dy song song cdc truc
toa do. '

’

A

Khi vat thé bi bién dang, phan . ‘ Hinh 1.4
td OABC cing bi bién dang, cdc ‘
diém chuyén téi vi tri mdi trong mat phang va O’A’B’C’.

Phan t6 OABC bi bién dang:

Cu thé 1a cdc canh phan t8 bi bién dang dai ra hoic co ngin lai, géc vuong
OAB khong con vudng nia.

R6. hon: canh phan td bi bién dang dai tuong d6i theo x, y.



o ou . '
p o N [dx+(u+—'dx).—u]—dx
. = D9 bign doi chiéudai OA theo phuongx _ Cax _du
h Chiéu dai ban dau cia OA | dax ix

Tudng ty: e, = il
o dy _
- Do giam gée vudng dugc goi 1a bign dang géc trong mat phing xy, kl hiéu yyy.

ov du
(v+.—dx) -v (u+“—dy) -
yxy=a1+a2ztga1+tga2 = ox + 9y .
: - : ou . ov .
[dx+(u+““dx)—u] ' [dy+(v+“‘dy) —.v]
ox dy -
av d
—dx — dy
_ 0x . + dy
(1+e)dx  (1+¢g,)dy
Vi exvaey< < <1 =bd qua —_—>/xy_‘)~v+ilf
0x Jy

Vayf c6 thé néi ring: :
Bién dang dai tuong d6i theo mot phuong bat ky 1a bing dao ham riéng cua
thanh phan chuyén vi theo phuong dé 1ay déi vdi bién s6 cung theo phuong dé.

Bién ~dang goéc trong moét mat phang nao dé 1a bdng téng dao ham riéng cua

cdc chuyén vi thanh phan trong mat phing nay lay theo cdc blen s6 cua hudng
thang géc vdi cdc chuyén vi thanh phan:

Téng qudt, trong bai todn 3 chidu, ta c6 lien hé gida cdc bién dang dai, va

f _Ju
Ey = —

oxX

_ov

Y E

dy

_ow

£y = —

- 0Z

Hay ¢ dang ma tran: {¢} = [0}{u}

. Hay cu thé hon:

™ I
HE

bign dang géc doi vdi cdc chuyén vi thanh phan nhu sau: (Cdc phudng trinh Cauchy).

‘\/xy = _(.)1 + (_)E.
Jx Oy
yyz = ()_W <+ i)l (18)
Jdy 0z )
Ju oW
Vax = — t —
Jz 0X (
(1.9)
“latax 0 - 0
10 oy 0 :
- u
0" 0 0/02 »
v
d/dy 9/ox 0 -
AW
0 B/Oz 6/031 o ,_
dfoz 0 9lox



3. Cac phuong trinh lién tuc cua bi€n dang.

Céc phuong trinh Cauchy (1.8) cho ta sy lién hé 6 thanh phan bién dang vdi
3 thanh phan chuyén vi. Vay néu biét 3 chuyén vi thi bing cdch dao ham ta sé
dugc 6 thanh phan bién dang mot cach duy nhit. Nhung nguge lai: néu bist 6 bién
dang thi dé tim 3 thanh phan chuyén vi thi théng thudng bang cdch tich phan 6
bién dang thanh phan theo cdc dao ham riéng. Nhu vay su chon tuy y 6 bi€n dang
la khong duge vi ching sé khong cho duy nhit 3 chuyén vi. Do vay ré rang 6 bién :
dang 1a khong déc lap nhau va gida ching phai tén tai su lien hé xdc dinh nao’ds..
D6 chinh la cdc phuong trinh lién tuc. Y nghia hinh hoc la bao dam cho vat thé
bién dang khong cd vét gay diit.

'That vay, thu loai cdc chuyén vi trong (1.8).

.2
e oy > |ou
= — 7 = = -.__
" X ()yz X ()yz ()X()y ()y
9 .
av 0 £y 03V (')2 [()V }
gy = — - = = e
dy ox2 oxZay  0x0y (0%
.2 .2 .2
Tex oy P i av | Oy
(-)y2 ()X2 dXdy \dy  0x OxXJy

Day la lien hé gia cdc thanh phan bién dang dai va géc trong cung mot mat
phang. ‘
Trong hé cling thi€t lap dugc mdi lien hé gida cdc bi€n dang géc trong 3 mat
phing thing géc nhau vdi bi€n dang dai. Tém lai, ta ¢6 6 phuong trinh lién tuc:

2 2 ) :

()8x+08y=0‘/xy
. 0y2‘ oxe axdy

2 2 .2

aey’v+aez‘ ‘ l& /_yz I

b oyt R

¥y e
% 0%, 7 oy - ' i
X 02 . SRR LR C(LL10) -

o |k Orxy Oy ) .02‘; ety

— + - -2 =22

ox \ dy | 90z LOX . 0y0z .

K ()'/xy_~+ ‘)/yz _ ()'/vzx‘ =9 J Ey s

dy | o0z X ay * T 020X

J ()*/yz N ¥ 2% B a‘/xy _ Je,

dz | X Jdy 0z Xy



Trong bai todn 2-D: Céc phu’o’n'g trinh (1.10) chi con lai phugng trinh quan
trong nhAat:

2

ey 025

+

Trong bai todn 1-D: Céc phuong trinh trén ty ddong thoa man.

2
y _ 9y

4. Pieu kién bién (Boundary conditions)

Céc ditu kién bién c6 thé vé chuyén
vi ho#ic ung suit. Diéu kién bién lién
quan d&én chuyén vi (Diéu kién dong hoc)
thuong la doi héi vé chuyén vi tai mot
diém ‘(hodc mot phan mét bién) nao dé cé
modt gid tri cho trude nao dé.

biéu kién bién lién quan dén ung
suiit (ditu kién bién tinh hoc) thi thé
hién sy cAn bang tinh hoc doi hdi gita
ngoai lyc dat lén bién va Ung suat ngay
sat mat bién (con goi la diéu kién bé mat).

Vi du: Vat thé chiu luc cé thé tich
-V, bée mat S, vat thé lien k&t chat trén
Sq va trén phan con lai S; c6 mdt phan \ Hinh 1.5
chju tai trong p. (chd y: S = Sq + Sp), hinh 1.5.

Vay: Didu kién bién dong hoc: u = v = w = 0 trén Sy
~ DPiéu kién bién tinh hoc: Trén Sp cé chiu {p} tai trong.
Trén (S, ~ Sp) khong cé tai trong hay {p} =0
Thu’o’ng tai trong ngoai (tai trong bé mat) cho bdi vecto {p} = {px , py , pz} la

gdm 3 thanh phan hinh chiéu 1én 3 truc x, y, z

Bing cdch khao st sy can bing cia mdt phan td tu dién vd cung nho ngay
sdt bién ma mit ddy chinh la mat bién thi ta cé lién hé gida dng sudt (ndi luc) va
ngoai lyc nhu sau:

Ol + 1y m + 1y n=\px
Ty l+aym+r N =Dy (1.11)

Tol + r . +0,n=p,
trong dé (1, m, n) la cosin chi phuong cua phap tuy&n ngoal n cia mit bén tai diém
khdo sdt. '
Phuong trinh (1.11) dugc goi 1 dx‘éu knen be m&t N6 -cho ta m&i quan hé gita
tai trong ngoai va ndi lyc. Va né cing W didu kign bién tinh hoc.

Vi du: Xét mot ban phéng ngam mbt d'Au”tral nhu hinh 1. 6, ta cé cac diéu kién
bién sau:



&

-~ bién doéng hoc: /q
Canh AB: cdc diém khéng co ; 17 7 1
chuyén vi u va v: hay u = 0, v = 0. Tjg ) T
- Ma phuong trinh canh AB trong hé toa bl
d6 nhu hinh vé la: x = 0. Vay diéu lc 4 ’
ki¢n bién dong hoc cé thé la: x
u(0, y) = v(0, y) = 0. # 4 .
Ngoai ra con cé ca ditu kién bién 7
thé hién gdc xoay biang khong. . Hinh 1.6
A
ox

x=0
Diéu kién bién tinh hoc trén phan bién con lai: :
Trén canh AD (y = 0) va trén canh CD (x = 1) tai trong khong cé :
P, =Py = 0. Cu thé trén canh AD (y = 0) ¢6 phdp tuyén ngoai #,(0,-1), vay dp dung
(1.11) vdi bai todn phéng ta co:
0.(0ap — 1. (x)ap =0 |(xypaD = (Txy)y 0=0
0. (xp)ap — 1. (0yaD = 0 | YAD = (9y)y—¢ = 0
Tuong tu, trén canh CD (x = 1) ¢6 59(1,0) ta cung CO: (0y)x=1 = (Txy)x=1 = O
Con trén BC (y = h): ¢6 73(0,1), chiu tai trong p, = -q. su dung (1.11) ta c6:

(xy)BC—(Txy)yH—O ; (o )BC—( )y h= -4

5. Cac phuong trinh vat ly- Quan hé gita wng suat va blen dang- Dinh luat
Hooke

Nhu vay & cdc muc trén ta da lam quen vdi hai y&u t6 tinh hoc va dong hoc
ddc ldp nhau trong bai todn co. Hai yéu t6 nay dugc lién hé vdi nhau bgi cdc dinh
luat dng xu thé hién mdi lien hé gida dng sudt va bién dang. Va rdé rang méi quan
hé nay cda cdc vat litu khdc nhau thi la khdc nhau va chi c6 thé ti thuc nghiém
mdi xdc dinh duge.

Dé don gian gido trinh nay chi xét giai doan lam viéc dan hoi cua vat liu va
xem sy dan hoi nay la tuyén tinh, tic quan hé gida dng suit va bién dang la tuyén
tinh. Khi d6, quan hé nay dugc cho bdi dinh luat Hooke, dd quen thudc trong gido
trinh Suc bén vat lidu.

Trong bai toan ba chidu vdi vat lieu ding hudng dinh luat Hooke la:

1 1 2(1 +
‘€x=’E‘[$7x_V(ay+oz)]’ yxy=—(-}—rxy=—(—§—l’lrxy
1 201 +v)
&y = E [Oy - V(OZ + Ox)] , Yyz = _(_Pi_____ vz
1 2(1
€z = E lo, —viog + ay)] ) Vzx T mt IS Tax

Hay & dang ma trén; va ké thém thanh phan bign dang ban dau.
' {e} = [CHot + {e5} :* - . (112



‘Trong dé:
{e} ={ex ey, 80 Vags Vyzs v.x} 1 1a vecto bién dang

T .. e
{o} ={ox,0y,0,, Txy, Tyz, T;x} : vectd Ung sudt

{eo} = {eox » €0y » €0z » Yoxy s Yoyz » yozx}T la vecto bién dang ban dau.
[C] : ma tran cdc hé sd dan hoi.
(1 —» 0 0 0
v 1 = 0 0 0.
(] = l -V —v 1 0 0 0
0
0

1.
E{0 0 0 21+ 0 ( 13)_

0 0 0 0 21+y

0 0 O 0 0 21+ _ _
véi E - modun dan hdi Young cia vat liéu. G 13 moédun dan héi truot

v - hé s6 Poisson cua vit liéu.
Chu y rang viéc xdc dinh v bang thuc nghiém khé hon viéc xdc dinh médun-
trugt G tit thi nghiém xodn. Nén thudng tim G ti thi nghiém xodn thanh tron trudc
réi mdi xdc dinh » td quan hé sau day: '

G=-_E (1.14)

A 201 +v) . _ _

Véi {e,} la vecto bién dang ban dau. Trudng hgp do nhiét do thi:
{e,f =aT{1,1,1,0,0,0}FT (1.15)

trong d6 « 1a hé s6 dan nd vi nhiét cia vat lidu, con T la do bign thién cda nhiét do.
Doi khi ta cing can dén cdc biéu thuc biéu dién ung suit theo bién dang, bing
ciach nghich dao (1.12)"ta ¢é: {o} = [D] ({e} — {e})

* 1
1,
hay - {o} = [Dl{¢} - = ( .. (1.16)
e L1 =2 0  R 3
0|
- e 10 '
trong d6 ma tran hé sé [D] la: o
[1-v v o 0 0 0
v 1-v v 0 0 0 )
. v v 1-v 0 0 0
. m=—F o o o0 1-2 o o (117)
A+l -2) |- 9

P .Y



Hinh 1.7 Hinh 1.8

Bai todn 2 chiéu - Bai toan phang: Trong mot s& bai todn cu thé dugi day
khi cdc dai lugng chinh cda bai todn chi la ham s6 cta 2 toa do diém (thudng ldy
la toa do x, y) thi ta c¢6 bai todn 2 chiéu. Trong ly thuyét dan hdi thudng gap hai
dang bai todn 2 chiéu sau: ‘ "

(a) Bai todn ung sudt phdng: Khi vat thé cé dang tdm va tai trong nim trong
mat phéng gitta tdm, phan bg deu theo bé day tdm thi cé thé xem ring (Hinh 1.7):

+ 0, = 1,5 = 1,y = 0 (chon truc z vudbng géc mat phdng tidm)

+ Cdc ung sudt khong doi theo be day tdm (tuc la theo hudng z) hay ung suit
khong phu thudc toa do z. (Du riang diéu nay sé vi pham mot vai diéu kién cia tinh
lién tuc nhung ching du chinh xdc d6i vdi tdt cd cdc bai todn thuc tién khi tdm
la mong)

Khi d6 dinh luat Hooke sé la:

{e} = [CH{o} + {eo}

trong do:
£x Oy Eox 1 ‘ 1 —v 0
(b =19 [, {0} =19 | {eob = 1%y t=aT{l} walCl=2X|-v 1 0
7xy ‘ Txy {7oxy | 0 0 0 21+vw
. ‘ * 1
- Hay ¢ dang ngugc: {o} = [D] ({e} - {e;}) = [DNe} EaT 1y
: . . . . ' 1-v 0
o . ‘
. 1
véi D= 2| " \
1- Vz 0 0 (1 - V)
. 2 !

L J
Bién dang theo phuong z la ton tai va la:

€, = . (ax'+ oy) +aT
E

(b) Bai todn bién dang phcing: Khi vat thé cé dang lang tru dai va cé mat cdt
ngang la khéng d6i subt chidu dai (hinh 1.8), chiu tai trong déu va vubng géc truc

11



z doc theo chiéu dai, thi cé thé de thay rang: tai moi
diém ta cé

w=0vae= LAY
Jz
Cdc dai lugng ung suit blen dang va chuyén vi Chl phu
thudoc 2 bién x, y.

Va tit ¢, =0 ta dé thdy cdc cong thic cua dinh luat

Hooke la:
{e} = [CHo}t + {g5}
| 1=v —v 0 Il 1
trong d6, [C1=1%Y | o 10 0|, {e)= A+ )T |1
E 10 o 2 lo ’
ol
Hodc ¢ dang ngudc. {o} = [Dl({e} — {eo}) = [DNe} - EaT 1y
=
1-v v ] ' o
B - v 1-v
vdi [D]=
1+ 1 -2y 0 0 (1 - 2v)
: ' 2
va o, # 0, cu thé: &, = —v(oy + 0y) — EaT i

con Ty, = Tp =0 ‘ ,
- @ Bai toan 1 chiéu : Do chi ton tai mot thanh phan u‘ng suit, dmh luat Hooke la:

€ —1—0 +aT

X
E .
E - E«T (g déy [D] = E)
(1x1)

® Quan hé \Wng sudt - bi€n damg cua vat lleu khong dang hudng.

. Trong thuyc t&€ ky thuat ngoai cdc loai vat ligu ddng hudng (isotropic) ngudi ta
con su dung cdc loai.vat lieu khong ddng hudng (anisotropic) nhu bétdng cst thép,
gd, cdc loai vat lidu composit, ... Khi d6 khac vdi vat lidu ddng hudng, cdc tinh ch4t
clia vat lidu khong ddng hudng tai mot diém theo cdc phuong khdc nhau la khic
nhau. Pinh luat Hooke tong qudt md tad quan hé tuyén tinh gia bién dang va ung
sudt cé dang: |

Hoac:

¥

- -

e ) Cin Ci2 . Cis o1
€2 Co; Coz ... Cg o9
£3 » 93

lr2{ = | 12 |
723 y 723
731 : T R G2

‘ Ce1 Ce2. - Ces. -

12



Hay {e} = [CHo} .
Trong d6 ma tran cdc hé s6 dan héi [C] la d6i xdng va ¢ 21 hing s§ doc lap.
Céc chi s6 1, 2 va 3 duge dung thay thé€ tuong ung cdc chi s6 x, y va z.

Véi vat lidu truc hudng (orthotropic), s& hing sé ddc lap cla ma tran [C] rit
xubng con 9 va ma tran [C] cd dang:

Ci1Ci2Ci3 0 0 "0
Cig Cyp Cyg 0 0 O
Cy3 Cp3 Cg3 0 0 0
0 0 o Ca 0 0
0o 0 o 0 Cs5 0
o o o O O Cee
trong d6 cdc phan tu Cj la:

[Cle =

1 V12 v13
Ciy=—, Cp=-—, Czg=-—
E, E, Es
1 V32 1
Cog=—, Cog=-—, Cg3=—
E, E, E,
1 1 1
Cyg=—, Cs5=—, Cgs=—
G2 Ga3 G3,

Véi E;,Es, E3 12 moédun dan hdi Young trong cdc miat phang duge xdc dinh
tuong udng bdi cdc truc 1, 2 hay 3 (hoac x, y, z).

Gz, Gos va Gsp la cdc modun dan hdi trugt trong cdc mat phang 12, 23 va 31.
Con vyg,vgg vavyy 1a cdc hé s6 Poisson.

9 thanh phan djc lap nay la can thiét de mo ta mét vat liéu tryc huong trong
trang thai dng suft phuc tap, ba chiéu.

Trong trang théi dng sust phing, o3 = 193 = 733 = 0 nén phu'o‘ng trinh d&inh luat
Hooke & trén c6 dang;

e7 ] |C11.Ci2 0 oy -
21 =|CpCy 0 | (2
712

0 o0 Caa| [722
trong d6, 4 thanh phin déc lap cia ma tran [C] la:

1 1
Ch=—  Cypp=—
1 Eg

V12 va1

E, Ep
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Hay {e} = [C]{O'}
Trong d6 ma tran cdc hé s6 dan hoi [C] 1a d6i xung va cé 21 hang s6 doc 1ap.
Cdc chi s6 1, 2 va 3 dugec dung thay thé tuong ung cdc chi s6 x, y va z.

Véi vat ligu tryc hudng (orthotropic), sd hiang s§ doc lap cia ma tran [C] rit
xudng con 9 va ma tran [C] cé dang:

Ci11C2C33 0 o
Ci2 Cop Cy3 0 0
Cy3 Co3 Cz3 0 0
0 0 O
o o o 'O Cs5 O
o o o 0O O Ces
trong dé cdc phan tu Cj; la:

1 V12 Y13
Ci1=—, Cpp=—-—, C3=-—
1 E, E3
1 V32 1
Cog=—, Cog=-—, Cg3=—
Eg Eg Eg
1 1
Cgg=—, C55=—"—, Cog=—
Gio Gag G

Vdi E1,Eg, E3 12 médun dan héi Young trong cdc mat phang dugc xdc dinh
tuong Ung bdi cdc truc 1, 2 hay 3 (hoic x, y, 2z).

Gig, Gogva G31‘ la cdc modun dan hdi trugt trong cdc mit phing 12, 23 va 31.
Con vyg,vo3 vavgy la cdc hé s§ Poisson. ‘

9 thanh phan doc lap nay la can thist de md ta mdt vat liéu truc hu’dng trong
trang thdi Ung suit phuc tap, ba chidu.

Trong trang thai dng suft phng, o3 = 193 = 733 = 0 nén phuong trinh dmh luat
Hooke ¢ trén c6 dang;

€1 Ci1Ci2 0 oy -
2 1=|C2 Cp 0 %2
712 0o o Casl| |712
trong d6, 4 thanh phin doc lap cda ma tran [C] la:
1 1
1 Ep
V12 V21
Cl2 = - —= J—
1 Ep
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1
Cyy = —

Gyg
0] dang ngugc, cic phuong trinh dinh lut Hooke biéu dién d@ng sudt qua bién
dang trong trudng hgp bai todn ung suidt phing la: {0} = [D){¢}

o1 D11 D12 O €1
Hay %2 | = D2 Doz 0 |y°2
12 o o Dasl| (12
E : E
‘trong dé: Dy = 1 , Dog = e 2
1 -vigva1 1-vig.v21
vo1 E vio E
Dyp=_ 2401 . V12
1 -vigver 1-vigvyy
Dyg = 2Gy

6. Dat bai toan.

Nhu vay khi nghién cdu mot vat thé bién dang ¢ thé tich V bién dang dudi
tdc dung cua luc kh&i {g} trén thé tich V va lyc mit {p} trén phan mat bién S,
cing nhu cdc dieu kién bién ddng hoc trén phan bién Sq, ta thdy ring tai mdi diém
sé xudt hién ung sudt {0}, bi€ndang{e} va cdc diém c6 chuyén vi {u}. Véi muc tiéu
cua viéc nghién cudu la tim duge sy phan b8 ung sudt, bién dang va chuyén vi nay
sinh trong vat thé, c6 thé tém tit cdc 4n ham cin tim trong bang sau tuy thudc
bai toén la 3, 2 haygl chi‘éy.

Dai luong can tim Bai toan 3- D Bai toan 2-D Baitodn1-D
Chuyén vi {u} u, v, w u, v u
Ung sudt {o} Oy s Oy Oy Tuiy Tz s Tyy Oy 5 Oy, Tyy v o,
Bi&n.dang {¢} Ex s By Eus Vay Vyzo Van Exs €y Vay £,
Téng s6 4n ham 15 8 3

Cac dai lugng can tim nay vé nguyén tic “cé thé” cé duge 6‘" dang giai tich
bang cach “tich phan truc ti€p” cdc phuong trinh cg ban sau.

Loai phuong trinh S¢ phuong trinh
Baitoin 3-D | Baitoan2-D | Baitoan 1-D
Cac phuong trinh can bing (ndi) 3 2 1
Cac phuong trinh bi&n dang - chuyén vij 6 3 1
Céc phuong trinh ng su&t — bign dang (Hooke) 6 3 1
Téng s8 phuong trinh 15 8 3

Va tdt nhién, nghiém cia bai todn cin théa mén cdc didu kién bién déng hoc
trén Sq va cdc ditu kién bién tinh hoc trén phan bién S;.
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§1.2. CAC PHUONG PHAP GIAI BAI TOAN CO VAT RAN
BIEN DANG, BAI TOAN PAN HOI

Nhu phan trén da thdy, vidc giai bai todn cd vat rdn bi€n dang néi chung hay
bai todn dan hdi ndi ridng thuc chdt 1a, trong trudng hgp téng qudt - bai todn 3
chidu, viéc tim 15 4n ham dic trung cho trang thdi ung suit - bién dang - chuyén
vi cia vat thé tit 15 phuong trinh vi phan théa mdn cdc didu kién bién dong va
tinh hoc da cho. Dé thdy ring cong viéc nay khong dé dang va dudng nhu khéng
thyc hién dugc trong trudng hgp tdng quit do cdc khé khin todn hoc. Do vay da
cé nhiéu phlIdng phdp phﬁn tich, phuong phdp gidi khdc nhau dé cé thé tim dugc
nghiém cuda bai todn.

Viéc ban v& cdc phuong phdp gidi bai todn co trong trudng hop téng quat thuc
chdt la khéng don gian va gido trinh nay khong c6 tham vong ban ky ve vdn da
nay. Tuy nhién dé thiy ré6 dugc phuong phdp PTHH sau nay, cling cin so b6 ban
tdi cdc phuong phdp tinh trong cd hoc (ciing nhu trong cdc bai toin trudng 6n dinh
néi chung (bai todn truyén nhiét, bai todn dong chay, bai todn electrostatic,
magnetostatic, ...)

Cé thé thay so bd cdc phuong phdp gidi bai todn cg vat rdn bién dang hay bai
todn cd két cdu theo so d6 dudi:

Céc phuong phap gidi
Cac phuong phap Céc phuong phéap s&
gidi tich
Céc phuong Cac phuong phap gan Céc phuong phap s& Phuong phdp
phap chinh x4c -dung {Céc phuong gidi cdc phuong PTHH
phép bi&n phan) trinh vi phan :
Céc ' Phuong MO hinh M6 hinh MO hinh
phuong phép sai tuong can hén hop
phdp tich phan hiru thich béng
phan s6 . han

3 so db nay, c6 thé thiy ring, nghiém cia bai todn co c6 thé duge tim thay
trong dang gidi tich hodc c6 thé chi la cdc gid tri s6 cia cdc dai lugng ciin tim tai
mét s6 hitu han cdc diém dd xdc dinh trong mi®n V cia vat thé khdo sdt bing cdc
phuong phdp gidi thich hgp khdc nhau. Ma trong d6, chuing ta c6 thé néu mot s6
phuong phdp cu thé.
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1. Phuong phap chinh xac (hay phuong phéap tich phan truc tié€p):

La cdc phuong phdp tich phan truc ti€p hé théng cdc phuong trinh vi phan
cua bai todn va théa man cdac diéu kién bién ma bai todn da c¢é. Tuy nhién trong
bai todn dan hdi thay vi phai tim déng thdi 15 ham 4n, ngudi ta cé thé lam nhe
bai todn bing cdch xem cdc dai lugng nao d6 (hodc chuyén vi, hodc (tng suit) la cdc
4n cod ban can tim trudc hét. Cu thé, khi
giai theo chuyén vi, ngudi ta xem 3 chuyén / /li
viu, v, w 12 3 4n ham co ban va can tim 1
trude. Sau khi d4 tim duge chuyén vi mdi
tim bién dang va dng sudt. Khi bai todn —+— v(x) —>—
duge giai theo uUng sudt, thi trudc hét /7 #
ngudi ta sé thi€t lap hé thdng 6 phuong y
trinh vi phan dé tim 6 ham 4n 13 Ung suit.

~
i
rett—{
et
8

Dé don gian ta xét thi du bai todn dam Hinh 1.9
chju uén nhu hinh 1.9.

Nhu da biét trong suc bén vat liéu, phuong trinh vi phan chu dao cua bai todn
nay theo chuyén vi v(x) la:

E7 Y g2 0(wei0<x <D (1.18)
dx?
Va diéu kién bién
vio) =v(0) =0
vi) =v()=0 (119
‘. d4 q
Tu (1.18), ta c6: — = —
dx? EJ

Tich phéan lén, cudi cung ta dugc:

4

v(x)=i( + Cx> + Cox? +C3x+C4)

EJ ‘24

Cac hidng s0 tich phén Ci, Cz,Cs , C4 duge xdc dinh tu diéu kién bién (1.19)

va la:

c=-L, =2 c-c-0
1=, OLg=—, OL3=04=
12 24
Vay: Nghiém cta bai todn theo chuyén vi.
vy = —4 x* - 21 + 1% ' (1.20)
~ " 24EJ

Dya vao quan hé vi phan giita momen uén M va dao ham cua v(x) ta t1m dugc
biéu thitc momen udn.

: 2
Mx = -EJ3Y = -9 (6% - 6lx + 1)
' dx2 12



Do vong 16n nhAdt tai gida nhip (x = 1/2) d& thdy la:

4
()

2. Cac phuong phap bié€n phan:

Nhin chung, cdc phuong trinh vi phan chi dao cda nhigu bai todn cd va ky
thuat cé thé biéu dién & dang tdng quat: (Bai todn tri bién —~ Boundary value problem)
L) + g = 0 trongmiénV : (1.21)
Cu =p trénbiénS : (1.22)

trong d6: L, C la cdc. toan td vi phén.

u = u(x, y) la ham cta cdc bi&n doc lap (toa do diém x, y) va la dai lugng
can tim.

g =8gx.y)

P = p(x,y)

Khi d6 mdét ham u = u(x, y) la nghiém cua bai todn néu né lam théa man
phuong trinh (1.21) tai moi diém thudc mién V va thoa méan (1.22) tai moi diém
thudéc phan bién S.

Cac phuong phdp bién phan 1a cdac phuong phdp gan ding ma muc tiéu la nhim
tdi viée tim mot nghidm x&p xi gan ding dua trén mot "tidu chuin” nao dé duge phat
'biéu trong dang mét biéu thuc tich phan xac dinh lay vdi toan mién khao sdt V.

_ Cdc phuong phdp bién phan thudng gap la: phuong phdp bién phén Ritz, phuong
phép Galerkin, phudng phép binh phu’o’ng t01 thleu

(a) Phuomg phdp Ritz: '

la cdc ham cua bién doc lap va da cho trudc.

Trong nhiéu bai todn tri blen, ngti ta co the chung mlnh du’dc sy ton tal cia -
mdt phiém ham I dang.

I= fF(x VY, U, Wy, Uy, u'y, uyy, ) dx:dy S (1.23_)
ma tir digu kién ding cda phiém ham nay sé cho phu’dng trmh vi phén (ho#c dao
ham riéng) chi dao cda bai todn. Néi cdch khdc. : '
T didu kién 61 = 0 sé didn ra dugc phuong trinh (1. 21) L(u) + g 0 :
(Vi du: phiém ham thé& ning toan phin [T cia mot he dan hdi trong bai toin
cd két céu ,
Va t disu kién o]] =8(U - A) = 0 sé-dan ra duge phudng trinh vi phan cén
bang. Ta sé ban ky sau) » :
Khi d6, phuong phdp Ritz nhim vao muc tiéu tim nghiém x4p xi gan dung trong
dang mot t6 hc_Jp tuyén tinh cdc ham xdp xi (approximation functions) nhu sau:
N
U(xY) = UN = Po(xy) + 2 Copi(xy) (1.24)
i=1

trong d6: + po(y) 12 ham duge chon @8 théa man cdc didu kién bién can thiét khong
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thuan nhat (essential boundary condition)
Trudng hgp cdc didu kién bién nay la thuan nh4t thi chon ¢, =0

-

+ ¢i(x,y) 1a cdc ham thoa man 3 diéu kién sau:
e ¢; phai dd kha vi nhu doi héi trong phi€ém ham L
e phai thda man cdc diéu kién bién can thiét dang thuan nhit.

}N

i=

e vdi N nao d6 thi tap hop {pi},_, 1a doc lap tuyén tinh va day. da.

(Cac yéu cau nay bao dam sy héi tu cua nghiém Ritz I(uN) dén nghiém chinh
xac)

+ C; : la cdc tham s6 sé dugc xdc dinh tu dieu kién ding cua phi€m ham I.
Cu thé: Sau khi thay uy vao I(u) va thyc hién tich phan, thi I la ham cda cdc tham
s6 C; hay:

' I=1C;,Cq..Cp

Dieu kién: 61 = 0 sé trd thanh
ol
9C,

=0

aCq (1.25)

()CN
K&t qua, ta nhan dugc mdt he phudng trinh dai s6. Giai hé phuong trinh nay, -
ra C; (i =1, 2, ... N) via.nhu vay, tim dugc nghiém xdp xi.
N
UN = ¥o + 2 Cl(Pl
i=1

(b) Cdc phuong phdp phan du c6 trong (Weighted Residual Method)

e Vi khong phai bai todn tri bién nao cé phuong trinh vi phan chi dao nhu
(1.21) cing c6 thé ton tai mot phiém ham dé st dung phuong phdp Ritz nén ngudi
ta dua ra nhidng phu’o’n‘g;r phdp khdc. |

e Goi: R(u) = L(u) + g (1.26)

. la ham phan du (residual function).
Hién nhién néu u la nghiém cda bai todn thi R(u) = 0

Nhu’ng, cling nhu trong phuong phdp Ritz, néu chon mdt nghiém gan ding dang
(1.24)

uy = ¢, 2 Cip; ) . (1.27)

trong d6: ¢, : chon sao cho théa man tdt ca cdc diéu kién bién khdc khong
(po = 0 néu cdc diéu kién bién la thuan nhat)
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~ did kha vi nhu yéu ciu clatodn td vi phan L
o; phai |- théa man cdc diéu kién bién dang thudn nhat
- tap hgp {<pi}il\i1 1a doc lap tuyéntinh va day da (complete)
thi r6 rang R(uy) = L(un) + g = 0
va R(uy) = R(x,y,C1,Cp,..CN) : tidc 1a R 12 ham cuia cdc bién s6 doc lap x, y
va cdc tham s6 Cj ngay khi ¢, va p; duge chon.

® Cdc tham s6 C; duge xdc dinh sao cho tich phan phan du c6 trong sd (weighted
residual) trén toan mién la bang 0, tuc la:

fzpiR(uN)dxdy =0 véii=1,2,3,..N (1.28)
A%
trong do: y; = yi(x,y) la cdc ham trong s6 (weighted function)
Hién nhién tap hgp {w}ilil la doc lap tuyén tinh va day dd va néi chung
{w} = {p}.
(Dieu kién (1.28) cling c6 thé viét ¢ dang khac, tdng quiat hon

: N
Wiy = f {1} Reuy) dxdy = 2 f yiR(un) dxdy = 0)
v ' =1V
Thay un tu (1.27) vac (1.28):

fv’iR(UN) dxdy = f vi [Lun) + gl dxdy =
v o v :

N
= f[z CJ 'l/'iL(SDj) + ¢’i(L(‘Po) + g);\ dXdy
vV =1

N

=3¢ | fuiipandy | + || [uiio + & | axdy| =0
=1 |V v

Néu dat: Ly = f#’iL@j) dxdy, = g= f¢’i [L(po) + gl dxdy
v v
Két qua ta nhan dugc mot hé phuong trinh dai sé:

N . .
2LiC+g=0 (véii=1,2,3..N) (1.29)
j=1

Hay & dang ma tran: [L] {C} + {g} = {0}

Giai hé phuong trinh trén ta dugc cac C; (i = 1, 2, ... N).

Cudi cung uy = ¢, + 2 Cip; xdc dinh va 1a nghiém gin dung.



 Véi nhing cdch chon y; khdc nhau ta c¢6 cdc phudng phdp du cé trong khéc

nhau:
(+) Phuong phdp Galerkin: la phuong phdp du cé trong khi ta ldy y; = ¢;
N
Khi d6: nghiém x&p xi dang: uy = po + 2 Cip; va cdc C; duge xdc dinh tit digu
. i=1
kién:

f‘PiR(uN) dxdy = 0 (vdii=1,23,..N)
v

va duge tim thdy ti hé phuong trinh dai s6.

' N
Ll_)CJ + g = 0 (vdii=1,2,3...N)
j=1
trong dé‘Lij = f pili(p;) dxdy , g = f pilli(po) + gl dxdy (1.30)
v v

(c) Phuomg phdp binh phuomg toi thiéu:
N N

Cing nhu trén: tim uny dang uny = ¢, + > Cipi, nhung cdc C; dugc xdac dinh tu
i=1 '

dieu kién cyc tiéu cia tich phan phan du R(uy) trén toan mién V tuc la tir digu kién:

_"-fR2<uN) dxdy = 0 (véii=1,2 3..N)
0Cy v ,
R ~ o
hay: f—— R(uyn) dxdy = 0 (véii=1,2,3..N)

So véi phuong phdp Galerkin thi xem ra § phuong phdp nay, cdc ham trong s6

Y= i3 , |
aCy /q ‘
Thi du: Tim ham d6 véng cda ddm chiu 5—-%#5——@—‘, X
uén ¢ muc 1 theo phuong phdp Galerkin 4 v(z)
(hinh 1.10) Y
- Tu phuong trinh vi phidn chu dao da Hinh 1.10
cé:
dtv q ‘ '
— -21=0 0<x<l (1.31)
dx* EJ

véi dieu kién bién (1.19)
Theo phuong phdp Galerkin, ta sé tim ham do véﬁg v(x) trong dang gin dung.
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N
VN(X) = v, + > Civ;
i=1
O day, C; i =1, 2, 3 ... N) la cdc tham sd.

Trong d6 ta chon trudce: vy(x) =0
vi(x) = 1 - cos ﬂ x = 1 — cosax

]

vdi a; = 2[li (i=123,..N)
!

R6 rang cdc ham v; théa man didu kién bién (1.19)

Trong bai todn nay dé& thdy rang cédc todn tu vi phan cé dang:

4
L= 4 va g = -— 4
dx? . EJ
Con ham du R(vy) = L(vny) + g
4 -
R,(VN) = L 0
-1 dx? EJ

Cac tham s6 C; duge xdc dinh tir digu kién.

fviR(vN) dx=0  (vdii=123..N)
1 .
Hay ta co he phuong trinh da1 s6:

ELU Ci+g=0  (vii=l, 2~3..~.N‘) 7

j=1
Ap dung (1 30), ta xdc dinh dugc cdc hé s& LlJ va s0 hang tu do g

1 o
d4Vj S 4 '
L(v) dx = dx = - f(l — coszx) aj cosaX dx
4 .
o]

dx
0" vdii =] ‘ _
Dé thdy la: Ly = {1t o (wii=1,23.N)
_ — VvGii=j . ‘
2
1 . .
g = fVi [L(vo) + gl dx = -9 f(l - cosalx) dx = _al (vgii =1, 2, 3..N)
, EJ
(o] / .

Thay vao h¢ phuong trinh trén ta c6 hé phuong trinh:
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) .
la gl _
i

«*EJ  8i‘m* EJ
Ham d6 véng v(x) la:

N
4 .
v(x) = VN(X) L S Y (1 = cos2—n—‘x)
J gnt -1 it 1
Né&u chi ldy mot s6 hang dau tien (N = 1) ta ¢6 ham d6 véng.
v(x) —iL (1 —cos2—nx)
EJ g 1
Gid tri d0 vong 16n nhat ¢ gita dam (tai x = 1/2) la:
1 I* 1 qf
anax =V [—— = q 4 = . q_.
2 441 389,6 EJ

So sdnh gid tri vpax nhan duge tu phuong phdp tich phan trl_rc_tié'p, ta thay
k&t qua nay khd chinh xdc (chénh 1,4% so vdi gia tri chinh xdc).

3. Phuong phap sai phan hiu han:

La mot trong cdc phuong phdp s6 dé gidi cdc phuong trinh vi phidn ma tu tudng
cht dao cia phuong phédp la bidu didn gan ding dao ham bang phép sai phan dé
thay th€ cdc phuong trinh vi phan bang mét hé thong cdc phuong trinh sai phan.
K&t qua la thay vi cAn “tich phan” cdc phuong trinh vi phan, ngu’dl ta chi can giai
hé théng cdc phuong trinh dai s6.

Muén vay trudc hét can tim cdch biéu dién gan ding cdc dao ham cdc cap theo
gid tri ham tai mot s6 diém dinh trudc nhu sau.

Gid su, trong bai todn mét chiéu, f = f(x) 124 moét ham d4 cho, xdc dinh trong
khoang [a, b]. Khai trién Taylor cda né tai lan can diém x nao dé la:

2 o2 3 4 4
f(x + Ax) = f(x) + f ax s L B0? &P @ | di ) ) @)
dx !, dx 21 21 dx3 « 3! dx4 x 4!
2 2 - 3 3 4 4
f(x had AX) = f(x) df Ax + d_f: _gé_& —_ g_f.‘_ (AX) +'£ (AX) : (b)
dx dx® ¢ 2! ax® ' 8! ax? ¢ 41
Ldy (a) - (b) va chi xét 3 8 hang dau, ta c6:
dx X
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df _ f(ix + Ax) — f(x — Ax)
dx 2Ax :

fi 7

hay: (o)

D ™ ’;
39373
[ ] \ & &
SERECTI
z
I.AII.‘I LAI LAI L
T 1 17 11
Hinh 1.11
Lay (a) + (b), ta c6:
2
fx + Ax) + fix — Ax) = 2fx) + 9L | Ax?
2 X
dx
2
dx2 * Ax2 .

Vay (c) va (d) cho ta kha nang tinh gin ding dao ham cdp 1 va 2 theo gid tri
cta ham tai nhing diém lan can. Hay cho ta kha néng thay thé& phép tinh dao him
bang phép tinh sai phan. Bay gi¥, néu xem phép sai phan (d) nhu mét todn it thi
hoan toan c6 thé bigu dién gan ding dugc dao ham cép 4 cla f tai x bing cdch thay

2 "

thé -q—f ' vao vi tri cGa f trong (d). Cu thé la:
dx® ¥ : o o
&% a% , a2
22 e = o |8t
: : ' 2 +AxX 2 | lx-Ax 2
‘ . d X d ‘
ey @ ey V) T ™ s
dt ' d? la? ) | Ax®
Tiép tuc thay (d) vao, ta dugc:
afy _ 1 f(x + 2Ax) + f(x) — 2f{x + Ax) +
dx* 'Y ax? Ax>

fx) + flx = 24x) - 2fx = Ax) | _ o |f(x + &%) + f(x = Ax%) - 2f(x)

Ax2 ) ’ sz

Vay, sau khi thu gon, ta cé:
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4 ,
df -1 {Gf(x) — 4[f(x + Ax) + f(x — Ax)] + f(x + 2Ax) + f(x - 2Ax)} (e)
dx ' ax? '
Vay néu khoiang xdc dinh [a, b] dugce chia déu thanh mét s6 hdu han cdc doan
nhé nhu nhau Ax bdi cdc diém chia cdch déu nhau thi ta c6 mot “ludi sai phan”.
Cédc diém chia dugc goi la cdc “nut” cida ludi sai phan (hinh vé). Khi d6 cdc bisu
thuc (c), (d), (e) cho phép biéu di&n gan ding dao ham cdc cdp (t4t nhién hoan toan
lam duge nhu cach trén) tai mot diém nut cda lugi sai phan theo gid tri cua ham
tai cdc diém nit xung quanh. Bing cdch biéu din cdc dao ham nhu vay, ta cé thé
thay thé phuong trinh vi phan di cho bing mot hé cdc phuong trinh sai phan viét
cho t4t ca cdc diém “nut trong” cua ludi. Giai hé phuong trinh dai s6 nay ta tim
dugce gid tri clia ham can tim tai cdc diém nit.
* Vi du nhu véi bai todn trén la: Tim nghiém cua phuong trinh vi phan.

. 4 .
+

/P
I ¥V 1 1 z

ET = const
Y Y% Y Yl %

1
E'
3
3

-1 0 ! 2 | ] 4
Hom— - -
v.f vo v, vz UJ vf
Hinh 1.12
4:‘ . .
dV_P wio<x<l 0
ix* EJ ‘
v@i cdc didu kién bién: v =v| =0 . ' (g)
x=0 ,x=1 ‘
ﬂ } _dv)
x= 0 dx 'x= 1

+ Chia lu6i sai phan nhu’ hinh 1.12 (Ax = l/3)
Cdc “nat trong” : 1; 2

Cdac “nut bién” - : 0; 3
Cdc “nut ngoai” :-1;4
- Gid tri ham v cua cdc “nut bién” va “ndt ngoai” sé tim duge dua vao cdc dieu
kién bién (g).
Gid tri ham v cua cdc “nut trong” sé ¢ dugc tr viée g1a1 hé phuong trinh sai

phan viét cho tdt ca cdc mit trong.

Cu thé: Viét phuong trinh sai phan tai cdc ndt trong 1 va 2, bing cdch su
dung (d):
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tuc

Tainit1: —1—(6v1—4v0—4v2+v1+v3)=_9_
Ax4 ’ EJ h)
Tainit2 : R (6vy — 4v) — 4vg + vo + vy) = £
' Ax*t EJ _
(h) [a hé phuong trinh vi phan thay thé phuong trinh vi phan (f) da cho:
T didu kién bién (g), ¢d : Vo =vg =0 : GQ)

Dé tim gid tri v_,, v4 (cdc nut ngoai): st dung ti€p didu kién bién vé géc xoay,

la su dung (c).
— v_ B
Tai nit 0: dv ’ A T el S SR
dx '0 2Ax
Tai nut 3, tuong tu co: dv ‘ S 4T 0 =vy =vg (k)
dx '3 2Ax L
Thay v,, v3, v_1,v4 vao (h) ta nhan duge :
. 7Vl - 4V2 = L . AX4
EJ
—4vy + Tvy = Pooaxt
EJ
Giai he R _ . _ 1 4p_1p]4
idi hé phuong trinh nay ta duge: vi = vo = = Ax™ = = — L t))
EJ 35EJ

Vay (i), (k), (I} cho ta k&t qua 1a chuyén vi tai cdc nit cta ludi.

Muén tim ndi lyc, vi du momen udn tai cdc mit ludi thi st dung (d):

2

va biéu thic M(x) = -EJ ¥

dx?
Momen uén tai 1 diém nut, vi du tai nit 0 sé la:

. 2 Ay v_g = 2v R
M, = -EJ dv | - gy |7 °] = E‘I2vl=——2—pl2
dx? ). o Ax? o AxS 21
o . . . a8 .

(chénh 11% so vdi k&t qua chinh xéc)
So sanh vdi két qua phuong phdp chinh xdc (tich phan truc ti€p).

A
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§1.3. CAC NGUYEN LY NANG LUONG
(CAC NGUYEN LY BIEN PHAN)

1. Nguyén ly thé nang toan phan dirng hay nguyén ly bi€n phan vé chuyén vi.

Thé niang toan phan clia moét hé dan hdi M duge xdc dinh la:
n=0U-A

trong dé: U- thé niang bién dang cda vat thé dan hoi tich ldy trong qud trinh bién
dang.
A- cong cua ngoai lyc sinh ra trén c¢dc chuyén ddi cGa ngoai lyc do vat
thé bi bién dang.

No6i dung nguyén ly: Trong tdt cd cdc trudng chuyén vi (trang thdi chuyén vi)
kha di dong (tic thoa mén cdc diéu kién tuong thich va diéu kién bién dong hoc)
thi trudng chuyén vi thyc (tdc trudng chuyén vi tuong dng vdi su can bang cua
vat thé) sé lam cho thé nang toan phan I dat gid tri ding.

Hay, khi vt thé cin bang thi thé nang toan phan I dat gid tri diung.

Tdc la: N&éu T duge biéu didn theo chuyén vi {u} = {u,v, w}T thi vat thé can .

.~ bang khi

oM ({u}) = 0U({u}) — 0A({u}) = 0 .
Cu thé hon, nhu trong gido trinh sic bén vat ligu da biét:
Thé nang bién dang dan hoi U dugc tinh bdi cong thie:

U——f{e} {o}dv hay .=lf{e}T (D] {e} dV

Tru’dng hgp cé bié’n dang ban dau: U = 1 f{e}T [D}{e} dV - f{e}T[D]{EO} dav
V- .V

Con cong A cua ngoal lu’c (gém lu’c khm {g} lu’c mit {p}) trén cdc chuyén ddi
{u} la

A= [y + [ s
) v 8,
Va thé nang toan phan I viét & dang ma tran la:

men =0 -a=2 [T D1de - 20cohidv - [t} grdv - [ 1) (pras
2y v s,

Theo nguyén ly nay trudng chuyén vi {u} théa méan cdc diéu kién bién va lam
IT dat gid-tri dung sé chinh la trudng chuyén vi thyc va lam théa man cic phuong
trinh can bing.

Néu dung nguyén ly nay dé x8y dung phuong trinh phan td hdu han, thi ta
gia thiét mot dang don gidn cda chuyén vi trong méi phan ti va tur diéu kién ding
cia phifm ham [T ta sé nh&n dugec mdt hé phuong trinh (x4p xi) can bing trong
khi cdc digu kién lién tuc dd dugc théa maén.
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Hay c6 thé néi ring nguyén ly nay ?ﬁi ! J ! —¥
cho cdc phuong trinh can béng. —_ €

Thi du: Vin xét dam chiu tai trong | ”(’)
phan b8 déu (hinh 1.13). Ta sé chung N —="
minh rdng nguyén ly Lagrange sé cho b1

phuong trinh cAn bing dugc viét theo
chuyén vi. '

Theo SBVL va co hoc két cdu, da bi€t thé ning bi&n dang U cha dam chiu udn la:

] 5 1 2
f va M=-EJYY vay U—E__f ] dx
A= fqux

-0

1
) . N . s EJ
Ta c6, thé nang toan phan M =U - A = =
2

Hinh 1.13

[\9|»—a

2 1
2
d—g] dx—fqu-x
0

dx

Theo "nguyén ly thé nang todin phin ding : v(x) sé la thyc néu
oI = 40U - 8A = 0.

1 '1 ' ‘
2. 42 2 2 ‘
E-fZQ——.éd—“,dx=EJfg—z.‘d Ay
2 % dx®  dx? 0 dx®_ dx?

Ma: oU

EJ |2
dx? dx g odX_dx3

: 1
d2v d_é\ll dov d3

3
=EJ i—‘id—a\—,' -9—".av| + dvévdx
dx? dx 1o g8 0 0 dx*
]
va 0A = fqév.dx '
! .
d?v do a* 1
Hay : oIl = f J———q ovdx + EJ———‘;-——\i -3 &Y, ov
dx? dx 'y dx3 0

Tuy nhién theo dleu kién bién bai todn, chuyén vi goc xogy tai'x = 0 va x =

| la dd cho truge va bang 0 nén ta cung co.
év‘——qa—v-—O taix = Q9 va x =1
dx
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1

4
Vay: ol = f(EJd——— q) ovdx = 0
0 dx? i
e L ia div ‘
bé thoa man vdi moi év # 0, ta cé: EJ=2-q=0
: dx* _
" Pay chinh la phuong trinh can bang cia dam chiu usn duge vist theo chuyén
vi. '
® Ap dung nguyén ly, tim nghiém giai tich gan diing (phuong phdp Rayleigh).
No6i dung phuong phap Rayleigh: Chon nghiém gin dung trong dang nao d6 thoa
mén digu kié¢n bién dé giai bai todn dam chiu uén nhu hinh 1.14.
Vi du: Chon v(x) = Cj + Cgx + Cax? + Csx® + Csx? (a)

(e 0=sx=1) 9 n
v(x) trude hét can la kha di dong, tuc R R N N 2 x
théa man cdc diéu kién bién va lién tuc | £
nhu sau: oﬂ‘ 7 -
X= ‘ .
dx .'%x=0 ‘ Hinh 1.14
vl =0 > Cyt+cP+cyt=0 | )
x-l S, Ce=Ct
| o200 +3CH2+4acs®=0)  Cs=-2C3l
dx 1=l " ) -

- Thay (b) vao (a) ta dudc: v(x) = C5(x4 — o + 12x2)-

2 ‘
 Vay: dv _ Co(l2x - 12lx + 212 ) = 2C., (6x - 6x + 12)

dx2

1 ‘ :
. E
Tmhﬂ:U—A=——f fqux
2 o4 :

1 1
f4CO(6x 6xl+l)dx—qu(x —2lx +lx)dx
2 % .
Thyc hién tich phan, vdi chud y la Cj5la m()t tham s6, ta nhan dugc biéu thitc
thé nang la ham cda théng s6 Cs nhu sau:

ey = 2 EJPC% -1 gc,
5 30
Tu digu kién
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sm=o0~ 20 _

aCs
Ta nhan duge phuong trinh dai s6 sau:

iEnSC5—-1—q15=0 > cs=ii
5 30 ) 24 EJ

Vay v(x) = la (x4 ~ ol + 12x_2)
24 EJ
(Tring véi két qua chinh xdc nhan dugc td phuong phap tich phan truc tlép
da c6 g trén)

® Phuong phap Ritz - Raylezgh Theo phuong phap nay ham chuyén vi v(x)
dugc bidu dién gan ding nhu t6 hgp tuyén tinh clia cdc ham vi(x) théa man ditu
kién bién dong hoc cia bai todn.

n
v(x) = 2 Civi(x) = Cyvy(x) + Cavg(x) + ... Cpvp(x).

trong d6: vy(x) 1a cdc ham kha di dong, tuc lién tuc va thoa méan didu kién bién
dong hoc cua bai todn va dugc chon trudc. '

C; la cdc tham s6 sé dugc xdc dinh tir diéu kién cue tri cua the ndng toan phan
M. Sau khi thay v(x) vao biéu thuc th& néng toan phan IT ta dugc mot I1 ch1 phu
thudc cdc tham s6 C; nghia la T (C,,Cy, ... Cp).

T diu kién cyc tri cda IT : [T =0 - ta ¢6 mdt hé n phuong trinh

a4

oCy
ol

dCq = Gidi hé phuong trinh ta dugc cdc C; = vay v(x) la xdc dinh

o _
kaCn

Thi dy: Tré lai bai todn dam chju uén & bai 1.2. Nay tim nghiém gin dung theo
phuong phap Ritz.

Xem gan dung v(x) = 2 C (1 - cos gﬂx)
. i=1 ' l
trong d6: C; 1a cac tham sé.

Cdc ham chon trude: v; = (1 — cos —2—1-11x) r6 rang théa min didu kigh bién:.
| : ‘

vi=0 taix =0vax =1

_= taix=0vax =1
dx )

v; la lién tyc va kha vi trén doan 0 < x < 1
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Tinh sin: vyx) = (1 — cos a;x) vdi a; = 2irn

\

dVi .
—_—= aismaix
dx
2 n.
d%v; 2
Vay: = a?co&zix av _ > Cia}?cowix
' dx2 dx2 i=1
1 2 1
TinhM=U - A =2 d~z dx—fqux
2 % \dx? 0

1 1
E_fzc COSaX)dX—qf(zC(1~COSaX)dX—
2% 0

! 0 néui=j
Chi can nhd rang fco&xix . cosajxdx = ] L
0 ls néui = j
2
Ta c6: n=E‘IZC?a?é—chil_EJ12c 4 _qIYC =1(Cy,Cy,Ch)
2

Theo nguyén ly Lagrange, v(x) la thuec, téc thoa min diéu kién can bing khi
va chi khi oIf =0

Hay: oM=0=T =9 (vdii=1,2,..n)

0C;
A . Jl ~ 4 P
Vay ta ¢c6: —Cijai —ql =0 (véii =1, 2, ... n)
2
4
Vay co=24 - 20 _d' 1 G_19 . n
EJa} 2t #*m* EJ sitm?
EJ ———
94
4 " .
Va v(x) = ql . 2 L(1—co's-2ﬂx)
8EJ* -1 24 I

Két qua giﬁ'ng nhu khi 4p dung phuong phap Galerkin ¢ muc trén.

2) Nguyén ly cuc tiéu ctia nang lugng bu toan phan, (nguyén ly bién phan cua
ng suit).

Ning lugng b toan phan cua 1 vat thé dan hoi I» duge dinh nghia la:
[MI* = Ux — A=
Trong dé:
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U= la nang lugng bu chaa bién dang
- la phan dién tich gach ngang ¢ hinh

1.15.
Trudng hop dan hoi tuyén tinh.

Us=U-= 1 f{a}T{e}dv (la phiém ham
2% ’

cua {o}) hay néu cd bién dang ban dau .

feo} -
Us = % { (@ 1C)o) + 2450} )dv

A* : edng bl cua ngoai luc.

Hinh 1.15

A* = f{p}T{u}dS trong d6é S4 la’ phan bién da biét chuyén vi {u} °

Sq

v =L [T Ao + 2t - [1p1 (uids
2y

84

No6i dung nguyén ly cuc tri cia nang lugng bl toan phan: Trong tdt ca cdc
trudng ung sudt kha di tinh (tdc théa mén cdc didu kién can bang va dieu kién
bién tinh hoc trén S;) thi trudng ung suit thuc (tuong dng thoa man digu kién

tuong thich) sé lam nang lugng bu toan phan 1= dat gia tri dung.

oI+ ({a}) = oUx({o}) — oA+ ({o}) = 0

Thi du: Xdc dinh ndi lyc dam nhu cdc bai todn
trén.

Goi phan Ilyc va mdémen phan lyc tai A la
Vs va My chua biét. Nhung r6 rang hé noi lyc do nd
va tai trong q gay ra trong dam la can bing thi c6
nghia la kha di tinh.

Va khi d6 ta cé biéu thdc noéi lyc: (Hinh 1.16)

. 2
M(x) = Vax - My - &
2
- Nhung r6 rang viéc bo di' lisn ket A sé khong
bao dam diéu kién tuong thich (hay dong hoc). Mudn
bao dam didu kién nay (vi du: géc xoay va chuyén vi
tai A la bing khong).

/1 y
T v i 117
’ L ET
1 i'/qi 1
MAfi ',
%

Hinh 1.16

Nhung néu ta tim dugc Vp va My saocholl* cyc tri thi d6é 1a nghiém va thoda

man didu kién tuong thich (lién tuc) vé bién dang.
IT« = Ux — Ax

Cong bu cda ngoai lyc trén phan bién da biét chuyén vi la A*
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As=V,4.0+M,.0=0

1 -

1
2 2, 2
Vay: n::U*—lfM(x)dx=(l f(VAx—MA—qi) dx
2% EJ 2EJ % \ | 2
{
23 | 4
Val 25 Vgl 3
=1 1A MR+ Dy ATy, A
2EJ | 3 20 4 3
Theo nguyén ly nay
. APAA G 4
o+ _ 1 A M.12 ql” =0
Vs, 2EJ| 3 4

Nhan xét; Cé thé. viét lai 2 phuong trinh trén:
’ 3 12 4
LIRS U Y . L
3EJ EJ 4EJ
2 3
_r Va+ —-l— M, + ar
|. EJ EJ 3EJ

{611 VA + 319 My —kAlp =0

hay L
621 Va + 099 My - Agp =0

Day chlnh la hé phuong trinh chinh tic cia phugng phap lyc da biét trong
Gido trinh Co hoc két c&u. Va 2 phuong trinh nay la dieu kién tuong thich cua bién
‘ang, cu thé, 1a didu kién chuyén vi va géc xoay tai A phai bing 0.
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Chuong 2

Co sé va cac bude phan tich chung
ciia phuong phdp phén tii hitu han

§2-1. Khai niém vé phuong phap phan tit hitu han.

Phuong phdp phan t& hdu han (PP PTHH) la mét phuong phdp s& dac biét
c6 hiéu qua dé tim dang gan duing cia mdt ham chua biét trong mién xdc dinh V
cua né. Tuy nhién PP PTHH khong tim dang xdp xi cua ham can tim trén toan
mién V ma chi trong tung mién con V, (phan t&) thudc mién xdc dinh V. Do dé
phuong phdp nay rdt thich hop vdi hang loat bai todn vat ly va ky thuat trong dé
ham can tim dugc xdc dinh trén nhing mién phuc tap gém nhieu ving nho cé dac
tich hinh hoc, vat .ly khdc nhau, chiu nhdng diéu kién bién khdc nhau. Phuong
phdp ra doi tu truc quan phan tich ké&t cdu, réi dugc phdt biéu mot cdach chat ché
va tong quat nhu mot phu’dng phéap blen phan hay phuong phdp du cé trong s
nhung-dugc x4p xi trén mbi phan tu.

Trong PP PTHH mién V dudc chia thanh moét s6 hdu han cdc mién con, goi
la phén tw. Cac phan tu nay duge ndi két vdi nhau tai ‘cde diém dinh trude trén
bién phan tua, goi-la nut. Trong pham vi mdéi phan tu dai lugng can tim dugc lay
x8p X1 trong dang moét ham don gian dugc goi la cdc ham xGp xi (approximation
function). V& cdc ham xdp xi nay duoc biu dién qua céc gid tri cda ham (va c6 khi
ca cdc gia tri cia dao ham cda nd) tai cidc diém nit trén phan td. Cac gid tri nay
dugc goi 1a cde bdé tw do ciia phian tiz va dude xem la dn s6 can tim cua bai todn.

Véi bai todn co vat rdn bién dang va co két cdu tiy theo y nghia vdt ly cia
“ham xdp xi, ngudi ta cé thé phan tich bai todn theo ba loai mé hinh sau:

1. Trong mé hinh tilo‘ng thich:

Ngudi ta xem chuyén vi 1a dai lugng cin tim trudc va ham xdp xi biéu dién gan
ding dang phan bd cta chuyén vi trong phan ti. Cic 4n s6 dudc xac dinh tir hé
phuong trinh thiét lap trén co sg ng‘uyen ly th& nang toan phan dung, hay nguyén
ly bién phan Lagrange.
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2. Theo mb hinh cén bing:

Ham x4p xi biéu dién gan ding dang phan b§ clia dng suit hay noi luc trong
phan td. Cdc 4n s6 dugc xdc dinh tu hé phti’o‘ng trinh thi€t lap trén co sd nguyén
ly nang lugng hé toan phan diung hay nguyén ly bién phan vé u’ngsuat (nguyén ly
Castlgllano)

. Theo mé hinh hén hdp ¢

Coi cdc dai lugng chuyen vi u"ﬁg Suat ra 2 y&u t& doc lap: Cac ham xap xi biéu
didn gan duing dang phan b6 cda ca chuyén vi lAn Ung suit trong phin t&. Cdc 4n
s0 dugce xac dlnh tu’ hé phu’o‘ng trlnh thlet lap tren cd sd nguyen ly Jbi&€n phan
Reisnery: L £ Y :

Sau h1 tlm du’o‘c cdc an so bang viée g1a1 mot hé phu’o‘ng trlnh dai s6 vua
,nhan dygc thi cfing ¢d nghia b fa tim dugc cde x&p *i'biéu didn dai lugng can tim
trong tat ca cdc phan tu. Va e do cung tim. dugc cdc dai lugng con lai.

Trong 3 md hinh trén, mé hinh tuong thich dude su dung rong rai hon ca. Va |
gido trinh nay cing chi trlnh bay PP PTHH theo mo h1nh tuong, thlch

‘\‘v‘r ¥

§2 2. Trmh tu phan tlch bal toan theo phlrorng phap PTHH

‘Budc 1 R&i rac hoa mitn khao sdt.
Trong bu’dc nay, mlen khao sat 'V dugc chia thanh cdc mién con V hay thanh
cdc phan ti ¢é dang hinh hoc thlch ‘hop.

* V4i bai todn cu thé s6 phan tu’ hinh dang h1nh hoc cua phan tu cing nhu kich
thude cdc phan t& phai duge xdc dinh ré. S6 diém nit mbi phan tud khong ldy dugc
1 cach tay tién ma tiy thudc vao ham xap xi dlnh chon.

Cac phan tu’ thu’o’ng cd dang hinh hoc don glan (Hmh 2 l)

oih i aeuh :
Hznh 2 1 Dang hznh hoc ll::to’n gzan cua cde phan tu'

DIse

_Bu’dc 2 Chon ham xap xL tl;r%cj{z hgp - ,
‘ Vl dal lub‘ng can tlm a chu’a blet nen ta gla thlet dang xap x1 cdia né sao cho
don gian 461 vei tinh todn" béng fnéy‘tln‘h nhu‘ng phal thoa mén cac tleu chuan hoi
tu (sé néi- §au} Vi thubng chon’& ddig Ha' thed. .
Rbi biéu dién ham xap xi theo tap ho’p gia tri vd'cé thé ci dac ‘dao ham clda né
nal cde nut, oia, phAn ti {q)e - e ; '

- Bude ' 3: Xay dung phu'o’rzg *trmh phdn td’ hcy thlét lap ma tran d‘o cwng phdn
tw [K] va vectd: bai: phiins tr (P, St 0 ohvens

Cé nhigu cdch thiét lap: trLIc ti€p, hodc s dung nguyén fy bién phan hoac cdc
phu’o’ng ‘phdp bién phan,
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K&t gqa snhin duge. cé thé biéu ,dlen m@t cach hmh thuﬁtt nhut mt}b pluong: tnmh
phan iy dBkigke = {PYer o v 2o v monh otz qbx ool
Budc 4: Ghép ndi cdc phan tu’ tren cd sd mé hmh tu‘dng thu’c ma két qué—JHl
hé théng phwdng trinh.
K] {q} = {P}
Trong dé, . co thé goki. o ue o ;
{K] ma tran do cu’ng témg; thé (hay ma: tran hé so $oan rmén)

!{,J“»" ’wi ' ( (d

S chuyen v1 nut ténig thé)
{P} vecto’ ‘cdc s6 hang tu’ &o fOng the (hay vectd ta1 tbng’the)

" Roi st dung dléu k).en blen cua ba1 toan, ma ket qua la" nhan duqc he phlIdng :_
trinh sau: ‘ e

(KT {g"} = {P" }
bay chinh la phugng trinh hé thong hay coq gm 13 hé phuong trinh a&. gzaz

Budc 5; Gigi he phwdng trink dai- sb. ot ; o S
[K‘}#’{q } = {P } .‘ _(;‘f. ; i PN S &\ e

o

Véi bai toan tuyén: tinh viéc g1a1 Yle phu’o’ng trmh dai sé la khong kho khan.
K&t qua la mm dugc cac chuyen vi cua cdc nut.

Nhu‘ng vé’l bal todn ph1 tuyen thi nghlem sé dat dugc sau 1 chu01 cdc bu’o’p lap
ma -sau’ mbi budc ma-tran cung (K] thay d6i (trong bai todn phi. tuyéh VQI 1¥) hay
vecto l\Ic miti{P} thay dm (trong bai toan phi tuy&én hinh hoc) L

. Budc 6: Hoan thién: .

Ty k8t quad & trén, tigp tue tim Ung sudt,. chuyen vi hay bién.dang- eua tat ca
cdc phén t\x ‘ :

- %u“sx

| §23 H?“H‘?,PJH ﬂa thwc xap xl phep nm[ suy

Jrih r'ui s Trenoin e . T SIS AN CEU S ST (¢ ST e

Syt g 4”:.;”7 [‘.'{ i
1- Hamxapx1 Lt gttt i

. gooll e o ag LA ripmot] v 0¥

Mot trong nhf.ix;g Jhu quqng) cq ban cua PPPTHI—L la xﬁp xi :;hoa, dai. lxro'ng cén .
tim trong mdi mién con - phan t V Dléu nay cho phép ta khécning, bhay thé-yiec
tim nghi¢m v6n phic tap txﬁ,q toan mién V bing viéc tim- nghxem trong pham vi
m01 phan tu & dang ham xdp Jp don gian. Va wgvyax budec quaﬂ ﬁong diu tién can

noi dén EY viéc chon ham d¢pn glan mb ta gbn ding-dai lugng chn tim trong pham
vi méi phan ti. Ham ﬂtm' fan 1nay thudng chon & d{mg thitc vi nhing ly do sau:

+ Da thite khl du‘dc xem nhu mot t3 hop tuyé' 'cga cdc don thuc thi tap
hop cac don thIIc thoa man yéu ciu doc. lap tuyz —jihh nhu’ yéu cau cua Ritz,.
Galerkin = SRR S O

+ Ham xap xi dang da thlIC thu’cmg dé tinh todnR, dé thlet lap céng thic khi xay
dung ‘cac. phugng: trink:cia PPP'I‘HH va tinh toan bang may tmh Dic biét vi dé dao
ham, tich phan::

“+ €6 kha ndng tang de ch{nh xfic bing efich ting: 86 bfc cia’dathad %8y xi
(vB ‘mat 1y t'huyé't thi:da thue: bac vd cOng 88 cho  nghiém “chiith x&é). Tuydishisn:

- 3%¢



;rong. thuc t€ ta cung chi ldy cdc da thuc x8p xi bac thdp ma thoi. Chu y la cac

ham xdp xi dang ham lugng glac cing ¢é tinh chidt va wu diém nhu trén nhung it
dung.

2. Phép noi suy:

Tuy nhién, trong phuong phap PTHH cdc hé s6 cua ham xdp xi dang da thiuc
duge bidu dién qua chinh cdc gia tri cua né (hodc cd gid tri cdc dao ham) tai mot,
" Aiém nit duge dinh trudc trén phan tu.

N6i cdach khdc la ham x&p xi dudc ndi suy theo cdc gid tri (hodc ca cdc dao
ham) cua né tai cdc mit phan ti. Két qua la, trong pham vi mbi phan t& dai lugng
can tim la ham bat ky sé dugc xap xi hda bing-moét da thic noi suy qua cdc gid tri
(hodc ca cdc dao ham) cua chinh né tai cdc diém nut cda phan td.

Vi du: (Hinh 2.2)

ulx) u(x) Culx)

u2{1)=01 +0,X '031‘2

ula)

N
= .
a [a*b) b T4 [ath
(%% . . . e (%) _b
Néi suy (xdp xi) hdng s6

Noi suy tuyén tinh Noi suy bac 2.

(u)xzuo=u<?+b>

' u(x) = ul(x)l bu (a) — au (b) + u(b) ~ u(a)
2 b—-a b-a

Trong cdc vi du trén cdc ham bAt ky duge bidu dién xap xi bing cdc da thuec
bac 0, bac 1, bac 2 theo gia tri (chi theo gid tri) cua ham tai cdc dlem dinh trudc
(diém nut). Phép xdp xV nay du’o’c goi la phép ndi suy Lagrange.

Noi suy Hecmit: Khac véi phép néi suy Lagrange, n0i suy Hecmit la phép xdp

xi theo gid tri va ca dao ham tir bac 1 dén bac nao dé tai cdc diém co sG.
Vi du: H1nh 2.3

@) & u(x) e

» ttj(x)= a,+0,T+

. . X4p xi bac 3 theo gid tri va
Hinh 2.3 R - . oo .
dao ham céap 1 tai 2 diém cd sgd.
Bing viéc xdp xi héa dai lugng can tim trong pham vi mbéi phan ti thi trén
todn mién V khdo s4t, dai lugng can tim cing dugc biéu dién gan duing theo gid tri
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(va ¢6 thé ca dao ham d&n cidp nao d6) cuia chinh nd tai cdc diém nut.

-,

Va ro' rang néu ludi phan td cang min thi k&t qua nhan dugc cang tién den su
mb ta chinh xdc cia nghiém can tim. :
Thi du: Vdi noi suy Lagrange (hinh 2. 4)

u(x)

u(x)

Hinh 2.4

3- Dang da thic xdp xi:

Nhu da néi & trén, ham xap xi dugc chon dudi dang ad thlIC don glan Co thé
nhu sau: .

Bai todn 1 - D: u(x) = a; +agx ‘ (x8p x1 tuyén tmh)
u(x) _,=‘. a; +agx +ag x2 = (xap xi bac 2) .
u(x) = aj + az){ + ag X2 + ay x3 (xap x'i: bac 3)
hay néu 4y u(x) 1a mot x&p xi bac n thi :
' n+1l
ux) = 2 a x !
1 1 |
ai ‘ ‘ ' /
o
2,
Hay: ux) = [1 x x* ... x"] 1 é3 '
An+1
Hay: ulx) = [P(x)] {a}

Trong d6: [P(x)]- Goi 12 ma tran cdc don thuc. |
{a}- Vectd cac toa do tdng qudt hay vectd céc tham s6.
O bai todn 2 - D: vi du: u(x,y) = a; + 2, x + a3y + ay x?+a y” + ag Xy. '

121

B ! a2
=[1-xyx2 y2 xy]l.

.- ' L‘;Gﬂ
u(x,y) = [P(x,y) ] {a} :
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O bai todn 3-D: u(x,y,z) = [P(x,y,2)] {a} ' (2.1)
trong d6 [P(x,y,z)] vi du trong trudng hgp x4p xi la tuyén tinh:

[Px,y,2)] =[1 x y z]
Trudng hop u .la trudng vects, va x&p xi la tuyén tinh:

ay
u(x,y, z) 1xyz00000000 .
{ulg = {v®,y,2) [= {0000 1xy 20000 21
. W(X,y,Z)‘ 000000001 xyz=z .
' a2

a] + agx + agy + agz
tuc la, {u}e = | a5+ aex +ayy + agz
‘ ag + ajgx + ayy + a1z
4. Chon bac cua da thic xap xi {hay ciia ham xap xi)

. .

Khi chon bac cua da thuc xdp xi can xét tdi cic yéu chu sau:

a. Cdc da thitc xdp xi phdi théa man diéu kién héi tu:

Pay la mdt yéu cAu quan trong vi PPPTHH la m¢t phuong phdp s6 va do dé
phai bdo dam'duge ring khi kich thude phan ti gidm di thi két qua sé hoi tu dén
nghiém chinh xdc. Muén vay da thuc x4p xi u. phai thda man 3 diéu kién sau:

+ Lién tuc trong phan ti (V¢). Pidu nay hién nhién thoéa man khi x4p xi la da
thuc .

+ Bao dam ton tai trong phan t& trang thdi don vi (hing s8) va cdc dao ham
riéng.cia né dén bac¢ cao nhidt ma phi€m ham I (u) doi hdi.

Vi nhu ta di biét, PPPTHH c6 thé dugc xem nhu mot phu’dng phdp x4p xi khi
cyc tiéu héa mot phi€ém ham dang.

I(u)-—fF(x u,u’,u” (r))dx

+ Trén bién phan t&, u va céc dao ham cda né den cdp (r - 1) la lién tuc.

.Vi du: Khi u la chuyén vi thi phdi bdo ddm kha ning phan tu d;ch chuyén
cing va mubn bao dam trang thdi don vi cda dai lugng khao sdt thi chi can khéng
duge bo qua s6 hang tu do a, trong da thuc xap xi, hay khong dugc bé qua thanh
phan 1 trong [P(x,y,2)]. ,

V6i co vat rdn bién dang va két cdu cdc yéu cau nay cé thé duge hiéu nhu yéu
cau lién tuc ctia bién dang, néi cich khdc 1a phan t& bién dang khong cé sy dut,
gdy. Nhu vdi dam, tdm, vé doi héi cd chuyén vi va dao ham cdp 1 ctia chuyén vj la
lign tuc. N&u da thdc x4p xi théa min tdt cd 3 ditu kién nay, thi nghiém xap xi
sé hoi tu tdi nghidém chinh x4c khi s¢ dung luéi phan t& min hon. Tuy nhién dé
thdly dugc ditu nay khi min héa ludi phan t cling cin tuan theo cdc qui tdc sau:

+ Ludi sau dugc min hon trén co s& ludi trude, cdc diém nut ludi trude cing
c6 mit -trong tdp hgp cdc nut ludi sau.



+ Cac phan ti c6 kich thudc nhd hon trudc nhung dang hinh bc)c van phéi“ nhu
dang ca. ‘
+ Dang da thdc x4p xi 1a khéng déi trong quéd trinh min héa ludi phan ti.

Vi du: Hinh 2.5 ‘

V'Y &

' : chinh xoc
} . | ' | :> ,/.
. s . ] '

2 8 64 NE

b. Cdc da thitc x6p xi dugc chon sao cho khong lam mét tinh dang hwdng hinh
hoc. C6 nhu vay cdc xdp xi mdi doc lap vdi hé toa do cda phan tu. Mudn vay dang
cdc da thuc duge chon tir tam gidc Pascal (cho bai todn 2 chigdu) hay tit thap Pascal
(bai todn 3 chiéu) - '

Bac da thuc S& tham s6

1 . : hang s6 1 - Q
/N | ‘-
X y.- =  tuyén tinh 3 -~ A

g~

| - RAN
/NN -
x? x‘zy xyz y3 bac 3 10 »
KN e
\ 9.2 / 3 \ 4 ; 15 .

L J

®

x* xii X'y Xy y — bac4
Tam gidc Pascal L . Cédc phan tu 2-D
Bac da thuc S tham s6 cda {a}
R A
2 10
f -

3 20

Thdp Pascal " . Cac phan tu 3-D
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c. S6 cdc phan ti cia {a} tic s6 tham s6 cia da thic x8p xi phdi béng s6 bdc
ti do cua phin ti {q}e. Yéu cau nay cho kha ning ndi suy da thuc xap xi theo gia

tri dai lugng can tim tai-cdc diém nut.

5. Bi€u dién da thitc xap xi theo vectd cdc bac tu do cua phan tir . Ma tran cac
- ham dang.

_ Bac tu do cia mdt nut (nodal degree of freedom) la gid tri (va c6 thé can ca
gia tri dao hdm) clia ham (hay da thue) x4p xi tai nit.

Tap hgp tit ca cdc-bac tu do cua cde nidt trén phan tu duge goi 1a vecto cdc
bdc ti do cia phan tw, ky hidu: {q}.. Hay trong cd vat rdn thudng goi la vecto chuyén
ui nit phtn tiz. Va cdc bac ty do nay (hay cic chuyén vi nit) 1a 4n s6 cﬁla bai todn
khi phan tich theo PPPTHH. '

* Vi du, trong bai todn phdng cda dan hdi, khi dung phan t tam gidc 3 diém
nudt thi'méi nit phan ti ¢6 2 bac tu do. DS 1a 2 chuyén-vi thanh phan u va v theo
2 phuong x,y cia mdi nuit. Vay tdp hdp cdc chuyén vi cda 3 nit la vecto chuyén vi
nit phén ,

T
{q}e = {ui’vivuj7vj,ukavk}e

T
E{ql,(]z,%y%,%,%}e ,
Tém lai: Néu phan td e ¢6 r ndit vad mdi nit cé s bac tu do thi vectd chuyén
vi nit phan td {q}e ¢6 s6 thanh phan n, = sxr.

Trong PPPTHH, cdc da thuc x4p xi dugc biéu dién theo vecto cdc bac tu do
phan td {q}e, hay ngudi ta néi rang cdc da thuc nay dugc ndi suy theo {q},. Dieu
nay la mot trong nhing tu tudng co ban cua phuong phdp. Ma thyc chit la ta phai
bao dam céc gia tri clia da thic x4p xi (hay ca cdc dao ham cia né) tai cdc diém
nit thudéc phan td phdi déng nhat bing cdc bac tu do cia phan tu. \

Tuc la: Phai bao dam:
u (tai nit 1)
y u (tai ndt 2)

*|u (tai nitr) y
Diéu nay d& thyc hién dugc, bang cdch, thay toa dé cdc nit vao cdc da thuc

. 5 X ; .
x4p xi, roi ‘thuyc hién déng nhat (2.1). Cu thé:

u(taindtl) | |0 GLYL2Z) | ([P (x1, ¥, 2]

tai nit 2 u (X2, Yo, 22) [P(xg, y2, 22)] . '
u (tainit2) | | _—  {a} = [A] {q} ={q}e (2.2)
u (tainitr) | Ll—i (Xrs Y1y 2r) [P (xr, yrs 2r)]

Trong d6: [A] 1a ma tranvudng (ne x ng) va chi chua toa d6 cdc diém nit phan
tu.

T d6 suy ra:
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PN

{af = [A"" {q}e - (2.3)
Thay {a} t (2.3) vao (2.1) ta cé: ' '

{u(x,y,2) } = [P(x,y,2)] {a} = {P(x,y,2) 1 [A] M {q}e
Hay:  {uxy,2}e = [N] {q}e | (2.4)
Trong d6: [N] = [P(x,y,2)] [A] _ . ‘ (2.5)

va dugc goi la ma trgn cdc ham néi suy, hay ma trgn cdc ham dang. .
Con qua (2.4), ta néi ring ta d4 biu dién (hay ndi suy) da thdc xdp xi theo

" vectd cdc bac tu do cia phan ti (hay theo vecto chuyén vi nit phan td) {q},

Trong bai todn cd vat rdn hay trong co két cdu cé thé dé thdy ring cdc ham
thanh phan trong ma tran cdc ham dang [N] phdn 4nh dang phan bd cda chuyén
vi trong phan td ¢ng vdi cdc chuyén vi nit bing don vi.

Vi du 1: Tim ma trdn ham dang
cia phan tu thanh lang tru chiu kéo
— nén doc truc. (Hinh 2-6). Y

\ N R

DPay la bai todn 1-D. Moi diém chi
ton tai chuyén vi va bién dang doc
truc; cu thé 1a u(x) va €,. Chd y ring

A\ ' 2 .
trong phiém ham thé nang [] sé chua "‘— 1 LEF ‘+

dao ham bac nhit cha chuyén vi vi

2
U = 1 N— dx = 1 f EJ | — bién dang doc truc
2 EJ
Nén da thdc-x&p xi u(x) chi doi héi ton tai dao ham bac nhét, hay c6 thé ldy
u(x) la ham x&p x1 tuyén tinh: "
u(x) = a; +agx O0O=x=sl)

du )2 Hinh 2.6- Phan ti? thanh chiu

1

. al
=[1 x] = [P(x)] {a}.
ag

Do {a} chi c6 2 tham s6 nén vectd chuyén vi nit- {q}e cla phan t& clng chi
c6 2 bac ty do: d6 1a 2 chuyén vi doc truc x cta 2 diém nit dau va cudi ctia phan
td. Hay; Vectd chuyén vi nit phan tu la nhu sau: ’

{qte = {Q1,Q2} = {ulauz}

biéu nay ciung phu hgp vdi yéu cau bdo ddm tuong thich vé bién dang cda bai

todn két cdu dang xét. '

Thyc hién dong nhat (2.2):

u (tai ndt 1) ‘_‘u(x=0) L 1o a q1

u (tai nit 2) - ux=1L) B aj + aol, T 1L ag " 1q2
e e

'

i
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Vay: [A] = [P(x1)] 1o
[P(x2)] 1 L

1 0

Dé thay: [AI'' = | |
L L

Va theo (2.5), ta ¢6 ma tran cdc ham dang

L
= Ni®) Na(o)] (2.6)

1 0
[N]e = [P(x)] AT = [1 x] 1’ 1| = (1 _ 1]
(1x2) (1x2) (2x2)' 17 E L

Cudi cung da c6 thé biéu dién da thuc xap xi chuyén vi doc truc theo cdc chuyén
vi nit phan tu: ' '

ul = IN] {q}, = {(1-%) z} i

e
2

Hoy — uG0=2INieqi= (1->)ar+
i=1 L L

Biéu dd N, ,'N, ‘ . Biéu db cia u(x).

Cac ham Nj(x) trong (2.6) con c6 tén 1a cdc 'ham noi suy Lagrange bac 1 c6 do
thi nhu trén. ' . o y =4, B,= 4,

Vi du 2: Chon da thyc x4p xi vA ma trdn ham - ) e
dang phan t dam 2 diém nit chiu uén. (Hinh 2.7) s T »=4s

B6 qua bién dang doc truc, dé Ehé’y ring khi phan - ® = z
td dam chiu udn, trang thdi chuyén vi cua diém bat [ BT L
ky c6 toa d6 x duge dac trung bdi chuyén vi v(x) theo ’ 1
phuong \}uéng géc truc dam. T \+

P o N W o ® 3
bé bao dam sy tuong thich vé bién dang gida phan Tq, } 9y

td dang xét va cdc phin td ké bén, ré rang tai bién
' Hinh 2.7- Phan tit dam

to.
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phan t& (tai 2 nit) can bio ddm sy lién tuc vdi cdc phan td k& bén vé chuyén vi

Lo dv )

v va goc xoay 8 = —
: dx ‘

Vay ~¥ bac ty do cia phan t 13 b6n. D6 1a cde chuyén vi va géc xoay tai 2 nit

T
{qte={v1,01,v2, 02k

T
={q;, 92,93, dale , (a)
D& nodi suy ham xdp xi v(x), vects tham s6 (vecto cdc toa d0 tdng quadt) {q}e
cing phdi ¢6 4 tham s6. Do d6 v(x) phai la mdt da thuc bac ba, va c6 dang:
_ ay
ag

V(X) =al+32x+aéx2+a4k3.= [1 X XZ.X3]
. : ' ag

ay

Va do vay, géc xoay 6(x) cia mét mat cdt ngang bat ky la:

N 121
ag
g(x)=g1=a2+233x+334x2=[0 1 2x x3]
dx . .' as
ay

Thyc hién dong nhat (a):

qQ=v1 =V =a
. x=0
d
Qg =6y == = ag
dX X =
= — 2 3
qQg=ve =V = aj + agli + agl.” + a4
x=L
_ dv o 2
Qq =09 =— —az+2a3L+3a4L
. dx [x = L
g dang ma tran: _ .
q] 0 0 O a)
> = ' r h \ = A a
as I L1213 ag ay {a}e = [A] {a}
Q4 0 1 2L 31%]| |a,
L Je L J J

" Vai:
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 f1oo o] | (1 o 0 o |

o100 P R T T
(A1 = || | g2 g8 | o0 nghichddo (A1 = | o pp i gy
0 1 2L 3L2 - | ond L% 918 112

Su dun_g (2.5), ta c6 ma tran hérm dang
_ ) 0o 0 0

0 1 0 0
_ -1 _ 2 .3 _
[N] = [P(x)] [A] [1 x x° X ] _—3/L2 —9/L, 3/142 1L [Nl Ny N3 N4:|
on® UL? _gn® 117 |
2 3 i
trongdé: Ny=1-3—+2—
: 2 .3 | |
Np=x-2%+% - 2.7
L L?
2 3
Ng=3% 2%
2 3
Ny=-2+%
L L |
Va nhu vay ham chuyén vi v(x) cia phan tit dam chiu uén la
4 ‘ .
vx) = [Nl {q}, = 2 Niq .- | (2.8)
1
b -

M(x)

N/\
<

Y

Hinh 2.8- Db thi cé¢ ham dang va x6p xi cia dp vong
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Do thj biéa dién cdc ham Nl(x) va v(x) nhu t8 hgp tuyén tinh cia cdc ham N;
d hinh 2.8. - :
Cdc ham N; trong (2. 7) cdn c6 tén la cdc ham ndi suy Hecmit bac 3.

§2-4. Cac phuong trinh co ban

Ba1 nay nhdm cu thé hon vao bai todn co vat rén, bai todn k&t cfu dugc g1a1
theo PPPTHH vdi mé6 hinh tuong thich.

1- Chuyén vi, bién dang va Wng suit trong phan ti- Ma tran dd cing phan tw
va vecto tai phan t&

Khi giai bai todn theo mé hinh tuong thich (con goi la phuong phdp chuyén vi)
dai ltgng co ban can tim trudc tién la chuyén vi. Chuyén vi dugc x4p xi héa va noi
suy theo vecto chuyén vi mit phan t& {q}e. Sau khi tim dugc ma tran cdc ham dang,
ching ta bidu didn dugc trudng chuydn vi theo céc chuyén vi ndt phan t¥ {q}e.
| {u}e = INKq}e | 2.9)

Tu d6, theo cdc phuong trinh lién hé giva chuyen vi va bi€n dang (cac phuong
trinh Cauchy), bién dang cia mét diém trong phan tii sé la:

{e}e = [0H{u}e = [a] [N] {q}e = [Bl{q} (2.10)
Trong d6 [B] = [0] IN] : (2.11)
va [B] dugc goi la: Ma tran tinh bién dang

Ung suit. tai mot diém thudc phan td, trong trudng hgp vat lidu tuan theo
dinh luat Hooke sé la:

{o}e = [D] ({e}e — {£7}e) + (7)o - (2.12)
trong dé {€°}e va {o"}e l4n lugt l1a bién dang va udng suit ban dau cia phan tu.
S dung (2.10); ta c6: -

{o}e = [D]1[B] {q}, — [D] {&"}¢ + {0°}¢ _
Hay {o}e = [T] {q}e - [D] {€"}e + {07} ‘ (2.13)
“trong d6 [T] = [D] [B] goi 1& ma tran tinh Wng suit phan tu. (2.14)

(2.9), (2.10) va (2.18) cho ta biéu dién chuyén vi, bi€n dang va dng sufit trong
phan td theo vecto chuyén vi nit phan tu {q}e

Thé nang todn phan cta phan tu:

I, culo = [ 2Tt av - [T av - )70, 08
) |

e e

Dung (2.9), (2.10) va (2.13):

1, dato = [ LT aBi” (D) BY{a) dv -
92 . .

e
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.f (&1 aV +f {p}%} d§+f 1?8 HUUE S f 1{" Hu dv){q}e |

ay f‘ »»-:r\"< s s Lo e e e

RN 35 Jide Gondn T :if;{v"-..x e
Hay H ({q}e> = —{q}e [KL{g}e - {q}E {P}e / (2.15)
e ;:5' vaer ot g g ITEais] "i{; ;};' [ A

Trong dé; [K]¢ [B] [D] [B] dV Ma tran cu’ngphan Etu'r o e

[ 7’ SUTRS G s
(B}, = ‘I:[N]”{g}qu + f INIT (pledS + f 1 [B] [;DJ{e },e
Ve S.. :;.Aw:‘e...r W
{P}e dugce g01 la vectd tai phan tu' S S T (2 17)

;;;:.;,'leng nén twh {B] [D] [B] cung do; xufng

2- Ghép noiéaa phﬁn i~ ma tran cﬁ”ng va veééto tai t6ng thé et
- dl? su’ vat the (mlen V) du’dc chia thanh NE phan tu’ (mlen con Ve ) bo‘l R
G ! I ‘ I it & iy \ .

dlem nut. Neu ‘mbi nut co s b%x

L do' thl so bac tu’ do cua ca he la n = R x S.
(1 1Qoi {q} 1a vectd chuyen vi nut téng the (hay vecto’ chuyen vi ot ket céu)

{ NG sé la tap th cua tat ca cdc bac tu do cia tdt ca cdc¢ mit cia hé . va gotm n
thanh phan. T

(G4 1% méi; phan, e r. nut, thi.so bac tqt do cua mél phan tu’ la Ne =.r:X 8.
Va vectd chuyén vi nit - phan ta {q}e gom tit ca cdc bac ty do.cua r it cua phan .

);l~

tdy: s 1 gom ng thanh phéan. SRR R

;. R6.xéng, thed: mé hinh: tuong thich, cdc:thanh. phén néy ¢ua{q}e 1a nimyg trong
s6 cdc thanh phan cuia {q} Va do d6 su lién he gui‘a 2 vectg nay. €9, the, duch biéu

dién nhu sau: I i O O S S TS FER N
e {a}e = L ;{q} Ceni ;{ ey L(218)
[ SIS B : : nisowf SRED ‘-‘}L, i - PRRE: “vil'lli
SRS (mex 1) (ne XI% '(nt ’5“1) 3 e st doy (8T UL = [P obgaey
,,,,, 1 Trong; 46, e Ja mar trén; dm’wtwa PhAR, 5 g9 kich, thudc;(net n).
Ma: tran nay cho théy “hinh - ﬁm}h* 51 8 "‘ﬁep'ﬂcéé ”?bhafnh ‘phﬁn edat vecto’"_
~ {q}e trong {q}. . 4 Ry L,,;‘,_ ;
Vi du: DAP vo'l-béq 1ém ut nhu' S gp et L
hinh 2.9 ¢6 vects' c'huy%’nwl nit 60| th€ e PN |
- [ o ' T e @ Y @ \ s @\ gt
@=la, a2, @ Qoo Gof T
: R AN EASEIES R IFA Y EERRE  ET RN d SRR
e . Hinh 29 Céc béc tw do cia dém c6 bon niit
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O bai (2-4) ta da c6 cong thuc xdc dinh thé nang toan phan I, cua ,ﬁlﬁt phan

’_tu’ Vay thé nang toan .phan cua toan hé lé sd dung (2 16) va (2. 18)
. _ .- NE i
= En = 2[ Lo o K, {q} {P}e [L]e{q}]‘ .
» e=1 e=1 ‘

Biéu thuc nay biéu dién thé niang toan phan Il :cta hé theo vectd chuyén vi
nut, tong thé {q}. Ap dung nguyén ly thé" néng toan phan du’ng (nguyén ly Lagrange)
ta sé co didu klen cAn béng cla.toan he t:;u cac dlem nut.

e Cu the o e ST SOl oqnt oninnv & x; s
foay Lo e
oo T _a_r_l..=0 R AR AR S T .g’.'j. S LIS R OH
M =0« 1999 hay ¢ dang ma tran: =~ —— = {0}
M A ’ .45,(.'7'.' ,:,';R,L' H a¥q}
an. Pir T R SIS CPR '.:_ff:r"'r.‘.f;:' ,A_‘,.’i;.: H o

-
-

- |oay

LR Ad 0l rad rhy b
memwmgm B

1 [

e==1

) L NE“«" ,‘}fiﬂelz Y W NeTs
Vataes oo 2D = | DL KLILL
; 6{q} e=1 R S

Hay, ta- nhan duge ‘he phu’dng trmh | e ‘ A
: EK]{q} _ {P} {0} _:’?it'“-” ISUE SEER RS I8 S TR S SN § AR ) S S PR J}‘lfz.lg)

S -NE : ‘r;r'{ QG ufl,.‘l Yoo 0y st iaiels {:'s
Trong d6: 1Kl = 3 (LI (KL ED]eu? L ma thbn, étinig tong thd théPlcsius (2.30)

e=1 tof 0 oo dez 5 gun & ofod 1l [ognos ogurs

\



NE .
(P} = 3 [LIT{P}, la vecto téi tong thé (két caw) (2.21;
e=1

Chu y:
1. Ve mat cd hoc, hé phuong trinh.
[Kl{q} - {P} = {0} | |
biéu dién didu kién can bing cda vat thé tai cdc diém nit. Phan t& EIJ cua ma tran
.cung tong thé [K] bidu thi lyc sinh ra ¢ nut i do chuyen dich don vi ¢ nut j khi
tdt cd cdc nut bi gdn cung.
Con cac thanh phan P; cla vecto tdi tdng thé {P} 1a ngoai luc tdc dong lén cdc

phan td (tinh dén cd bi€n dang va Ung sudt ban diu) dugc quy déi vé tuong ung
vdi bac ty do thu i

Trudng hgp hé thanh, con phdi ké thém vao {F} cac ngoai lyc tap trung téac
dong lén cdc nit theo cdc bac tu do tu’dng Ung ma tap hgp cdc thanh phan nay la
‘vecto tai trong nut {P}rl

2. Khi thiét lap phuong trinh trén ta chua dua vao cdc digu kién bién dong hoc,
vat thé xem nhu ty do, ma tran [K] la suy bién (khong téon tai nghich dao K1 Y).
Do vy ta phai dua vao cdc diéu kién bién dong hoc dé, nhu cdch néi trong co két
cdu, h} la bat bi&n hinh. Sau khi 4p dat diéu kién bién dong hoc, phuong trinh
(2.19) trd thanh: a . _ .
K'Hq"} = (P} (2.22)

3. Viéc st dung ma tran dinh vi phan t& [L] trong (2.20) va (2.21) dé tinh ma
tran cdng két cdu (K] va vectd tdi két cdu {P} thuc chit la sdp x&p cdc phan tu
cla ma tran cdng phan tu [K]e va cua vectd tai phan tua {P}e vao vi tri cua né trong
ma tran cung téng thé [K] va vectd tai téng, thé {P}. Tuy nhién trong thuc hanh
ngudi ta su dung ma trén lién hé Booolean (hay ma tran chi s6) tién hon nhiéu
trong qud trinh ghép néi cdc phan tu dé cé dugc [K] va {P}

4. + Do [K], d6i xUng nén ma tran cing téng thé K] cing la ma tran ddi xdng.
+ Ngoai ra [K] c6 dang bang.
+ Bé rong bang tuy thudc cdch ddnh s8 nut
(hay cdch ddnh s& bac tu do) )
Vi du: Xét moét khung phang nha 20 tang, 3 Bé rong bang B
nhip (h.vé). Néu khong ké tdi 4 nit da ngam cing ’ 1
¢ dudi thi hé gom 80 nut, mdi nuit cé 3 chuyén vi *
(bac tu do) chua biét = s6 4n cda hé la: 80 x 3
= 240, ma tran [K'] gom 240% = 57.600 thanh phan.
._ Tuy nhién, theo y nghia co hoc cla iz
Kjj, rorangK;j; # 0 chi néu i va j 1a e¢dc bac ty do

thuéc cing 1 nit hodc 2 nit k& sdt nhau. Con lai
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(62,3) ©  (356)  (189) . Gomn) (12,3)

Yl 72 23] nd n1 727 %7 767

TS R n6| . ¥ n8 "n2 n22 n#2

(13,14,15) 1(16,1%,18)-[( 13,20,21) |(22,23,24)

18 - ’

S ng n70 ni nz n3 n23

N

. -: — - + .-L J\. 4
—’J\- o l ; | . /l ,l n ZD”L 3 9‘0 n 6?717

), i

(a) Cach ddnh sb niit theo chidu ngd.n: B=15 {b) Ddnh sb niit theo chiéu dai: B = 63
la bing 0. : 4 ‘

Vi du: El 15#=0 nhu’ngﬁl 7= I_{l 16 =0

T d6 c¢é thé tinh chidu rong bing B (thu’c ra phai goi la nda chiéu rong bang)

B=D+1) xs : ~(2.23)
Trong dé: D 1a sy sai khdc 16n nhat cia ma s6.2 mit k& sdt nhau

s: s6 bac tuy do cia moOt nit.

Vi cdch dénh s6 nut theo chiéu ngan (hinh (@): B = (4 + 1) x 3 = 15

Véi cdch ddnh s6 nit theo chiéu dai (hinh (b)): B = (20 + 1) x 3 =60

Vay trong thi du nay, cich ddnh s& theo chiéu ngdn sé cho bé rong bing B nho
nhat. Va digdu nay c6 1gi cho viéc luu trd ma trin he so va viéc glal he phuong
trinh dal s0. : ‘ L :

3- Phép chuyén truc toa do.

‘Nhu & céc phan trén ta thay ring cde dai lugng chuyén vi, bién dang, va dng
sudit vd ca ma trin ham dang [N], ma tran cung phin tit [Kl, vecto tai phan ti
{P}e la duge xay dyng trong hé toa dd thich hgp cua mdi phin td. Hé nay thuong
chon sao cho viéc thiét lap cdc cong thuc can cé la don gian -vé hé toa do nay duge
goi la hé toa df dia phuong (local ceordinate system) ‘Khi mot hé toa 46 dia phu’dng‘
dugc st dung thi phuong cua céc bée ty do cda phén td cdng phéi dufcic 18y theo )
hé toa do nay. : '

Tuy nhién, trong thuc te thudng gap cdc k&t cdu ma cdc phan t& khdc nhau
thi ¢ céc hé toa do dia phuong khdc nhau va do dé cac bac ty do chGa phén ti cling
khie nhau v& phuong.

Do vy can thiét c6 hé toa dé chung cho toan hé va goi 1a hé tpd dé tong thé
(hay h¢ toa db chung hay hé toa df két cdu-- global coordinate system): Viéc chon

hé toa d6 nay la tuy y tuy nhién trong thuc t& thu‘dng 1dy né nhu hé truc dé. vé
va biéu dién hé. ‘ ‘
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Néu goi hé toa do dja phuong la xyz va h¢ toa d6 chung tdng thé la x’y’z’

Goi {q}e, {P}e va [K], 1an lugt la vectd' chuyén vi nit phéin tW, vectd tdi va ma
trin cung phan td trong h¢ toa do dia phuong xyz
~ Con {q’}e, {P’}eva[K'L l1a vectd chuyén vi nit, vecto tai va ma trdn cing phan
ti trong he toa d¢ téng thé x'y’z’

Ta c6 thé thist 14p m6i quan h¢ biéu dién {q}e va {P}, theo {q’}c va {P’}.

‘ {q}e [Tl{q’}e A ‘ (2.24)

(P}, = [TL{P"}, | (2.25)

vdi [TL goi 1a ma trdn bién déi (transformation matrix) cdc thanh phin chuyén
vi nit tu he toa do tong thé x’y’z’ vé hé toa d6 dia phuong xyz.

- Khi dd, thé ning toan phin M, cua phan td dang la:

n, = %{q;l‘ (KL{a}e - (P}T{al
sé trd thanh, dung (2.24)
Mle = {0’k (T (KL (Thiahe - (PK [Thiq'

Hay I, = é{q’};“ [K'L {q'}e - {P’}T{q’)e
Trong d6: [K'L = [TIF (KL [Tk ©(2.26)
' {P’}, = [TIN{P}, ' (2.27)

Nhan xét: Bﬁng cdch so sdnh (2.25) va (2.27) dé dang thdy ring
,[T]e (T} = (1] ((I1 1a ma tran don vi) '

Va khi [T]e 14 ma trdn vuéng thi ti day suy ra:
['I‘-];r = ['I‘]e—1 hay [T, la ma tran tryc giao

Sau khi xoay truc, biéu thic thé niang toan phan cua toan hé sé dugc biu didn
theo vecto chuyén vi nit téng thé {q’} chua tdt cd cdc bac tu do (cdc chuyén vi thanh
phan) cia tdt cd cdc nit thudc hg trong heé toa do téng quit x’y’z’. (Néi cdch khac
viéc ghép ndi cdc phan ti hoan toan thuc hién duge tuong ty nhu di ndi trén). Rbi dp
dung nguyén ly th& niang toan phan dimg cho toan hg, ta thiét lap dugc phuong trinh
cho toan he: 4 .

K'Hq'} = {P’} ‘ | (2.28)
NE .
Trong d6: [K1 =2 [K'], : Ma tran cung téng thé trong hé toa do téng thé x’y’z’
e=1
NE

P}y =3 {P’}, + {F’}n: vecto tai téng thé trong hé toa do téng thé x’y’z’
{q’}: vects chuyén vj nit tdng thé trong hé toa 4o téng thé.
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3 day s5 hang thd hai {P’}, trong bidu thic xdc dinh {P’} la vecto tdi trong
tap trung dat tai cdc mit tdc dyng theo cic phuong tuong ng cia cic thanh phan
trong vecto chuyén vj nit k&t cfiu {q} va thudng dugc gon la vecto tdi trong nut
(nodal load vector) , _

4 - Ghép ndéi phan ti hay sit dung ma tréin chi s6 dé xay dung ma trin citng
v vecto tai tdng thé.

Trong PPPTHH ngudi ta st dung 2 h¢ thbng chi s& dé danh s6 cho cdc béc ty -
do cua cdc mit. D¢ la.

1. Hé théng chi s6 tong thé: Cé duge bing cdch ddnh s8 cdc bc tu do cia toan
két cu. He thong chi 6 tong th€ d€ chi thd ty céc bac ty do trong tap _hop tét
ca cdc bac tu do cia toan he, tie thd ty cda bac tu do dang xét trong {q} (hoéc

{q }. Hé théng nay dugc danh thd ty tt 1, 2, 3... n = R x s.
2. H¢ théng chi s phén tie: dé chi tha ty cdc bac tu’ do trong phhn tu hay thu
tu cua cdc bac tu do trong {q}. ( hoic {q’ }e) Pugc ddnh s6 tir 1, 2, 3, = r

- x s (Trong d6 R: s6 nut cia ca hé r sb nut ctia phan tu g: s§ bac tuy do cua 1 -
nut.) Dl ,

Vi du: ' : : '

Dé xdc dinh sy tuong ung cua mfn phhn tu’ thuoc {q}e trong{q} (hoac {q’}.)
trong{q} ngudi ta lap ma trén chi sd [b] (con_gol 12 ma.tran lién hé Boolean) ma
gia tri cia mdi thanh phén by; chinh la chi s6 t6ng“thé”_ttm’ng &ng béc ty do thtij
cua phan tu thu i.

Ma tran chi s6 [b] c6 s6 hang bang so phan tu cua he, sb cét bﬁng s6 bac tu
do cia mot phan tua, S S R

Vi du: O vi du’ tren thi [b] c6 kich thddc (3 x 4) Va bgg =5,bgy = 6

BN A
(.175—4 O L‘I - (et

o ‘_,‘7 | | AT

- He thong chi s6 tong thé: 1 2, 3,..,8 . Hé t’b’ng chz sé ph&n tu‘ 1 2, 3 4

Khi su dung ma tran chi s6 [b] dé. xay dung ma trén cting t6ng thé [K] va vecto‘

' ki 88 cyc bd| Nuti | Nutj | : ,_
Phan ti 12 |3 |4} ,, 12 3 4
. b= -
(1 1] 2 | 38| 4] hay . [b] 3 4 5 6
) (3x4)
2 3 |45 | 6|1 o 5 6 7 8
3) (5| 6 | 7 | 8] o »
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tong thé {P} (hosc [K’) va {P }sta chi can nhd ring méi thanh phan Kj; cia ma

trén cu’ng phén ti [Kl sé phai "gop thém" vio phan tu’ Kmn cla ma trin cuing téng
the K] v6i m = be; van = bej (nhd 12 be; , bej 12 cdc gla tri cda phan t& hang i va
cot j cda ina tran [b]). ’I‘u’dng ty, méi phan t& P{ cla vectd {P}, sé dugc "gdp thém"
vao phﬁn tu P cia {P} véim = bej

. gop hiem = =
Vi du: K&z?; = K(bzl,bzs) =Ks5

Kii = Kogn,=Kes
Dé c6 thé thay r6 hon viéc st dung ma tran chi s6 [b] (con goi 1& ma tran lién
hé Boolean) dé xéy dyng ma trdn cung téng thé K] (hoac K’ 1) va vecto tai tong
thé {P} (hoac {P’}) ti cdc ma tran cing phan tu [K], (hodc [K'L) va vecto tai ‘phan

td {P} (hoac {P’}e) ta cé thé minh hoa trén vi du vira xét nhu sau:

{q} la vectd chuyén vi mit téng thé gom tdt ca cdc bac ty do cia tdt cé céc
nudt va dugce déqh' s6 tu 1, 2 3,...,8. Ma tran [K] la vubng cé kich thude (8 x 8)

{qle 12 vects chuyén vi nit phan ti gbm cdc bac ty do cia phan t& va dudc
ddnh s6 thua tu tu 1, 2, 3, 4. Ma tréan [Kl 1a vudng (4 x 4).

Tur (2.16) va (2.17) ta c6 [Kl, va {P}. ciia mbi phan td. Cu thé:

1 2 '3 4 ' ’ 3 4 5 6 5 6 7 8
i, K Ky k.1 (k8 K K k] 3 i K, K K]S
(K, = ky, kyz ko, | 2 ) (K, = ki ki kg, | 4 (K, = ki ki; kb, | 6
dx ki ki, | 3 | ax ki; ki, | 5 ax K, K, |7
i Ko la | ks | K2 | s

(Chd y: Céc chi s téng thé tudng Ung dugc viét & trén va bén canh céc ma
tran [Klo).

Né&u thay thé& chi s6 dia phuong (s6 nhd) bing chi s6 téng thé tuong ung lay
ti ma tran chi s6 [b], thi cé thé thdy dugc vi tri can "gép vao" cia mbdi phan tu

K‘fj trongﬁz] téng thé (hinh vé). Cling tudng ty vay vdi {P}

) (

Pl 1 p?| 3 P3| 5
Pil 2 P3| 4 P3| 6
{P}1=1Pé‘3, {P}s = P%L5 ) ,{P}3=‘P§‘7
Pi| 4 P3| 6 P3| 8

(Chi y: Cédc ehi s8 tdng thé tuong dng duge viét bén canh cdc vecto {P},).
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1 2 .3 4 5

no ke ki ki 0
kyy kg kg, 0
kzl'.a“*’k‘ﬁ k:l,,4+kf2 k‘fs
_ k}m“*’kgz k:ja
(K]l=
K33 +ki)

2
k14
1.2
Koq
2 3
ki, +ki,

2 13
kya+kao

0
0
ki3
kgs ‘

3
ks

0
0
k34
ko4
kgq.

3
Ky

Vi du: Lap ma tran chi s tdm phfmg cha nhéf sau.

L‘ic | phe
5 s I
i @ G

= 74—
& © . B

- 4 s

Két céiu va hé thong chi s6 téng thé.

ip}

R 3 v s~ w N

' Phan ti méu ba hé théng chi sé phan tiz.

Chi s3 phan t Nut i Nut j Nuf k Nﬁti
Phin ti 1|2 3 s | 5 | 6 | 17| 8
1 1 2 | 7 8 o | 10| 3 | 4
(2) 3 4 9 | 10| 11| 12| 5 6
3 7 8 13 | 14 | 15 | 16 9 | 10
(4) 9 | 10| 158 | 16| 17 ] 18 | 11 | 12
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Cling cé thé thay ring:
Iz 1 3
Kys = K§ ) + KP)

K11,12 = Kéz%, + K%
R9,10 = Kélé + K&zi + K% + KS‘%

Koo = Kb + K% + K + K

5- Ap dat dieu kién bién.
'Hg phuong trinh t_6ng thé -[—IZ]_ {q} = {P} c6 thé viét lai ¢ dang khsi nhu sau.
(Kl;p Kl {a}y P
Klo; Klo| (@3] |(Ph 229
Trong dé {a}lz) vectd chifa tdt cd cdc bac tu do (chuyén vi nut) da biét
{a}'l vectg chua cdc bac ttj’ do chua biét (con lai trong {a} )
thi {P}} I3 vecto t&i gom cdc phan td da biét.
va {}5}2 la vectd tai gobm cdc phan td con lai cia {P} va la chua biét.
Va phuong trinh dang khsi (2.29) c6 thé phan thanh 2 hé nhu sau.
Kl {qh + Kl (@ = (P}
[Klp; {qh; + [Klye {q}3 = {P}y
Tu phuong trinh dau, vi {5}3 da biét, nén ta cé phudng trinh xdc dinh {5}1 la
[Kli{ah = (P} - [Klyaa}s | . (2.30)
Hay:  {q}1 = K11 (P} - [Kliafa}d) |
Va tu dé xdc dinh duge {ﬁ}z thi phuong trinh con lai:
{P}p = [Kli2 {a}1 + (Klpp {q}3 (2.31)

Trudng hgp thuong gép la khi tit ca cac bac tu do (chuyén vi nit) cho trudc
la bang 0, thi phuong trinh tim {q}; chi con ,

Kly; {q); = {P}}
Phuong trinh nay suy ra dugc mdt cdch ddn gian tu phuong trinh téng thé
[K]{q} = {P} biing cdch xd6a cdc hang va cft tugng ung vdi cdc bac tur do tuong ung

trong {q}l va c6 gid tri bang khong.
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| Chuong 3

Tinh toan hé thanh

Phuong phdp phan tich bai todn hé thanh theo PPPTHH vdi mé hinh tuong
thich cing khéng ndm ngoai cac budc di chunhg da néi. Van dé con lai 1a tuy thudc
dic tinh cda ting loai bai todn ma 4p dung. Trudc hét can thdy riing bai todn hé
thanh thudc loai bai todn mét chiéu khi ma cdc thanh phan chuyén vi cua cdc phan
td chi la ham cua mot bién toa do x.

§3-1. HE THANH DAN.

Nhu da bi€t dan la mot hé gom cdc thanh chi chiu kéo nén ding tidm hay la
modt trudng hgp cu thé clia thanh chi chiu bién dang doc truc. Vay, trudc tién ta
ban d&n thanh chiu bié€n dang doc tryc.

1- Phan ti thanh chju bi€n dang doc truc:

Xét mét phan ti thanh cé 2 diém nit chiu bigén dang doc truc, chiu tai trong
phdn b6 doc truc p(x) nhu hinh 3.1.

RS rang phan td chi ¢6 2 bac ty do 1a 2 chuyén vi cla 2 nit dau va cuéi.

Do d6 chuyén vi doc truc u(x) cia phan ti chi cé ,thé 12 mét x4p xi ‘tuyén
tinh. ' '
u(x) =a; +agx

Hay u(x) = [N] {q}e

q1 u
Trong dé: {q}e = =
: qz e 42 e u(x)
' ' L,EF
Va nhu & thi du chuong 2 da bi6t : -
A ‘ N _ X X
Ma tran cdc ham dang [N] = (1 - ——) = Hinh 3.1.

L’ L
Trong bai todn nay, vecto bi€n dang {e} = {4}, vecto Ung sudt cing chi con

{o} = {oy}."

f -4 -4



dx dx

Trong phuong trinh dinh luat Hook, ma tran [D] chi con: [D] = [E] hay
oy = Eoy (v6i E: mddun dan hdi Young)

Trong phuong trinh quan hé chuyén vi bién dang: [9] = [i} vi gy = du

Vay theo (2.11), ma tran tinh bién dang:

[B] = [3] [N] = i} (1—1) _".}
’ dx L L
Hay:  [B] = [_i LA
L L

Va ma tran cing phan td, theo (2.16).

l, = [ (B (D} (B1av
A% .

‘ 1 -1
EL[1 1]Fdx = E_F{ } (3.1)

L
_[1

o L L L |-l 1
Trong d6 F: Dién tich mat cdt ngang phan ti.
Vecto tai phan tu {P}. dugc tinh theo (2.17):

1

Do lygc phan bo doc truc p(x):
: f(1-2)

{P}f = f'[N]T {p(x)} dx = f
0

p(x) dx (3.2)
0 .

Truong hép p(x) = p, = const:
: A

L ||_%

| L1
@F-p [ | Fla=P l
0 2

(3.3)

X
L

Do nhist do: (P}, = f (BT [D] {e,} dV /

-1
E{aT}Fdx=EFaT{1] (3.4)

1
o L
Trong 46 T: D3 bién thién nhiét do
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DE c6 thé thay rdo cac bude di va phan tich bai todn theo phuong phdp PTHH
ching ta xét ky thi du dudi day. v

Thi du 1: Giai bai todn thanh dudi day (h. 3.2a) theo PPPTHH vdi so d6 2
phéan td. Biét chiéu dai thanh 1a 2a. D6 cing EF la khong d6i. Thanh chiu tai trong
phan b6 déu doc truc, cudng d6 q = const

Céac budc giai:

- 1. Thyc hién r&i rac héa vat thé

khao sdt bdi viéc dinh ré cac nuit,
cdc phan tu. Roi thuyc hién ddnh s6 {
ndt, dénh s phan ta. a iT?
Trong bai todr thanh don gian T f
ndy, ta chia thanh thanh 2 phin t . f r
(phan t (1) va (2)) bdi hé théng 3 :
diém nit 1, 2, va 3. (Hinh 3.2b) S T
Sau dé trén sg do két cdu da o T ' b)
duge rgi rac hda, thiét lap ma tran Hinh 3.2. a. So db két cdu
chi s& [b] b. So db két cau dwgc rdi rac héa.
Chi s6 cuc bd Nut dau | : Nut cudi
Phan tu (Nut i) (Nut j)
1 1 ~ 2
(2) 2 3

23

1 2
Hay ma tran [b] la: [b] = [ }
2. Thi€t lap cdc ma tran do cing phan td [Kle roi thyc hién ghép ndi cdc phan

t& dé xay dyng ma tran cung tdng thé [KI.

Nhan xét ring do 2 phan tit ¢6 chitu dai va d¢ cing nhu nhau nén dé thdy la
[K]; = [Klp. Cu thé theo (3.1)

1 2 Chi s& t6ng thé cua phan tr (1)

2 3 Chi s& t8ng thé clia phan 17 (2)
EF -1 2
[Klo
a [dx 1 3

Thyc hién ghép ndi cdc phan tu;
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Chi s6 téng thé

toan két cau
1 -1 1 1 -1 0
K = EF 141 -1 2 - & =FF o _1
CINE 1 3 2 |dx 1

3. Thiét lap cdc vectc tai phan ti {P}. roi thuc hién ghép néi cdc phan ti dé
xay dung vectd tai téng thé {P} .
Dé thdy trong bai toan nay {P}; = {P}2. Va theo (3.4)
Chi s8 t8ng thé Chi s& t6ng thé
{P}1=—(E{1]1; {P}2=931]2
9 |12 9 |13

Thyc hién ghép ndi, vdi chu y la do tai cdc nit 2 va 3 khong cé tai trong tap
trung cho trudc, con tai nit 1 ¢6 phan lyc R. Nén vectd tai trong nit {P}, la

R
{P}, = 10
0
Va khi d6 vecto tai, tong thé
[ 1 R ? *R
Pr=3{1+11+0t=1{ qa
211 0 qa
ry
Vay ta c6 hé phlIdng trinh [K]{q} {P} nhu sau:
— a
1 -1 0] |1 q? tR
EF 2 -1 62 = ga . |
a - lax 1 63 _ qa
[ 2

4. Ap dat disu ki¢n bién: R6 rang theo so do két cdu da cho thi chuyéh vi cua
nit 1-1a bang 0, Hay q; = 0. Vay hé théng phuong trinh d€ gidi sé nhan dugc bang
4céch "ndém na" la "xdéa di" cdc hang va cot tuong Li’ng‘al = 0, tyc la "x6a" hang 1,
cot 1 cia hé phueng trinh trén. ‘

-Cufi cung ta cé: [K] {q } = {P } nhu’ sau:

EF |2 -1 gr':ﬂg{z}
a -1 1 q2 2 1

5. Giai he phuong trinh nay ta tim duge cdc chuyén vi mit c—12 va -ci3, cu thé la
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- a2 2 |3
Q=4 =8 ]
93| 2EF (4
Va nhu vay tdt ca cdc chuyén vi nit la da bit, cu thé
= L
{q} ={a2 { = 213
g3

T d6 vectd chuyén vi nit {q}, ca mdi phan ti ciing hoan toan xic dinh

Cu thé:

51‘ 2 10
{q}1= - = qa

qz | 2EF |3

Ezl 2 13
{q}2= — = 9 l

q3 2EF 4{

Va biéu do chuyén vi cla mbi phén td cing hoan toan xdc dinh nhu sau:
uy(x) = [N] {g}; = N1(x) . q1 + Na(x) . q2
ug(x) = [N] {q}z = Ny(x) gz + Na(x) a3
K&t qua cho trén hinh 3.3 a va 3.3b _
6. Xdc dinh néi luc trong cdc phan td: Do ham chuyén vi la tuyén tinh nén dé
chiy ring bi€n dang doc truc & = du _ hing s0 trén ting phan tif.
dx
Do d6 ung suét 0y = Eeg = const va, luc doc Ny = F Uy = EF ¢ cling 1a khong
déi trén sudt chidu dai mbi phan tu. Va
N, = EF ¢, = EF (B] {q},
Cu thé, luc doc trong phan ti (1) va phan td (2):

0
1 1 3
N; EF [— - ——}. 3qa2 = 5 kqa‘

EF [B} {q};

a a

3qa’
EF [B] {q}2 = EF {_l l] 2EF { _ ga
‘ 2

Z
)
]

4qa2

2 EF |
K&t qua nay dugc thé hién trén bi€u d6 lyc doc (N) ¢ hinh 3.3c.

Dé thdy r6 hon ban chit cia PPPTHH thong qua thi du nay, ta thd tim lgi
giai chinh xdc cda bai todn.
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Nhu trong Gido trinh Sudc bén vat ligu di biét, n&u st dung phuong trinh can
bing biéu dién qua chuyén vi doc truc u(x) ta sé nhan dugc phuong trinh vi phan
cht dao cda bai todn thanh chju bi&€n dang doc truc, trong trudng hop téng quit,
c6 dang: ’ '

d (EF@-) +qx)=0
dx dx
va cdc diéu kién bién
trong d6 q(x) la cuong d6 tai trong phan bd doc truc thanh.
- Véi bai todn dang khao sdt: EF = const, q(x) = q = const, phuong trinh vi
phan va céc didu kién bién cta bai toin la: b

2 .
EFY %y g=0 0 < x < 2a) (@)
dx’ |
<2
Diéu kién bién: u =0 , _ : (b)
x=0
N = (EF du =0
x=2a dx ' {x=2a

St dung phuong phdp tich phan truc ti€p phuong trinh vi phan (a) va s dung
cdc didu kién bién (b) dé xdc dinh cdc hing s6 tich phan. Dé dang nhan duge két
qua ch’nh xdc cua bai todn la:

Ham chuyén vi: ux) = —34 (4ax - x2) 0 <x<2a)
2EF
Luc doc ' N=EF§E=qa (2_5)
dx a

‘Biéu do chuyén vi (u) dugc biéu dién bang dudng chidm cﬁé’m trong hinh 3.3 b.
Biéu do, lyc doc (N) cia Ioi gidi chinh xdc duge biéu dién bing dudng chdm trong
hinh 3.3c.

3
‘ 2qa
® O
y A
\\T chinh ,fa'c 300, // chink xac
rem © A rem

/
/

/
/

/
IR -
_ 2 EF 5
(a) (b) (c)

Hinh 3.3. Biéu dd chuyén vi (u) va luc doc (N) ('_._ Nghiém PPPTHH --- Nghiém chinh x&c)



. So sanh 2 ké&t qua nhan dugce tu PPPTHH va tu 1oi giai chlnh xdc cua ba1 toan
ta cé thé thdy mot s6 nhan xét sau: : . '

- Gia tri chuyén vi tai cdc ndt nhan duge tv PPPTHH la trung vdi két qua
chinh xdc. Con gid tri ndi luc 1a gan ddng va chi la gid tri trung binh. :

- Né&u tang s6 nit lén (tuc chia thanh thanh nhigu phin tir hon) biéu do chuyén
vi wsé 1. 1 da gidc ham noi ti€p va tiém cin d&én dudng cong cuia nghiém chinh
xdc (hinh 3.4b). Con biéu do noi luc N cé dang dudng chd chi giat bac xung quanh
dudng thing cta nghiém chinh xdc (hinh 3.4c). Hinh vé 3.4 cho ta nghiém cua bai
toan giai theo PPPTHH vdi so d6 4 phan tu (hinh 3.4a)

®

fa) | b . fc
Hinh 3.4. Biéu db chuyén vi fuy va luwe doc (N) theo so dd 4 phan ti
{ __Nghiém PPPTHH --- Nghiém chinh xdc)

. - Tuy nhién, cé thé thdy ring gid tri ndi luc dugc tinh theo biéu thuc
N, = EF [B] {q}. -
chi l1a noi lyc do chuyén vi nit {q}. gay ra. ,

Dé c6 duge gid tri luc doc chinh xdc ta cAn ké thém thanh phan luc doc do tai
trong phan bé trong pham vi phan t& khi xem cdc nit la dLIo’c gdn cung lai (hinh
3.5a) Hay:

N =Ny + N, _
Trong d6 Nyq;: 1a lyc doc do chuyén vi nit {q}, gay ra
N,: luc doc do tdi trong tdc dung trong pham vi phan td gay ra khi
xem cdc nut la bi gin cung.
Vdéi bai todn dang xét két qua cho trong hinh 3.5.

%-?a ‘ 29a .
' 1
@* =0=
t
4 + = ga
{ ,
®i =E=

5
(a) Hinh 3.5. \ W
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2- Phén ti thanh trong dan phiing:

Trong dan phiéng, khi tinh theo
PPPTHH, nguti ta xem mdi mit dan la
mot dinh mit, va mdi thanh dan la mét
phin t¥ chiu bién dang doc truc. RS
Ming mit i bat ky cua dan ¢ 2 bac ty
do: la chuyén vi theo phuodng ngang va
phuong ding cua né. Cdc béc ty do nay -
dugc ddnh s6 [an lugt la 2i - 1 va 2i.

Xét phan td thanh bdt ky ma nit 1
va 2 cua nd tuong dng mit i va j theo
chi s8 téng thé. Cdc mit nay cé cdc ‘ Hinh 3.6.
‘chuyén vi (q'2i-1, q’2i) va (Q’2j-1, q’2)) va
sé gay ra chuyén vi tai 2 nut theo phuong truc thanh 1a q; va qa.

L a1 = q'2i-1 ]ij + q’gj mj;
Dé thay rang
q2 = q’gj- 1llj+ q’gj mj;
trong dé: L, mj; la cos chi phudng cda truc phén ta (truc x) déi véi hé truc tong

thé xy
Hay, vecto- chuyen vi nut phian t trong hé toa d6 dla phuong:

{q}e = {ul 3 uZ} = {(h ’ 2}e

. dugc bifu didn qua vectd chuyén vi it phan ti trong hé ‘toa do tdng thé:

o _ ’ ’ ’ s T_ ’ y ’ » T
{@')e = {Uy, v, 0y, v} = 1Q’0i-1, Qoi» Q'2j-1, gy}

nhu sau: {qle = [TL {q’}e (3.5)
(2 x 1) 2x4  4xD ' -
R . ljj mj; 0o o0
Trong d6 ma tran chuyén truc: [T], .= 1 (3.6)
@xa |0 0 My
Vay ma tran cing phin ti trong hé toa do tong thé la: (theo cong thiuc (2.26))
i 0 | o
- ' . m; 0 EF 1 -1 i my; 00
Kl = [T} (KL [T}, = | * x == x
€ L (KL [TL o | L |-t 1 0.0 lj my
. m..
[0 M
. ) 2 ]
G Lmy -1 - lymg
2 = L:mi; 2
m;; - lJmlJ - m;; .
Cuéi cung: [K'L, = EF Y 2 ! (3.7
L |dx I lijmyj
, m%




Chi y: + lkj,mj; la cosin chi phudng cia tryc phin ti (tryc x) trong h¢ toa
d6 tong thé va nd cing la cosin clia géc nghiéng gida dudng thing nbi cdc mit i va -
~j véi cde tryc x’, y’ va ching dugc tinh qua tpa d§ cdc diém mit trong hé toa dd
téng thé nhu sau:

X’ — x; ‘
I (3.8)

lj = cos (x, x*) =

i~ y’i

» L .

O day (x';,yvax’j,y’) la toa d c&a’ nit i, j trong h¢ toa 49 tong thé x’y’.
va L chidu dai phan t& ij va duqc tmh bdi. |

m;; = cos (x,y’) ='y.

L= \/(x —xpt e o - v | ety
I
y &
$ -
V4 SN 1
N 1
| !
{ i -
1 1 - .
.1-" xJ.' .
}
Hinh 3.7

+ Cung c6 thé dé thdy ro hon ma tran [T], néu ta goi « la goc nghnéng gui’a
truc phan t& (n6i tur diém diu i tdi di€ém cudi phan t la J) d6i vdi truc ngang x’
thi d& thdy rdng: lj = cosa, mjj; = sina

cosa sina 0 0 )
Hay: [T = o ] ' (3.10)
0 0 cosa sina
va do vay cong thuc [K'L cing cd thé viét vdi.sy sit dung géc a nay. Cu thé
r 1 .
? s -c ~cs
2 2 :
s —cs -8 ,
K], = EF . - (3.11)
, L . C cs
dx s2

véi ¢ =cosx vd& s = sina
: géc nghiéng gida tryc phan ta (dudng ndi 13 ) véi truc x’

Nbi luc trong thanh dan: e
Vi ex = [Bl{q}e S
g, =Eey
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nén lll_IC doc trong thanh dén, tinh theo {q}e, duge tinh la.

N, = 0, F = EF [B] {q},
Con trong hé toa d6 téng thé, ta c6 thé tinh lyc doc theo vectd chuyén vi nit
{q’}e bing cdach thay {q}e = [Tl{q’}e, ta dudc:
N, = EF [B] [Tl{q’}e = [S’l{q’}e (3.12)
Trong d6: Ma tran tinh néi lyc [S’, = EF [B] [TL

li: m:: 0 0
hay [S'L, = EF |- L l] x |3

L L 0 0. .lij-;' mjj
[S’]e - E — lij - mij llJ muj| _ (313)
L ) . ! ;
hoac [S’L = EE —cosa - sine cosa sina] ' (3.14)
L L .

~Cong thuc (3.12) cho ta xdc dinh lyc doc trong phan ti do chuyén vi nit {a}
gay ra. Trudng hgp trén chiéu dai phan td con cé tdc dung nhung luc doc truc,
hay chju su thay ddi nhiét d6 thi dé cé két qué chinh xdc d6i vdi ndi luc nén ké
thém phan lyc doc do tai trong hay do blen thlen nhlet d0 giy ra trén phan td
khi xem cdc nut la ¢6 dinh.

Cu thé:

oAt
FF

Thi du 2: Tim chuyén vi tai cdc nut va ndi lyc cdc thanh cia dan cho trong’;
hinh 3.8. Biét cdc thanh duing va ngang cé dién tich mat cit ngang la F. Cac thanh
= .

xién 6 dién tich mat cit ngang la Y5 F
EF P ' _,
. / 95- 7
Ervz | & N
2 4
S
L A %
q 5 7 -,
A - * ) 4
(a) b) (c)

Hinh 3.8. a. So db két cGu; b. R¥i rac héa két cdu: cac nit va phan ti;
¢. Céc thanh ph&n cia vectd chuyén vi nit téng thé {q’}.
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< Giai:
. 1. Ryi rac héa két cdu: Panh s6 nit, ddnh s6 phan ti nhu hinh 3.8b. Tai méi
nut cé 2 bac tu do la 2 chuyén vi thanh phan cua nit theo 2 truc cua hé toa do
téng the. Cac bac tu do cia hé cho trén hinh 3.8c. Thiét lap ma trén chi s§ [b].

Cac bac tu do Nat i \ “ Nut j
y cua phan tu
 phanw 1112134
(1) 5 6 1 2
(2) 7“ 8 1 2
N 3 1 2 3 4
(4) 5 6 | 3 4
(5) 7 s |3 4
(6) 5 6 7 8,

4

bé tién cho tinh todn sau nay, ta tinh sin cdc dal can tinh d6i véi cdc phan
tu trong bang sau:

[ 24

Phantu | Nuti | Nutj « ¢t | s es -} 1 | F | EFI
(1 3 | 1 0° 1 o | o a F EFa
@ | 4 1 45° 1/2 1/2 12 | av2 V2, | FEFa

@ |- |2 | -e0 0 R a | F | EFa
@ | s 2 —45" | 172 12 |r-12.| av2z Vi, | EFia
3 . 2 .
(5) 4 | 2 . o0 1 0 0 a F | EFa’
(6 3 | 4o —e0 0o 1 o .| a -+ F EF/a -

2. Thiét ldgp cdc ma trdn czmg ph&n tu‘ S dung cong thic (3.7) va bang tinh
sdn § trén ta coé: A ! '

)

7 8 3 4. g
576 1 2. )
g ‘ 1 : '
Y 0 -1 .0 5 9 ‘
EF 0 0 0 6 8
K] = [K']); = —
! STl & 0| 1 4
0 2 3 .
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1 1 <1 1| 7
EF| 1 -1 -1| 8 ' ‘
K’} = ; _
4a ax 1 1} 1
1 2
5 6 7 8
1 2 8 4
0 0'0 O] .1 5
E 1 0 - 2 6
[K]3 K] - EF \
a dx 0 0| 3 7
1| 48
L p
5 6 3 4
1 =1 -1 1| 5
1 1 -1/ 6
K, = EF
4a dx - 1 -1 3
1 4

" Tt cdc ma tran d6 cung phan t nay, si dung ma tran chi s6 [b] thuc hién
ghép ndi phan ti¥, cubi cung ta c¢6 ma tran cuing téng thé [K’] c6 kich thude (8 x

8) .
, J
4 5 6 T 8 _

1 2 3
5 1 0 0 -4 0 -1 -1] 11
5 0 -4 0 0 -1 -1]| 2
5 -1 0 -1- 1 —4| 3
[_K_’]=E_F ) 5 1 -1 0 0] 4
4a 461 xung 5 -1 0 .0 5
o 5 0 —4| ¢
‘ 5 11 ¢
5| s \

3. Xdc (g,in'h' vectd tdi phlin t {P'}, va vecto tdi tong thé {P'le

D& théy la, do trén cdc thanh dan khéng' c6 tai trong tdc dung nén.
{P’hy={P}a={P}g=... = {P’}g = {0}

Do vay vectd tai t6ng thé sé chi la do vecto: tai trong nut (tdi trong tap trung '

tdc dung tai cdc mit k€ cé cdc phén lyc chua biét) tao nén. Cu thé la:
{‘P“} o1+ P}y = Py |

!
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Héy :

o
O Y T NG SO X e

V4 8

trong dé H; ,Vi la phan luc theo phuong ngarjg va phudng duing tai mit i. Cding
nhan xét ring 4 thanh phan dau cia vecto tai téng thé la xac dinh trong khi 4
thanh phan sau la chua biét. D&i nghu vdi digu nay thi & vecto chuyén vi mit téng
thé {q’} c6 4 thanh phan dau 1a 4 thanh phan chuyén vi nit chua biét va la 4n s6
cta bai todn con 4 thanh phan sau lai 1a cdc chuyén vi da biét va bing 0.
4. Ap dat digu kién bién vé xéy dung hé phuwong trinh d€ gidi (K"){q"} = {P"}.
Nhu 43 néi ¢ trén do 4 thanh phan chuyén vi q’5 = q’s = q’7 = ¢’s = 0 nén bing
cdch "x6a di" cdc hang va cft 5, 6, 7, 8 cia ma trén K] cing nhu "xéa di" cdc

thanh phan 5, 6, 7, va 8 cua vecto tai tdng thé (P} ta nhan duge hé phuong trinh
dé g1a1 [K’*]{q’*} {P”"} nhu sau. .

s 10 o q_'l 0 .
EF| 5 0 -4 49’2 _|-P |
4| x5 -1ilggi |0 '
5] (0] O
Gnan he phu’cmg trinh nay ta tim du’dc 4 chuyén vij ;:hu’a biét:
q 1 B ;
— 92| pa |-30| . | | o
{q } 3 _’ >
: 93 11EF | 9| .
vl 9y | - 25
5. Tinh lye doc trong céc thanh flfm: S -

Sit dyng ma tran chi s6. [b] va. {q } via tim dtm’c, ta xdc dinh cdc vecto chuyen
vij nut phhn td {q’'}e. Vi du: :

| 0 0 . 6
0 - : 0 L, > _3Q

{g’}1 = Pe , {4’} = Pa » 1Q°}s = Pa T
" 11EF | © | 11EF | 6 | 11EF | -5

-3%0) ~ 30 | |-25



Pa | 0 | " Pa
11EF | =5 11EF | =5 |
- 25 - 25 0
St dung (3.12) va (3.14), ta tim dugc lyc doc N cda cdce phén ti. Vi du vdi
phan tut (1) ((cosa =1, sina = 0) : :

{q’'}s4= , {q'te =

/

(== B ]

!

d 0
N; =18} {q’}1=g—[—1 01 O]X Pa - 55
| , a . 11EF | 6 11
=30
Vé6i phan td (2): (cosa = v2/2,sina = \/5/2)
. | o |
0
N2 = [S’]2 {q’}z = E—F‘_ - Q — ..\/__5_ .\[_2: Q X Pa = §_\i—2_ P
a 2 2 2 2 11EF | 6 11
- - © |- 30
Véi phan ti (3): (cosa =0;sina = - 1) ]
6 ;
- 30 - .
N3 = [S'h {q')s = & [0 10 —11 x P3_ Cl=L2p
' a - 11EF | —° 11
=25

Luc doc cdc phan tu con lai tim tudng tu.
3- Dan khong gian:

Néu xem méi mét dan la 1 didm nut va
1 thanh dan la mot phan tu, thi dé thdy rdng
mbdi diém mit c¢6 ba bac tu do: d6 1a 3 chuyén
vi thanh phan theo 3 phuong x’, y’, 2’ cua
hé toa do két cdu. Va vectd chuyén vi mit ¥
phan td trong hé toa do két cdu la: (Cu thé
véi phan ti ma diém dau va cudi la nit i va Hinh 3.9. Phan ti dan khong gian
i ; . . , S

1 ’ ) ’ ’ ’ s 9T - l
{Q}(e)E{U‘i,Vj,Wi‘-,Uj,Vj,Wj}~\ s :
(6 x 1) ' : :
—_ y y ’ b ] H T
—{Q3i2aQ3i1:Q3iQBj -2 4'3j-1, gk “
Trong he toa do dla phuong xyz (vdi x (la truc phén td, hay truc néi 2 nit i va
j ) vectd chuyén vi ndt phan tu van la: '

T.
{q}(e) = {u11 J}
(2x1)



»

Trong d6 u;, uj la chuyén vi cia nit i va nit j theo phuong x (phuong néi i va j).
Vay quan hé gida {q’}e va {q}e chinh la:
{a}e = [Tl {d’}e S 5

trong d6 ma tran bién d6i [T], la:

lij mij nij 0 0 0

(T} =
k 0 0 0 lj my ny

(2 x 6)

véi ljj, mj, nj; 12 cdc cosin chi phuong cia dudng néi ij trong hé toa do két cdu
x'y’z’ va dugc xac dinh qua toa d6 cac dinh niit i, j bing cdc cong thuc quen thufc:

N Yi-Yi x’j - 2’
L L L
> y ’ "2 ’ ’ ’ ’2
va L=\/(:J'-Xi)+(Yj-,yi)2_+(2j—Zi)

Ma trén do cung phan tu trong hé toa do dia phuong [K] la da bist ”(cbng
thuc (3.1 )) vay ma tran dd cung phan tu trong hé toa do két cdu la:

{

Kl = [T [Kl, [T,
(6 x 6) Bx2) (2x2) (2x6)
Cu thé: ' - ' , .
2 ‘ 2l
j lymy Ljng -1 Lmjj- — lyny
2 — m2
mj;  mgn; - lmy mjj - myny
2 - 2
, EF njj - Ljny —0gMmj -~ nj;
Kl = = | >
6x6 L Ij imy Loy
. 2’
' m;; m;;n;;
v 2
d6i xung njj
L . <4
Trong 46 ,

E: modun dan héi Young cua vat liéu
F: dién tich mat cit ngang thanh
L: chigu dai phan tu.



§3.2. KHUNG PHANG

1. Phan ti dam chiu udn - Dam lién t1.1c:
Xét phan ti dam chju udn cé chiéu dai
L, mat cdt ngang khéng ddi. Nhu da trinh
bay trong thi du 2, chudng 2: chuyén vi cia
moi diém theo phuong vudng géc truc thanh
v(x) dugc chon la da thuc xdp xi bac 3.

v(x) =a; +agx +a3x2+a4x3.
Hay v@=[P®I={a ("
véi [P x)] = [1 x x2 xa}
va vectd tham sd: {a} = {a; ag ag a4}T
T digu kién dong nhat chuyén vi nit la
cdc gia tri clia ham v(x) va dao ham bac nhit

v;q; //oc
vsq' 7){1 \
' 3L3q4
0 o
91-;41 '_/L’fj
~

Hinh 3.10. Phan tu dam chiu uén.

cla nd tai cdc diém nit 1 va 2 cla phan t, ta cé:

{q}e = [A] {a}

trong d6 {q}e 12 vecto chuyén vi ndt phan tu va:

L

: T T
{qte = {vy 61 vg 6o} =1{d;. 92 q3 qale
Con .
10 0 O 1 0 0 0
010 0 ) , I 1 0 0
[A] = | L L2 L3- va ton tai nghich dao: [A] = _ 3/L2 ~ 9L 3/L2 L1L
0 1 2L 312 912 1L% _op3 112 |

Tu dé: {a} = [A] '{qle

Thay [a} vao (*) ta biéu dién dugc ham éhuyén vi v(x) theo vectd chuyén vi nut

'

fqte " -

v = [P 1Al Hal = [N] {q},

(3.15)

Véi [N]: Ma tran cdc ham dang va [N] = [N; No N3 Ny

Trong do: ‘
x2 x3
' Nl(.X)=1-—3—-+2—
L2 L3
' 2
No(x) = x (1 —2‘3{—+X—)
L 12
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X2 X3
N3(X) =3=—-2=
I &
k x | x2
Nyx) =x |-~ + =—
L2
Nhu da biét ¢ Gido trinh Suc
bén vat lleu khi dam chiu uén mat
cit ngang cia dam con la phéng
khi bién dang va xoay di géc 6 =
¥ o ds chuyén vi doc truc u va
dx :
dd véng v c¢6 quan hé (nhu hinh
3.11).

dv
u=-y —
dx
trong dé y la khoang cach tr diém
dang xét tdi dudng trung hoa.
Khi d6 bién dang doc truc:

Hinh 3.11. Bién dang ctia phtn tir dam chiu udn. |

7 R P
oty iy R
T dx? e Vi #9‘11, M
S dung (3.15): G s J_”..; A=
. dz[Nv] T L
ex = -y {q}e = (Bl{q}e .
dx2
Trong dé: [B] = - y — [N]
d 2
X o . .
Hay [B] = - y ’(_i+,12-"_)v(»_i,+6;),(ifl?_f’£) ( _ _2_+6_") (3.16)
12 L3 L g2/ \ |2 Ls.. L2/

' Ung sudt tai moi diém cda dam chiju uén.

o, =E¢,

Hay ¢ dang ma tran {0} = [D] {e}:

J day ma tran [D] = (E]

(3.17)

Sd dung coéng thuc (2.16), ma tran do cung ph‘én‘ td dam chju uén dugc xdc

dinh nhu sau.

K], = f[B] [DI[B]dV = Eff[B] [B] dF dx”

E

Hay:

L F
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‘ﬂ}“

13 ‘6L —12 6L ]
k< Bl | 412 -6L 2L? - 318
k= Lg - 12 -6L | '
dsi xung 41.2
L 4

g day J, = fyz dF la mémen qudn tinh cua mit cit ngang ldy véi truc z. Vdi
a4 _

vectd tai phan t& {P},, trudng hgp tdng qudt, khi trén chiéu dai phan t& cé tai
trong phin b8 q(x), cdc luc tdp trung Q; va cdc modémen tap trung M; tdc dung thi
trén co sd cbng thuc (2.17) hay tif sy cin bing cdng cia lyc nit trén cic chuyén
vi nit tuong ung va téng cdng cla cdc ngoai lyc (trén phan td) trén cdc chuyén
ddi tuong ung, ta c¢6 thé tim vectd tdi phan ti {P}, theo cong thuc sau:

\ . . nQ
{P}e = f INI" qex) dx + 2 [N ()" Q; + 2 [———(xM)] M, (319

L

i=1 i=1 dx

4

Trong dé:
q(x): cudng d6 luc phan bé trén

chiéu dai phan tu, v
Q; vaxq: lyc tép trung va hoanh

do diém dat lu’c tréen hé truc dia

P
phuong, P pa ?
| : \ ey -
A& % L L G

" Mjvaxym: Momen tip trung va

hoanh d diém dat trén hé truc phan
tu,

nq va my: s6 lyc tap trung va s6 :
- momen tap trung trén chitu dai phan Hinh 3.12.
ta dang xét.

Str dung (3.19) xdc dinh vecto tai phén t¢ cho mét vai trudng hgp cu thé.

" - Trudng hgp tai trong phan b6 déu tren phan td (Hinh 3.12).
3 x3 ]
1- —xé- +2 = qL
‘ L L 2
P 3 2
ol - 2, x qL”
2 ‘ L 2 \
3 L | 3x° a 23 ql \
P Oor 22
74, _ 12 8 2
4 ’ 2
2 .3 _gL
-X X E
\
Lo L L2 -l
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- Trudng hgp trén phﬁn tu c6 lyc tdp trung gid tri Q dit cdch nut dau phan
te khoang cach a (xq = a) (Hinh 3.13) : :

3
1—-3i+2a—
S
P 3
Pl 222 y
2 L 2 '
®=1"t -mNa"Q=-Q| 8 @
P; | p
3a’ _2a° ( 5z
Py | 2 3 )
) Je L L f; +—¢+ ‘el
32 33 + L J(
- 4+ = 1 k|
L 12 , Hinh 3.13

PL
y
pL2
B Q A Y | f
! l P, 2 ®h=1 % (3.21)
(! , Ly PL
L L/Z\ L/Z 7 ’ ’ -
R d 2
_p12

DE tim mdmen udn nodi lyc trong phan t& dam, nhu trong Sic bén vat lidu, véi
hé truc toa d¢ dia phuong nhu trén thi dé thdy ring, trudng hop phan ti cd tiét
dién khong d6i, ta da cé:

2
m=gs¥Y
| 2 _ |
Viy néu tinh theo vects chuyén vi mit phan td {q}. thi:
2 oL
M) = EJ _d_z [N}a}e = EJ [N"] {qke (3.22)
dx ’

\ 2

0 dé.y [N”] :_= _d_ [N] = [N”l an an N”4]
v dx? :

Tt (3.22) d& nhan thay ring, khi cdc ham dang Nj(x) 1a cdc ham ndi suy Hecmit

bac 3, thi N”jx) la bdc nhdt va do d6 mémen udn M(x) la ham tuy&n tinh trong
‘phan td. -‘ ‘
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Né&u goi: .
M (tainit 1
), ={ (ta )

L la vectd moémen udn tai cdc dau nidt phan ta thi
M (tai nit 2)

e

M TNt = .
{M}e___‘ 1 - EJ [N”(x 0)]} {ql.

M, [N"(x = L]
Hay: M}, =[Sk {qle (3.23)
. ' 2 x1 @x4 @xb
J day [S): ma tran tinh momen-
p ' N’'(0 -6L -4L2 6L - 212
v Sk =kgs | OV _EJ , . (3.20)
, IN*(L)I | y3| 6L 2L -6L 4L® |

2x4

Cidng c6 thé nhan thdy rdng, tuong ty nhu trong phu'o’ng phdp chuyén vi cda
Gido trinh Co k&t céu, mémen uén M(x) = EJ [N”’] {q}. 12 mémen do cdc chuyén
vi ndt gy ra. Dé day dq, trong trudng hgp trén chiéu dai phan td cé luc tdc dung,
can cong thém modémen M, do tai trong nay gay ra trén phan td khi xem tdt ca cdc
nit duge gdn cung.

Thi du: Giai dam lién tuc dudi day theo PPPTHH (hinh 3.15a)

Bai todn dugc giai theo trinh tu sau:

1) Roi rac héa két céu: Psnh s6 nit: 1, 2, 3

" Dénh s6 phan t: (1), (2)

Didnh s6 cdc bac ty do caa két cdu:

. . g ' 7
Chu y la bay gio ta chit ddnh sbé cdc bdc 7 P’%‘
. tw do chua biét. Con tdt ca cdc bdgc tuw do {; REENEERE FT= comst
bang 0 da biét sé ddnh s6-0. V3i bai nay " J- n;r
- thi r6 rang chi c¢6 géc. xoay tai mit 2 va _ : ; ,
3 Ia chua biét va la 4n s6. Va dugc danh J— 1l %, Y
s6 1, 2. (Viéc nay cing dugc xem nhu
tién hémh dp dat diéu kién bién ngay tu to Io - io
dau). D6 cing chinh la 2 thanh phan cda (_ : rd /1
: " s . o .o * 0 1 @ k z ' @ R 3
vectd chuyén vi nit 4n s6 {q }. Hay: ' g j
- . . 2
-~ 62 qi | - ' g P
{@} = 1.1 = 1= - Hinh 3.15. a. So fi‘o két cdu va tdi trong;
3 q2 b. So db niit, phan ti¥ va cée bée tir do.
Thiét 1ap ma tran chi s6 [b]. )
Chi s dia phuong . Nati Nut j
Phan ta \ 1 2 3 4
' (1 0 1 « 0 0 1
2 o 1 0 2
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2) Thiét lgp ma trgn d6 cung phin te [KL va t dé "ghep néi phdin tu" xay
dung luén ma trén cing tong thé da ké tdi diéu kién bzen K]

D3 thay riang [K]; = [Klg va cu thé la

‘

0 0 o -1 0 1 0 2
(12 6a —12 6a] o o |12 6a -12 6a]
(K], = EJ 4 —6a 2a° 0 (K], = EJ 1 42 —Ba 2a2 1
I_E 12 -6a| O’ 2-5 0 12 —6a| 0
doi xung 422 1 2 1d6i xdng = 44a2 2 -

Chd y rang do di st dung cdc dieu kién bién nén kh1 ghep ndi phan td" ta sé .
nhan dugc ma tran [K'] c6 kich thudc (2 x 2). Ma._tran_.LK..}:derc "ghép" chi bdi cac.
thanh phan cua [K]; va [K]g ma cdc thanh phan nay c6 ca 2 chi s6 tong thé tlm’ng Ung

la khac 0.

Vi du trong tit ca 16 thanh phan cia [K]; thi chi ¢é thanh phan 'ki4 cé ca 2
chi s6 téng thé la khdc 0 va né sé dugc "cong gop” thém vao 6 (1 ;1) cla ma tran
[K']. ’

et

Con thanh. phan k%4 cua ma tran [Klo sé duge "gdp thém" vao 6 (1 ; 2) cia ma
tran [K'].

Vay: ‘. ) 1 2
— 1442 2 942 1
[K‘] _ E—_{ 4a° + 4a \ | ‘
a3 i dX 4a 2 , 1
‘ 2 o2
8a® 2a”-
Hay K= EJ o
ad [2a° 4a

3) Tim cdc vectd tai phan tw {P}, roi "ghép néi phén tu" va x4y dung {F‘}

Su dung cdc cong thue (3.20), (3.21) vdi chud y chiéu lyc quy udc du’o‘ng la cung
chidu duong cic truc toa d6 dia phuong. Ta c6

oy
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+¢

{P}1 = 1

12 :
Va, cling tudng ty trén, vdi nhan xét la {P*}, = {0} vi tai mit khédng cé cdc

1

{P}2 =

| 16

2

tai tap trung (mdémen tap trung) tuong dng cdc tac tu do al y 42

q

o 12

{P'} =1

Hay

K&t qua la {q"}

o |

2 2

qd
16

[
q2

0 | 3

{q}1=<0.=LE_a_
R 672 EJ
q1

t& do chuyén vi mit giy ra.

{M}; =Bl {qh

M}, = (S {q}2

EJ
3

qQ L

E
3
a

qa__ @3
16

q2
5) Hoan thi¢n hay tinh noi luc: Biét {a'}, s dung ma tran [b], ta ¢ cdc vecto

chuyén vi nit cia cdc phan ti la:

) -1
Vay sa dgﬂg (3.23) va (3.24), ta xdc dinh HUQC vectd mémen udn cua cdc phén

|

|

0
0
0

lo
-+

0
4) Gidi hé phuong trinh hé thong: KNG’} = {P"}

EJ |8a% 24 | [a1
as 242 4a°

p—

:gf[
48

» 1t = 1

0 ;

—4a2 6a
2a2' —6a
—-4a2 6a
2a2~ —-6a

1
31| -

a1
0
q2

y . =

—2a2 1

0

1 ga’ -1

672 EJ | O
11 -

>

0
0
0
a1
0
a
0
a2

1

<

]

- qa2
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Yoy .
Tu {M}; va {M}y dé dang vé dugc bidu do (M)
Khi xem cdc nit 1a gdn cing, ta ciing d& dang vé dugc bidu do (MO) do tal trong :
trén cdc phan tu gay ra. '
Két qua: (M) = My) + (M)

Bidu d6 mémen uén (M) chd trén hinh 3.16.

4 yai — ,;P'?zg - | N

Hinh 3.16. Biéu do nu‘)men uén ‘nhéan vdi hang sé q 3?1’672).

2_ Phan t dam chlu uén trong hé toa do téng the Khung phang.

Nhu ¢ trén da blét Trong hé toa
do dia pero'ng xyz chuyén vi v(x) cuia
phan ti dam chiu uén duge biéu dién
qua vectd chuyén vi nit phan ti {q}.

va
o T
{glte. = {v1 61 va 62}
4 x 1)
_ - T
={q1 q2 g3 a4t S
Trong hé ‘toa do tong thé x'y'z": Hinh 3.17. Phan ti dam chiu uén
cac chuyén vi nit v, va vy c6 thé phan s trong heé toa dd tbng thé.
thanh cdc thanh phén theo 2 phuong ‘
X', y. :

Khi dé, néu g01 vecto chuyén v; nit phan tu trong hé¢ toa do téng thé x’y’z’ la
{q’}e va: . . , ,
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{q}e = {u’]_ V’1' 9‘71 u72 V’2 . 952}T
©®x1)
=1{d'1 92 9'3 94 4’5 st
 thi dé thdy quan h¢ gida cdc thanh ph‘én cda {q}e va {q’}e la
’ =1y q; +myq’y '

/ JQ2—an3—Q3 )
' : Hay {9_}e

, , = [Tk {qd'}e
@=lydy+myqs 740 4x6 (6x1
=196 S ~ “
q’ z . " [ B 9
| My me 0 0 O. 0
: - . . o 10 0 o
'Véi ma tran bién d8i truc toa do [T], = 00 L (3.25)
‘ ‘ ' 0 0 0l mo
0 0 00 0 1

- trong d6 ly, Ty cosin chi phuong cda truc'y trong hé toa do tong thé.

Néu goi « la géc nghiéng gida truc phhn tu vdi truc phua‘ng ngang (truc x’)
thi cé thé su dung [TL ¢ dang sau: :

- sina cosa’ 0:_ 0. o 0 _
’ : .,:0_‘0_1" 0 0 0 } - ,
L M= Y i o) 520
0 0.0 i 0__ o0 1 |
Su‘ dung cdc cong thuc (2. 260 (3.18) va (3.26), ta c6:
Wy = f K. m »
(G x6) : (6 x 4) (; x 4) 4 % B)

Ma trén cing phan t13 trohg he toa do téng thé la

l2s2 ”-—1_2cs .—6Ls '-—12s2 12cs -6Ls
"12¢®  6Lc  12cs -12¢% ° 6Lc

wq o EI| - 412 6Ls -6Lc 2L o

KL == o e @327
ox6) L . 126% -12cs ‘6Ls
. “ & 12 —6Le
" 412

Troﬁ% 8¢ = cosa = 1y / L S ' o
8= dma=my o
L: chihu dai phiin ta.

Momeﬁuenmngmnmamtmhmmm-* - S
Nhu trén @& bift, momen uin tai 2 mit du cuﬁl phin o duqc tmh theo {q},e '

theo (3.23): -



M;

;M) = M,

= [Sk {a}e

e - .

vy dé tinh tileo {q’}e ta chi can thay/ {q}e = [TL{q’}. vao.

Hay: {M}e = [Sk [Thkiq'}e.

Hay:  {Mle=I[S'ki{g)e = g - (3.28)
Trong d6 [S’L: ma tran tinh noi luc (mémen) phan td theo vectd chuyén Vi niit
: trong hé toa do két cau {q’}.

va:  [Sh=[Sk[Tk
‘ 6Ls —6Lc -4L%2 -—6Ls 6Lc - 2I2

5, =22 , .| 629
1% |-6Ls  6Le 2L° . 6Ls -6Lc 4L

3- Ma tran cing ciia phan ti khung phﬁng {piam tir chju uén + kée (sé,n)
dong thoi).

Mdi phan ti khung phdng cé hai nit, méi mit cé 3- bac ty do (chuyén vi dung,
ngang va xoay). Cdc chuyén vi nit gay ra cdc bién dang doc lap nhau:

e b ek X U1 : \g'nz
+ Phan td bi bién dang doc truc bdi :
R N u2 4
. . e 4 \
\
+ Phan’t& bi uén béi {vl,el,vz,ez} o ="
) . e 0’ u’

Hinh 3.18. Phén tit khung phang

Do vay céng tdc dung cia 2 trudng hgp chiju bign dang doc truc va udn ta cé
‘ma tradn cung phén td cua phén td khung vira chju uén + kéo (nén).

, : ) -1
, ) _ L. o . o -VBL
Ac’ + Bs* (A—-B)s — B ;s - (Ac® + Bs*) — (A - B)cs = _2.5
. BL " BL
As? + Bc? ';C = (A -B)es —(As* + Bc) ‘2—0
e, E SRR ' 4 / BL .. . -BLA” ‘ ' o
KL o 5t P 25 |@3.30)
o - Ac* + B¢? (A — B)cs ?S ‘
. d8i xing . 'BL .
' . As® + Be? - —=
| : 2
[ . - ' - " e ’ . : 4J .
- trongdé ¢ = cosa =1, s =sina=my, : ‘B=1—' '

12
. : : , i Pl
A: djén tich mat cdt ngang phan td. :



Thi du: Giai khung sau theo phuong phdp phéan tu hdu han\ Bo qua anh huéng
cua luc doc va lyc cit déi vdi chuyen vi cua hé.

*

¢
£
—v-
M ET = const
+——a—f—

/

Hinh 3.19. Bai todn-khung phdng.

Y

L -z

Glal

¥

L ® %

1) Rdz rac héa két cdu: Panh s8 cdc diém nit, 1, 2, 3. Pdnh s6 phan tu: (1),
(2). Cdc s6 liéu vé phan td dugc tinh sn trong bang dudi day:

o

A

b
Phan tir | Nuti Nut j « cC=cosuls =sinu ct s° cs EJ L’
(L) 1 2 . .90° 0 0 1 0 Ed/a’*
(2) 2 3 0° 1 1 0 0 Eda*

" Pdnh s6 cic bac tw do:' Chu y ring, 16 ra tai méi nit c6 3 bac ty do va toan

hé ¢c6 3 x 3

= 9 bac tu‘do. Nhung do bo qua nhidng anh hudng cua lyc doc, va do

diéu .kién bién dong hoc tai cdc mit 1 va 3 nén cé thé néi riing trong 9 bac tu do

"(chuyén vi nit) nay-thi c6 7 chuyén vi dd biét va la bing 0; chi con 2 bac ty do
«chua biét: 1a 2 gdc xoay tai nit 1 va 2. Va ta ddnh s6 ching la 1 va 2. Con cdc
chuyen vi thanh phin khdc ta ddnh s6 0 Vay vecto chuyén vi mit chua biét la.

—. q'y
{q’}= =

q2

0y
= {6,

|

Con ma trin chi s6 [b] c6 thé thdy tir bang dudi day:

|
b

Chi s3 d.ph Nut i Nt j
Phan tir | 1 2 3 4 " s 6
(10 0 0 1 0 0" 2
(@ 0 0 2 0 0 0

2) Thiét lﬁp ma trgn cing phén bt [K’L: Do b6 qua dnh hudng cua hyc doc nén

_chi can sit dung (3.27) d€ xdc dinh ma tran cung phan td trong h¢ toa do tong thé

(K’le
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0 0 1 0 0 2 _ Chis8tdngthé
12 0 —-6a -12 0 —-6a}| o
0 0 00 0 0
[K’ _ EJ ) 432 6a 0 232 1
g ]‘é’ ) 12 0 6a| o
(6x6) dx o o0 o
I ‘ 42| 2
0o 0 2 0 0 0 _' Chi 86 tng thé
6o 0 0 0 ©0 0o
12 6a 0 12 6aj o
(K’ _ EJ 4a2 0 -6a 2a%{ 2
. ](62;) = :; | o o0 ol
: ( X ) ! 12 -6a 0
42> 0 .
3) Ma trgn cing tong thé [K"] (c6 k& dén didu kién bién)
1 2 Chi‘s6 t8ng thé
K" _EJ 4a° 2a° 1 _EJ|4 2
(2% 2) 23 |dx 4a + 4a%| o a |2 8
3) Thiét lgp {P}e: Theo bidu thic {P}e = [TL  {P}e
' . - L Bx4) @xD
Pl 3 '-l—s 0 0 0' . " -—sPl ‘,
P,Z ¢ 0 . 0 0 ' p] ‘ B ! CPI .
- Py 0 1.0 of (P Py
= 4 ¢ o= 3 = ) o
¢ 'P’4' 0 0 -s 0 P3 . - SP;;\ )
P 0 0 ¢ of Ip| | cPy
’ P, 0 0 0 1| " | p,
) e o AT e

Hay c6 thé thdy ring P’;va P’y la

hinh chiéu cia P; lén cdc truc téng thé
x’ vay’. P’y va P’ 1a hinh chi&u cua P; 1én
cic truc téng thé x’ va y’. Con
P’3=Pyva Pls=P; (do truc z' cung
phuong truc z) ,

Tu d6 cd thé tryc ti€p ti so dd tdc
dung cia {P}. dé suy ra {P’}, trong bai
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\
todn vi du nay. -

Cu thé: , . Chi'sstng thé
o | 33 o
- qa ’ 2
2 0 0
aa’ _ad |
’ s 1
{P}(l) = 1 12 g =’{P1}(1) = 4 12 !
qa | . ‘ qa | 0
2 2
‘ qaZ | 0" 0
qa_ o o,
12 J - 98
| 12 Ja

)
.Con {P}» = {0} nén {P’}, = {0} (do trén phan tu khong cé tal trong tdc dung.
4) Thiét lap {P"} tr cdc {P’}y

’

Ch| 36 t8ng thé

2‘ N
—a 1
o (DL 12 ‘ ey q'a2 I‘l
D& thdy: {P”"} =1 “ ¢ Hay (P} = 12
Co o : qa2 . T .12 11
- 2 . )
5) Gidi hé phuong trinh hé théng: )
e = = |14 2] |91 2]-1 ’
KU = (P} = ; =9-.a—l ] |
‘ 0 a2 8l 12 (1|
v q,l ) ’2_5' R . ) .
Giai ra: , 1 qa { } ot
02| 7. 24 EJ[3 [ o
6) Hoan thién: Vé bléu dd néi luc: ‘ '
(+) Phin td (1): c6 c = 9 s =1 {M}(l)— [S ](1){q }(1)
. 0
00 1 0.0 2 1o .
2 R . L - . ; . .
{M} )= " B 6a 0 _4?1‘ —6a 0._,2?‘ x__if’;i__' —5_ L~ qaz 7 !
ST IM, Loat |62 0 24° 6a 0 4’| 7 ogqpy [0 | 7.2 (1]
. I o ‘
;3

(+) Phan t&t (2: e6 ¢ = 1,5 = 0.



12

o 0 2 90 0 0

. M; EJ |0 —6a ~4a® 0 6a -2a°
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Biéu d6 momen udn (Mg) dugc vé ti ket qua trén. (Mo) du’o’c vé khi xem cac

nudt bi gn cing va cdc phin td chiu tai trong tdc dung trén chiéu dai phan ta.

Biéu do két qua: (M) = (Mg) + (Mo)

Céc biéu dé mémen (Mg), (M,) va (M) duge cho trong hinh 3.20. Chi y la gid

tri cdc tung do biéu dé cin nhén vii hé so ‘bang qa

712'

i

a) R o b)

Hmh 3.20: Bibu d5 momen ubn. o) Bibu db (Mq} b) Biéu db (M,). c) Biéu db momen (M)

§3-3 KHUNG KHONG GIAN.,

Phan td khung khong gian la dam
thang c6 tit dien khong déi ma trén .
mit cdt ngang cia né cé thé tén taj ca
luc doc, momen uén trong 2 mét_ phing
quin tinh chinh v momen xodn. Va
tuong ung cdc bac ty do chuyén vi dic

trung cho trang thédi chuyén vi- bién
dang clia phan ti dam 2 diém miit duge
thdy nhu trong hinh 3.21. Trong dé hé
truc toa d6 dia phudng xyz gom truc x
la truc dam, y va z la hai truc chinh
cia mat cat ngang.

o %

83,

Hinh. 3.21. Phan tw khung khdng gian va cdc

béc tw do. .



Vecto chuyén vi phan t 2 di€m nit la:

(@@ =1{a G 93 9% 95 d6 % 98 99 G0 dn a2}
Trong d6 :
q; vaqq:-cdc chuyén vi doc truc dam va chi gdy ra bién dang doc tryc thanh.

Q4 VA qpo: cdc géc xodn (quanh truc x) va chi lién quan dén bién dang xo0dn
thanh. ‘

qp V& qg : chuyén vi thng theo phudngtrucy

. i . chi gy ra bién dang udn trong mat phing xy.
Qg Va q2 : goc xoay trong mét phing xy ,

qs va qg : chuyénvi thingtheo phuongtrucz

chi gay ra bi¢n dang uén trong mat phang xz
qs va qp; : goc xoay trong mit phing xz \

.'Nhu vay 12 bac ty do chuyén vi nay chi gdy ra 4 nhém bién dang ddc lap nhau
va c6 thé xét rieng ré. Nén ma tran cing phin tu [K](e) ¢6 kich thude (12 x 12)
" 86 dugc thiét lap tir 4 ma trdn con gom 2 ma trin kich thudc (2 x 2) va 2 ma tran
(4 x 4) nhu sau: '

- a) Bién dang doc truc (do q; vaqq ) Bai todn nay dd dugc xét & muc 1 bai 3.1
va ta da c6:

q 47

1 -1l Qa1 ‘
(Kaley = E¥ [ i i } (3.31).
(2:2) A

b) Bién dang xodn (do q4vaqy) : Do chi ¢ 2 bic ty do nén ta gid thi€t ham
géc xoén 6,(x) la ham x4p xi bic nhdt la (hinh 3.22b):
| Oy(x) =ay + agx (3.32)

Va cang theo néi dung cia phép ndi suy ham géc xoén nay d\mc noéi suy theo
cdc bac tu do llén quan la qq4 vaqjo , ,

, q4 _ o
Oy (x) = [N] = [N] {q}xoén . (3.33)
- q10 '

. Hinh 3.22.



trong d6 [N] = (1 - E) i” (3.34)
| 1/ 1 | |
Nhu Gido trinh Sic bén vat liéu trudng hgp ti€t dién thanh 1a tron, thi da biét:
, L . . de o
Trén mat cdt ngang chi ton tai bién dang géc v, = r-—— va dng suit tiép

1y, = Gy, (Pinh luit Hooke) . Vay dp dung cdc cong thuc trong chuong 2 vao éay,
vai fe} = {3}, va {e} = [B] {qQ}xosn "
véi [B] = {-T,%
11

{o} = {1y,} va {o} = [DNe}
véi [D} = [G] (G: modun dan hdi trugt cda vat ligu)

(r: khodng cdch tt tam dén diém khao sdt)

Cuéi cung ma tran cing phan ti @ng vdi cdc bac tu do {qlyedn la:

1

il
L]

1

el

' 1
[Rxosinle) = f (BI" (D] [BlQV = 6 f dx ff r? dF
-V .0 F

o

q4 q10
1 —l} q4
-1 1] qyo
6] day Jy 12 momen qudn tinh d9 cyc cua rhat cit ngang. ‘
Truong hgp mat cit ngang la chd nhat kich thude (a x b) thi J; duge tinh

bang J, = cab®. Trong d6 c la hing s6 duge 14y theo bang sau va phu thudc ty s¢
abvdiaz=h \ -

A ) : G Jx
Vay: [Kxoén](e) =

(3.35)

a/b 1 1,5

2,0

3,0

5,0

10,0

C

0,141

0,196°

0,229

0,263

0,291

0,312

¢) Bién ddng udn trong mat phdng xy (do {a}yxy = {a2, 96,98, qi2)T (hinh 3.22d):
Nhu da xét trong myc 1 bai 3.2, ta cé: ,

e} ds dg q12

!

12 6l -12  61] a
EJ, 42" -6l 212 a6
_ | 3.
(Kxylee) déi xing 12 -6l| qg 550
4 x 4) ! 2 '
417 | q12

' d) Bién dang ubn trong mat phdng xz (do {q}sz = {:;3 , G5, dg, g1} ) ¢ Cing tuong
tu nhu vdéi bien dang uén trong mit phing xy. D& thdy la (Hinh 3.22¢):
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[Kealee)

. (4x 9

Vay: Ma tran cing phin tit dugc thiét la
(3.36) (3.37) c6 dlro'c tu viée

Cubi cing ta cé:

~

, 92 . q3
ClEER 0 o
REJ,
13
12EJ.
[ 13
[Klg=
12 x 12)
46i  xung

Edy

1

d4 qs
0 0
0. 0

r

qs g5

12 61
412
déi xung

- y
I
G, o o
L
4EJ, 0
1
4EJ,

q7 qds U 1)
-EFN 0 0
0 " 12EJ, o
13
0 0 _ 12EJI:
13
0 0 0
0 0 6EJ,
. —112
0 _S6EJ, o
: 2
EF o 0
1
12EJ, ¢
L
12EJ,
3

86

99 911
~12 61| a3
-61 22| g5
12 -6l | g
a2 d11

d5

qdi2

6EJ,

(3.37)

q

qd2

qd3

d4

- gy
96

q7

.‘Is

99
Q10
qn

qdi2

)
P t¥ 4 ma tran 46 cti‘ng (3.31) (3.35)
xét.d0c 1ap cdc nhém bac ty do chuyén vi khdc nhau.

(3.38)



Pay 132 ma tran d6 cung cda phin td khung khéng gian trong hé truc toa do
dia phuong xyz cia phan td. Tuy nhién néi chung hé truc toa do nay la khong-
trung phuong vdi hé truc toa d6 téng thé x’y’z’. Do dé trudc khi “ghép néi phin
t&” phai thyec hién phép chuyén tryc toa d9, hay néi cdch khdc can tim [K'L 1a ma

tran do cing phin td trong hé toa do téng thé.
Theo cong thie (2.26 ): '

[K'], = [T]e K1l [T]e |
Trong d6 [Tk lz‘a ma trdn chuyén hé truc toa do, la ma trén vubng, kich thuge (12
x 12) : k
— o
[n] LO] .[0] (0]
[TL = JUNNC AN URROE @39
(0 (0]  [n] [0} | N

(01 401 (0] [n]

(’)'day: Céc ma tran con la cdc ma tran vuéng (3 .x 3). Cu thé,

0= |y

=y
o o©
o o
%

L mon
(a1 = I T (3.40)
. |

n,

trong dé 1, , my , n, 1a cosin chi phuong cia truc x (truc phhn td va cung la dLro’ng

ij n6i 2 diém mit dau va cu6i phan tLr),
ly , my,ny 1a cosin chi phudng cia true y,

l,, m,,n, la cosin chi phuong cia truc z 4y dm véi cde truc x’, y’, 2’ cia
he toa do tSng thé. ) -

[n] dugc goi la ma tran bi€n dBi toa do. N6 xdc dinh quan hé gida céc toa do
cia mot diém bAt ky theo cdc heé truc toa do khdc nhau. Trong truong hop dang
xét, ta ¢c6 quan hé gida cac toa dd dla phuong va cac toa db tbng thé la: :

’

x X _ .
iy t = [n] iy’ . . : (3.41)
z z’ ’



- Xéy dung ma trdn bién doi toa dé [n] theo toa dé clic diém niit

Dé thay ring, c6 thé tim duge nhanh chéng cdc cosin chi phuong cda truc x
theo toa d6 cdc nut dau (x’;,¥’i, z’;) va ndt cudi (xJ AT ) cua phan tu trong hé
toa do tong thé.

=470 g =i gy DT T (3.42)

vdi 1 13 chigdu dai phan td va

o 1= Vwi-xte @ -yt @ -2

Tuy nhién dé xdc dinh thanh phan con lai cia ma tran [n] la cdc cosin chi
phuong cdc truc y va d6i vdi hé truc tong thé x’y’z’ thi ta phai [An lugt thuc hién
theo hai giai doan nhu sau.

(6] giai doan dau, ta sé xay dyng ma trian {ni] mo ta quan hé gida cdc toa do cua
hé truc téng thé x’y’z’ va cdc toa dd cta hé truc trung gian ;(_—s;; Ma trong dé truc
z la son&’gong vdi mit phang toa do x’z’ (hinh 3.23a), truc x la truc phan tu. Khi
dé.

?

X

=[]y’ { (3.43)
Z’ .

NI

/' Trong giai doan sau, ta tim ma tran [np] bifu dién quan hé gida cdc toa d6 cda .
hé truc trung gian xy z va hé truc dia phuong xyz cda phan td (cé.cdc truc y va
z la cac truc chmh)

x X |

G y| = ngl |y (3.44)°
wl L z z

O day c6 thé tudng tugng ring hé truc dia phudng xyz nhan dugc bing cdch
quay hé truc trung gian xy z xurng quanh truc x mét géc « nao dé (hinh 3.23b).
Nhu vay sau 2 budc nay ta tim dugc ma trén [n] xdc dinh quan hé gida cdc toa do

? ’ ?

dia phucng xyz va hé téng thé x'y

x (x)

N
f/ /\;
T L= b
‘*Q el =
Vs )\\/ g
z

a.Te x = tyex, Tryc 2// my xZ'(céc , b. Trudng hop t8ng quét, y va z khong
tryc chinh y va z xem nhu trung vdi y |, z) trung véiy va z.

Hinh 3.23. Céc hé toa d tdng thé va dia phuong va cac vectd don vi ciia ching.

& - 8



[n] = [ny] [ny] , | : (3.45)
T hinh 3.23a, cdc cosin chi phuong cia truc x cling la cosin chi phuong cia
truc x phan td nhu di xdc dinh ¢ (3.42). Hay.

b b
Xj—Xi

=1 =
=my =23 71 (3.46)
2’y -z’

1

Vi truc z z la song.song mat phing xz nén vecto don vj k la vudng géc vdi vecto
don vi _) va cing vudng goéc vdi vecto ddn i L , ta d6 chung ta coé:

nx=nx=

> 3 vopoR
i = ;x-l_,’ =/l I, my n, l(—'l n, + K 1) (3.47)
[1ixj" 1] d 0 1 0 d ‘
Trong d6: d = V 12 + n2 . (3.48)

Vay, ta (3.47) ta tim du’o’c cdc cosin chi phuong cda tryc z z d6i vdi hé truc t6ng
thé x’y’z’ la: '

i

[—

nX
2= , m, = 0, n

z = — (3.49)
d _ d /
Pé tim cédc cosm chi phu’dng cua tryc y, chung ta s¢ dung#dféu kién la truc y
(c6 vecto don vi laJ ) 1a vudng goc:’vell tryc x (i ) va truc z ( k). Do dé ta cé thé
b1eu dlenj nhu’ tich cia 2 vecto k va i nhu’ sau.

> >

i, J’ k,
> 2> - -
j Fki= I; m; m

Su dung (3.46), (3.49) ta cb:

> 1[z T2 2y /
» j=5[l (—lymy) -] ("nx“lx) +k (_mxnx)]

Vay cdc cosin chi phuong cta truc ; la:

lx mx
I; = -
d
2 2
ne +1 :
my = ——> . (3.50)
d : ,
\
__ myn,
n; = - )
d ' i
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Va 'ma tran [n;] dugc xdc dinh nhu dudi day

I; my ng| - , - my n,
[nl] =y my ny | = |- Gmpd  2ypdya - (mengd | (35D
Sz m;ong| | -ngd - L/d

trong d6 1y, my , n, dd duge xdc dinh bdi (3.42) va d bdi (3.48).
Dé tim [ng] ta chi cAn nhd ring khi cdc truc dia phuong xyz ¢ta phin t la

bat ky thi phép xoay quanh truc x géc a sé cho ta biéu dién quan hé gida 2 hé truc
xyz va hé truc xy z nhu sau:

x 1.0 0o | lx
yi=1|0 cosa sina ;
i |z 0 —siha‘cosa ;"
Hay, ta cd: .
. oo 0
[nlp = [0 cose sina| _ (3.52)
, ' - |0 —sina cosax '
' VAy ma trin bién dédi toa do [n]'1a da dugc xdc dinh, bang cdch st dung (3.51)
va (3.52). Va
[n] = [ny} [n2]
Chd y:

1. Néu @ = 0 thi ma trin [np] sé trg thanh ma trn don v,.

2. Khi ph‘an td thanh dang xét ¢6 phuong thing dung, tuc la kh1 truc x (hay
X la trang vdi truc téng thé y’ thi cosin chi phu’cmg cua né la. '

,=0,m,=1,n, =0

Hinh 3.24. Phiin ti théng ding va cée he truc toa dp.
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thi gid tri cia d trong (3.51) la bing 0. Didu nay lam nhidu thanh phan trong ma
tran [ny] la khéng xdc dinh. Vay viéc xdc dinh ma tran [n] nhu trén la khong thich
hgp nda. ' : . - S

Tuy nhién, trudng hgp nay lai dé dang xdc dinh dugc ma tran [n]. Néu goi «
la géc gida cdc truc z’ va z VA nim trong mit phing ndm ngang x'z’ (a 12 duong
khi quay tit z’ dén z la ngugc chidu kim ddng hd (Hinh 3.24). Cing din giai nhu
trén ta sé nhan dugc ma trin [n] nhu sau: '

0 " my 0

[n] = |- mycosz  ( mysina . | (3.53)

Sina 0 cosx

G day m, = 1 trong trudng hop nay.
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Chuong 4

Bai toan phang cda
Iy thuyét dan hoi

§4.1. CAC PHU’O’NG TRINH CO BAN CUA BAI TOAN PHANG CUA
LY THUYET PAN HOI

1. Bai todn #ng suiit phang

, Nhu d4 biét trong gido trinh ly thuyét
dan héi, hay nhu phan tém tdt trong
chuong 1 cuia gido trinh nay, vat thé dang
tdm mong khi chiu tai trong nhu hinh
(4.1) thi moi diém clia né déu & trang thdi
ung suidt phdng. Khi dé trang thdi ung
sufit -.bién dang - chuyén vi moi diém dugc
bidu dién bdi cdc vecto sau day:

. . o T
vectd ung suft: {o} = {oy, oy, 7xy} Hinh 4.1. Tém mong trong trang théi itng

i suftphdng.
vectd bién dang: {e} = {ey, ¢y, axy}T , phang

vecto chuyé°n vi: {u} = {u, v} T
. C4c thanh phéan trong cdc vectd nay chi la ham cda 2 bién sé doc lap x, y

Phu’dng trinh dinh luat Hooke & dang nguge la:

{o} = [D] {e}.
trong d6 ma tran cdc hang s§ dan hdi [D] nén dung trong dang sau
| djp diz 0 | |
[D].=C;y|dg; dgy O (4.1)
0 o ds3

J day, trudng hop vat ligu la déng hudng, thi
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thé c6 hinh lang tru dai vé6 han va
chiu tai trong phan b& khong thay
ddi theo chidu dai lang try, thi du
nhu dap trong lic trong hinh 4.2.
Khi d6, néu chon truc z la truc lang
try, thi moi diém cda lang tru &
trang thdi bién dang phﬂng va
vecto bién dang la:

1-C,
2

djy=dgg=1; dyg=4dp;=Cp;  dgz3=
vdi C, = E - .Vﬁ Cz =v
1~ 2
(E - momen dan hbi Young, v la hé s6 Poisson)

"Trudng .Ilc_Ip vat liéu la truc hudng, thi

djp =1 dpp=—Y, - dp=vy
g G
dg) = —E—y"xy ; dgg=—
E, _ C,
vdi | C, = Ex :
1= vyy "yx

2. Bai todn bién dang phéng.

Nhu d4 néi ¢ chuong 1,> néu vat

e} = {ey., y,/xy}T
Vectd. chuyén vi {u} = {u, vt

Hink 4.2. Dgp trong lirc

(4.2)

(4.3)

trong dé Ey , vy, hoicEy , vy, [dn lugt 1a momen dan hdi Young va hé s6 Poisson khi
chju Ung sufit theo mdt phuong x hodc y. G 1a modun dan hdi trugt.

~So véi bai todn ung suft phang, néu bo qua sy khdc bigt cu thé d6i véi thanh

- phin dng suft va bién dang theo phuong z, thi cdc phuong trinh cua 2 bai todn
nay rit giéng nhau. Sy khdc biét chi c¢6 ¢ ndi dung cdc thanh phan cia ma tran
cdc hling s6 dan hdi [D] trong cong thic dinh lugt Hooke.

" Cu thé, vdi vat ligu la ddng hudng cdc gla tri C; va Cz trong ma tran [D] dugc

xdc dinh ‘theo cdc cong thic sau.

C, = (I—V)E : »CZ-___’V
1+v)(1-2v) 1-v

(4 4)

Do d6 ta ¢6 thé thdy ring trong cd 2 bai todn ung suAt phang va bai todn bién -
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dang phdng trudng chuyén vi dudc xdc dinh duy nh4t bdi 2 thanh phan chuyén vj
u va v theo 2 phuong x va y cua hé toa d6 vudng gée. Cdc dai lugng nay va ca cdc
Ung suit, bién dang thanh phan déu chi 1a ham cda 2 toa d6 diém x, y nén bai toin
1a bai todn 2 .chidu. Ta cé thé goi chung 2 bai todn nay la bai todn phing cia LTDH.

Khi gidi bai todn phing biing phuong phap phan ti hidu han theo mé hinh tuong
thich, vat thé duge rdi rac héa bing mot tap hgp hitu han cdc phan ti phang lién
két vdi nhau tai mot s6 xdc dinh cdc, diém mit. Méi nit c6 2 bac ty do la 2 thanh
phan chuyén vi cda mit dé theo 2 phuong x va y. S& lugng va hinh dang cdc phan
td anh' hudng truc ti€p d&n két qua tinh todn. Dang phan td thudng dung la phan
td dang tam gide, tu gidc,..

Chuong nay chu yéu Wtrmh bay phin t& dang tam gidc, chd nhat véi ciac ham
xdp xi don gian nhAit.

§4.2. BAI TOAN PHANG VOI PHAN TU DANG TAM GIAC

1. Cac ham dang

© Xét phan tu dang tam

gidc nhu hinh ve 4.3. Day la
" phan ti c6 3 didm mit 1 i k
la cdc dinh cta tam glac Méi-
nit ¢6 hai bac tuy do la 2
" thanh phan chuyén vi cua niit
d6 theo hai’ phuong x va y.
Tap hop cdc bic -ty do cua ca
3 nit nay la vectd chuyén vi
nit phan ti {q}e dudi day.

Hinh 4.3. Phan tw tam gidc va céc chuyén vi niit cia né.

| . /
T
{q}e={ui Vi Llj Vi Uy Vk}

, ' . R
{91 d2 43 94 95 Qe!} (4.5)

Do vectd {q}e chi c6 6 thanh phan, dé bao dam viéc ndi suy cdc ham xdp xi
cua chuyen vi theo vecto chuyén vi nit phan.td {q}, vectd cdc thong s6 {a} (vecto
. toa do téng quét) cua da thuc x&p xi cung ch1 gom 6 thanh phan

Haly= {a] ag a3 ay ag 36} . (4.6)

"Khi do, theo tam gidc Pascal & chuong 2, trudng chuyén vi chi c6 thé la tuyén
tinh, tdc la vecto chuyén vi cda 1 diém bat ky c6 toa do (%, y) thudc phan td gom .
2 thanh phan chuyén vi dugc xem la cdc ham x4p xi tuyén tinh nhu sau:

_ {u(x, y)

|ar + azx + agy
u =
fule v(X, y)
e

=4 I (4.7)
a4 + agx + agy .
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ay
a
T ot S o IR TR
. e : 35
.a6 —
Gon. hon {u}, = [F (x,y) ] {a} : (4.9)

[P,y (0] |
{01  [P(x,y)
véi [P(x,y) ] l1a ma tran cdc don thic
Px,y) 1 =11 xy - (4.10)
Theo tu tudng c¢ ban cia PPPTHH vdi md hinh tuong thich, bing vigc thuc
hién déng nhat chuyén vi nit vdi gid tri cia ham chuyén vi di dugc x&p xi hda
" thanh cdc ham tuyén tinh (4.7) tai chinh cdc nit phan ti, ta c¢6 thé biéu dién dugc
véctd cdc tham s6 {a} theo vectd chuyén vi mit phan tit {q}, . That vay, st dung
(4.5), (4.9) thyc hién déng nhat. =

Jday: [Flxy) 1=

[u
V nati ;
{(F (xiyyi)]
[Ra A .
{ate=y 1,/ . = | [F (x;, y)] |{a} | (4.11)
nutj
ur
v nutk . o

Trong d6 (x;, yi), (Xj, ¥j) (Xk » yx) 1an lugt 1a cde tQa dd cdc niit i, j, k cua phan
td dang xét trong hé toa d6 dad cho. St dung tiép (4.8) hodc (4.9), (4.10), ta cé g

@]  Jix vioo0 o]y \
q2 00 01x vy]||s
T b %90 0] (412)
qle = | = : .
¢ ay 00 01 x y||ag
ds 1 xk Yk 000 | 8g
o d6 00 0 1w y||a6]
Hay {q}e = [A] {a} : T ' (4.13)

Tit (4.12) ¢6 thé thay ma tran [A] la ma trém wudng €6x'6) chi chia cic ton do -
cdc nit. Ngudi ta di ching minh dugc réng ma’ trén mdy tdn tai nghjch dao. Vay
tit (4.13) ta bidu dién dugc vecto (caig thong s6 {a} gua weato huyén vi nit phiin t&

N
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(4.14)

Y- XY 0 XY~ ¥ X; 0
Ye ™ ¥ 0 Yi - Y; 0 -
XX 0 X - X; 0 (4.15)
0 Xk Yi ~ X Vi 0 *an—yi X
0 Yo = Y 0 Y-y
Trongds & %% 0 xemo 0 xex |

1 %Y
1 1 '
=—det|1 Xj ¥j |==(xjyg ~ X ¥j +'Xc ¥ = X; Vi + X ¥j - Xj ¥i)

2 1
‘ Xk Yk
A la di¢n tich hinh tam gidc c¢6 3 dinh la 3 nit i, j, k cta phan tug.

— . . \ . . o)
. -1 1- Yik 0 Yii 0 i 0 -
Hay WAFT=220 w 00 om0 w0 | (418
0 3 0 a 0 a
.0 Yi 0 o 0y
trong d6: 0 X 0 X 0 x5
Xij = X ~ X;
Yi=¥i-¥ Gk » @

8 = Xj Yk ~ Xk Yj
& =Xk ¥ — % Yk
a =Xy~ Xy (i~ j~ k)
Thay (4.14) vao (4.8) ta cé:
C {ude = [Fxy) 1 (A1 Ha)e |
Hay: {ule = INGx,y) 1 {q}e" a _ (4.18)
Trong d6 ma tran [N(x,y) ] la ma trén cdc ham dang hay con goi 14 cdc ham
ndi suy. Trong trudng hgp dang xét, cdic ham nay déu la ciac ham tuyé’n,tinh;
INxy)] = [Fxyl (A}
(2 x6) . (2x6)° {6 x6)
Thyc hién nhidn ma trén



~

Nix,y) 0 Njxy 0 Nexy 0

IN(x, y)l
(@2 % 6)) 0 Nixy) ' o Nj(x, y) 0 Nk(x, y)
. A 1 . ) 1
Nij (%,y) = — [yje X — xx) + X Y ~ Yo'
AT )
vei N @y = i I3k (% = %) + X 7 = ¥l

1
Nk (x,y) = — Ly;j (% = x3) + xj; (¥ — yj)]
| 2A .
Hay gon hon: S

N; ) = 2o+ ngx * X Y)
2A

1N .y = —2——(a, + Vi X + Xk ¥)

Nkix,y) =L @+ yu X+ XI}')
2A

Nhdn xét: : K

1. Cac ham dang N;: (x,y) (vdi i, j, k) c6. gid tri bﬁntg 1 tai nit i cé toa do

(xi,y;) va béng 0 tai cdc nut j, k (= i)

A

That vay: Tai nit i (x; » Yi): Ham N e -gid. trg

Ni(x'i,yi)=2—A(aifyjk#i\+ Xl;j},’i)_, -

—a[wyk—xw*(ys vax”"k ’W*]

~

2. Téng cdc ham dang la bing . 1 hay B
| 2Ny = Nyxy) + N; i) + Ny(x,y) = 1
That vay: '

> N«x,y)—--z-x [(ai o+ au + (.Y;k +yu+ yi,)x + (xk, + X%

g7 =

- (4.19)

(4.20)

(4.21)

¥

= EA?.-[(nyk ~ xkyj) + ( -xj Y +(xkyj- xjyj') ] =0

=



Ma: . yik+YkitYi=Y Yk tYk-YitYi—yj=0

ij+Xik+in=Xk—Xj+Xi—Xk+Xj—Xi=O

aj + 8 + Ak =X Yk T Xk Yj * XY — XYk + X ¥ - X y; = 2A,
A g 2A
Vay: 2 Nixy) = Nix,y) + Njx,y) + Ngx,y) = A =1

Cac tinh chat trén cing la cdc tinh chat chung cua cdc ham ndi suy Lagrange
trong bai todn 2 chitu.

. 3. Do thi cdc ham dang (4.20) (hay (4.21)) biéu dién ¢dc mat phing nhu hinh
vé 4.4 va dé dang vé dugc dya vao nhan xét 1 via néu ¢ trén.

Hinh 4.4. Do thi biéu dién cac ham dang N, N, N

4. Theo (4.18) gac thanh phan chuyén vi theo cdc phuong x.,y cua' cic diém
thuoce phan tu la:
u(xy) = q1 Nix,y) + qg Nj(x.y) + g5 N(x,)
ﬁV(X,y) = gg Nj(x,y) +qq Nj(x,y) + gg Ni(x.y)
u(x,y) = ui Nix,y) + uj Nj(xy) + ug Nk(x,y)

Ha: : -
d Jux,y) = vi Nix,3) + vj Nj(x.») + v Nga,y)

Va biéu do biéu dién chuyén vi (), (v) ¢6 thé thdy & hinh 4.5.

U4 =4y

Hinh 4.5. Db thi biéu didn cac ham chuyén vi u va v (gia si v, < 0y
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Cing nhu vdi chuyén vi, cdc thanh phan bién dang cia phan td cing duge biéu
dién theo vecte chuyén vi nit phan tu {q}e

{e}o = [BHqle | o (4.22)
- Vdi ma tran bién dang [B] dugc xdc dinh t_heo (2.8) ‘ '
(Bl = [d] [Ntx,y) ] - (4.23)

(3% 6) (3 x 2) (2 x 6)

0] day, trong bai todn phédng, ma tran [0] dudc cu thé héa la

()/()x\ 0
{ol=} O . ()/i)ty
Aoy 0/ox ,
Thuc hién dao ham, dé dang nhan dugc:
. Yik 0 -y O Yij 0
[B].= Llo - Xk 0 Xik 0~ x4 ' (4.24)
24 ~ Xk Yk Xik T VYik T Xy y.ij‘

Cung d& nhan thay ring do cdc thanh phan cua ma tran [B] la cac hang sO nén
theo (4.22) cdc thanh phan bién dang va kdo theo dd la ca cdc thanh phan uUng suit
¢6 gia tri. khong doi trong pham vi moi phan tu.

2. Ma tran do cing phan tu.
Nhu chuong 2 da trinh bay, ma tran do Lung phan tu du’o‘c x4c dmh bo‘1 (2.16)

[Kle —f[Bl (DI[B]dV
v N .
Vi do day t ‘cua tdm la khong déi, nén tich phan trén dé dang thuc hlen vi cac’
ma tran [B) va [D] chi gom cde hing so. I)o do cé the viét.

(Kl = (BT (D] (Bt f_dA = tA [B] ‘,[D] [B]
Thyc Hién tinh todn, ta cé

Ky, kyp kg k,, ki kg
| B T S Ky kyg
KL= 2L | C R ke ke ke (4.25)
4A S ' ke ke ke |
doi | ’xfmg k- " kay
L | Sk

\ Trong d6 cdc thanh phan kjj ¢ gid tri cho trong bang sau.
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ki = szk +2 szk : kss = yh + A x& P
kiz = = C2 Xjk ¥ik — 4 Yik Xjk ' ka4 = — Ca2 Xik Yik — 4 Xik Yik
kig = - Yik Yik = A Xk Xik k35 = — yik ¥ij — 4 Xik Xij

- |kia = Co xik yix + 4 1 ik ‘  lkas = C2 Xij yik -\Hl Xik Yij
kis = yjk Yij‘ + A xjk Xx;; ‘ ‘ tkyg = xh + A yh |
kis = — C2yjk Xij — 4 Xjk ¥ij ks = Co Xi yij + 2 yik xij
k22=xj2k\+l)’j2k o . |kas = — xiwXij — 2 yicyij
kes = C2 Xjk ik + 4 Xik Yik kss = Yizj +1 Xizj
K2a = — Xji Xik = 4 Yjk Yik ' kse = — Coxijyij — 2 x; 3
kes = — C2 Xjk ¥ij — 4 yijk Xij . : k66=Xi2j+AYi2j.
kas = xij Xjk + 4 Yik i, |

1-Cy

2
trong dé C;, Co dugc xdc dinh theo (4. 2) néu bai todn la Ung sulit phing, hoac theo

(4.4) néu bai todn la bi€n dang phing. .

g day: 4= (4.26)

3 Vecto tai phhn t@ {P}e

Vecto tai phhn td dugc xdc dinh theo (2.17) trong trU'dng hgp t6ng qudt. le
cic truong hogp cu thé cé thé duge tinh sén nhu sau: '

. l& .
- Do lyc thé tich {g} = g" (g, g la khong d6i)
Yy ‘

St dung (2.17), ta cé vecto tdi phin t& do lyc thé tich la

Pghe = | Neeyn” (g1 av

FNigx | 8x
Nigy ' By
o= [ +§’:§"  taa = At 15 | @
A By 3 |8
ngx . Bx
Nigy | - 8y

trong d6 A la dién t)’éh tam gidc i j k;bcbn- t la b2 day tdm.
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Cing nén biét rang trong qud trinh tich phan ta di si dung cdc tich phan sau.

fdi=chvéfydA=ycA
A

A
trong d6 x.,y. 12 toa d6 cua trong tam C cua hinh tam gidc i j k.

Va dé& thdy ring:

xc=§-(xi+xj+xk)

1
YC=E(Yi+Yj+Yk)

p
- Vecto tai phan t@ do luc mat {p} = *

Py
Gia si c6 lgyc mat phan b6 deu trén bién (thi du trén canh i j cia phan t)
(hinh 4.6) vdi cdc thanh phan py vapy, c6 gid tri khong doi.
Px
{p} =
Py '
St dung (2.17), (4.19), (4.21) va thuc hién tich phan ta cé:

 Pple= [ Naey)" {p} ds
S

Nipx ’ Px W Pix
Nipy Py Piy
’ Nip t Li: P: :
Hay {Pple = f P tgs = TP L (4.28)
L, NPy 2 Py Piy
NPy 0 0
Nikpy 0 |0
S~ R
A
7
®© APV
//V
y . j
L
z .
Q) b)

Hinh 4.6. Luc mat tic dung trén canh bién ij cia phan ti va cc thanh phan cia {P},



trong d6: L;;: chigu dai canh bién ij (canh ¢6 lyc {p} tdc dung)
t: chiéu day phan tu

tL
Pix=P =Px—
P P tL

ry

Chi y ring, trong trudng hgp nay, do tai trong mat chi tdc dung trén canh ij
nén 2 thanh phin cui cdia {P}claPyy = Pyy=0. Didu nay la dé& thdy bdi.
Nk(x,y) = 0 trén canh ij (xem biéu d8 (Ny) trén hinh 4.4)

- Vecto tai phan td do bién dang ban dau dugc xdc dinh theo (2.17)
Bte = | BT D) (et aV

e

1
Trudng hop do nhiét do: {eg}e =a T {1
, Ty |
{PJo = [BI" D] {ehe tA - (4.29)
Trudng hop vat lidu ding hudng:
Yik
\ = Xjk
(P}, = EatT {7 7kd (4.30)
21 -y | Xk '
. -
- xg

trong d6 a: hé s6 ddn nd vi ‘nhiét cia vat ligu
T: d6 bi€n thién cda nhlét d6

4. Ma tran tinh \ng suiit:

Nhu d4 thdy & trén, do ham chuyén vi la tuyén tinh nén bién dang sé 1a hing
s6 trong mbéi phdn t&. TU d6 cing thdy ring ung sufit cing la khéng d6i trong ting
phan t&. Vectd @ng suit duge biéu didn qua vectd chuyén vi nit phan tif {q}e nhu
sau: ‘

9%
{o}e = 1% | =[DI]{e}, = [D] [B] {q}c
Txy .
Vay: {ote=Skfate = : (4.31)
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g day [S) 12 ma trdn tinh Ung suit va '
[S} = [D] [B] ‘
Thuc hién nhdn ma trén, ta cé:

Yix — Coxy = Yik ¥ij Coxi = Cyx;; _
[SL = _c_:_}_ Coyix ~ Xjk - Coyix Coy;; Xik =X (4.32) .
2A - ixg, Ay iy ~ixy N =y - iy

trong d6 C; , Cg 1a cdc hiing s6 dan hdi xdc dinh theo (4.2), hay (4.4)

1-C
con: A= 2
) 2 :
A: Dién tich tam gidc ijk.

5. Thi du:

Tim chuyén vi tai cdc dinh va ung suit trong tdm phing c6 kich thude va chiu
tai trong nhu hinh 4.7a. Biét vat liéu la ding huéng c¢6 médun dan hdi Young

E=3x10° kg/cmz, 'hé s6 Poisson v = 0,3. Tdm c6 bé day t = 0,36 cm

y - 10K y
;0/109/01» 4 3
T/ . -
49 p
L @
S Y -
7 ®
y .
4 X & Xz
1 2

— Q= 120em —t

Ead

d)

Hinh 4.7a. So do két cGu va tdi trong; b. So db roi rac héa tém (nit va phén tw);
¢. Cdc chuyén vi niit tdng thé {q} (vdi q, = 0) ; d. Cac chuyén vi niit phan t# {q},

Giai

1. R¥i rac héa két cdu: Chia tdm thanh 2 phan td tam gidc bing 4 diém nuit.
Danh s6 nuit va phan td nhu hinh vé 4.7b.

‘Mbi nit cé 2 bac ty do la 2 thanh phan chuyén vi theo phuong x va y. Tap
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hop 8 bac ty do nay cda cd 4 nut 1a vecto chuyén vi nuit téng thé {a}. Tuy nhién
do cdc nit 1 va 4 1a gin cung khéng cé chuyén vi__nén_dé don gidn sau nay ta goi
cdc chuyén vi nit thanh phan cta cdc mit nay la q,vagq, = 0. Cdc bac ty do bing
0 nay duge ddnh s6 0 trong hé théng ma s6 téng thé. N6i cdch khéc, ta goi lan
lugt cdc bac tu do khdac khéng la q1, q2, q3, g4 con cde bac ty do bang 0 la ao nhu

hinh vé

- Thiét l4p ma tran chi s6 [b]. Dua vao mdi lién hé gida cdc bac tu do cua {q}.

cia phan t mau hinh 4.7d va cdc béc ty do tdng thé & hinh 4.7c ta dé& dang lap

4.7c.

duge ma tran chi s6 [b].

(

Chi s6 phan tu

Nut i Nuit j Nut k
Phan t - 2 3 4 5
) . w
(D 0 1 2 3
(2 0 3 4 0
2. Thiét lgp cdc ma irgin cung phén t [Kl, va vecto tdi phin tw {P},
/" Véi phan ti (1) (hinh 4.8): Tinh sin A = 22 va theo (4.17):
Y
k(a,b)
£ - /~P x1J=—a yl.]=0
5 Xjk = 0 Yik = — b (4.33)
@; Xjk = —a Yik = — b
X
L0:0 i(a;0) -
2) r(,_)_a_if. St dung (4.25) va (4.33) ta c6 |

Hinh 4.8. a. Phén ti (1) va céc toa do nit; b. Céac

(K],

thanh phaén tdi trong niit khéc 0

Clt

2ab

dsi

-b
iab

b? + ia’
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ma trdn d6 cung (K]; cia phan ta

(D la:

Coab
- /b

_1+Co

a® +ib®

- Jab

—ia2

i ab

. - Cgab 7




Tai trong phan b6 trén canh bién jk cia phéan tu vdi {p} =

4

Nén dé thdy rang cdc thanh phan cda vectog tai khdc khong dugc cho trén hinh
4.8b la tuong ung cdc thanh phan thd ba va thit nidm cda vecto tai phan tu {P};.
Vay, c6 thé viét dé dang.

0 0
0 0
pb/2 1
P =
{Ph 0 2 :
v [pb/2 3
0 4

Can gidi thich r6 hon ring, trong truong hop téng qudt, cé thé Iyc phan bé tac
dung khéng chi trén mot canh bién phan td (nhu trudng hgp bai todn nay) ma trén
cd cdc canh bién khdc cia phan ti. Nén ta c6 thé viét mot cdch tdng quat la.

i i
{P}. = {P}¢ + {P}s" + {P}'

o day {P}E'lz‘a vectd tai phan ti do lyc phan bs trén canh bién ij gay ra. Tuy
nhién trong phan tu (1) cda bai todn nay do tai phan bd chi cé trén canh jk nén
{P}3 = {P}s = {0}

va {P}. = {PH¥ nhu ta da lam & trén.
Véi phan t& (2) (hinh 4.9): C6 A = 22
2
y
k(o)

 j(a.b)

x
l!!,o) a ;‘
Hinh 4.9. Phan ti (2)
xj=-a yj=-b )
Xjk = 0 Yik=0 ' (4.34)

xjx = 0 yik=-b
Do khéng c6 tai trong tdc dung nén {P}y = 0 va theo (4.25) va (4.34) ta cé
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ia’ 0 0 - sab - ja? +ab 0
a’ - Cjab 0 C,ab - a’ 0
Ct b’ 0 - b? C,ab 3
Kl = — ) )
2ab asi xing ib iab - b 4
ja’+b% - —1—13!— aB 0
2 i
a’ + ib° 0

3. Ghép néi phin i, do di dp dat diéu kign bién ngay trong cich dinh s6 ma
tong thé, nén két qua nhan dugc 1a ma tran cing tong thé [K'] va vecto tai tong
thé {P"}

1 - 2 3 4 Chi s8 t8ng thé
— . -
PP L T R S P C,ab 1 1l 1
. 2

-— C]. t g b 0 2

(K] = - a4 ab 2 P} =R
2ab - ‘ . 9 113
aoi xing = /a°+b’ 0 3 ol 4

a’ + /'.t;2 4

4. Giai hé phuong trinh: [—IZ']{E'} = {P")

C1=—E =32 x10° kglem®
1 -2 |
. -V
Co=v=0,25
Thay cdc s6 liéu vao ta cé: | 1-C
: 1=-""2_0375
2
1+C
2 < 0,625
2 | — .

Ta c6 hé¢ phuong trinh dé tim 4 chuyén vi nit chua biét.

[ 1

930 -360 -162 144 a1 800
72.0 21,6 - 43,2 aq
4asi xing 93,0 0 Q3 800
B | 72,0 | laa ] 0

Giai ra ta cé:
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a1
a
a3
a4

Vay da tim du0‘c chuyen vi cia cdc nut 2 va 3.

1074

I

11,28

1,97
10,10
- 1,09

cm.

5. Tim ung sudt trong méi phén ti bing cdch su dung (4 31) va (4.32)

9%

9y

Txy

{o}e

= [Skigle

St dung ma tran chi s8 [b] va. {q } ta d&8 dang xdc dinh dUO’c cdc vectd chuyén

vi nit phan td {q}e. Cu

{q}1

{q}2

thé.

{% 9b% d1 492 q3

o

9
-4 T
10%fo 0 1010 -1,09 0 0} em

dq3 94

9%

- 1T
q4}

o1

}T

-4 T
10 {o 0 11,28 1,97 10,10 —1,09} (cm)

Dé tim vecto Ung sudt cuia cdc phan td, sau khi thay s liéu roi thyc hién tinh
todn ta c6 (chu y ring dé dé thdy, cdc thanh phan khong can thiét trong cdc [S)
sé khong can tinh trong thi du nay).

C

{0} = 1 -
2ab B _
C

oty = == B B
2ab

Cyb

- Cyb

’a -

24,49
- 14,86
3,12

kg/cm2

r =

29,84
7,46 | kglem®
- 0,82 |

I
J

- ° " Nhdn xét: K&t qua v& chuyén vi va cd ung sudt khong la d6i xing mic du bii

todn la d6i xung. Bdi ta di ding chi hai phan ti tam gidc va da phd héng tinh doi
xung nay. Didu nay sé dugc loai trit khi ding ludi phan td day hon va d6i xung
qua truc ddi xing cua tdm, hosic ding phan t& chi nhat.
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§4.3. PHAN TU CHU NHAT

Xét phan t& chd nhat trong mat phidng xy nhu hinh vé 4.9. Phan t& ¢6 bon
diém nit i, j, k va 1 13 cdc dinh clia chi@ nhat. Méi mit c6 2 bac tu do 1a 2 thanh
phan chuyén vi theo phuong x va y.

Tap hgp céc bac ty do nay 1a vectd chuyén vi nit phan tu {q}, va la.
\ 5 A

uj q1
Vi d2
y; q3 }
Vi d4 .
{ale=1, [ = a (4.35)
@x1 |~ 5
Vi | 96
Ue q7
Ve ds
J e
}‘1’: ~ s Y= G ¥
Uy = G, Y = g, £00.5) k(a.b)
¢ . ,
b jo-2 : \@‘ y = 2 ®
i"‘qr l o
b - Sy 4% i(0.0) Jjaoy %
L Q s

Hinh 4.9. Phan t chi? nhét- cdc bac tu do cua phon i va cdc nit.
Hai chuyén vi thanh phin clia mo6t di€ém b&t ky cé toa do (x,y) thudc phan t
dugc 1dy x4p xi bdi dang da thuc song tuyén tinh nhu sau.
ut. =
T vy | |85+ aex + ary + agxy

o dang ma trin:

(4.36)

a)

ag

ag

{‘._l}e _ {u(x,y)l _ {1 xyxy 000 0] j24 | C (4.37)
v(x,y)e 00001=xyxy]| |ag _

‘ ag

aq

ag

.
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Tudc la: ‘
{u}e =[F(x,y) ] {a}

\ [P(x, )]
i F(x, = ‘
véi [F(x,y)] (01

trong 46 ma tran cdc don thuc

[P(x,y) ] =
va vecto cdc tham {a}

. [0}

[P(x, y)]

1l x y xy

jP(x,y] la

T
{8}={a1 ay ag a4 a5 ag ay as}

(4.38)

(4.39)

(4.40)

(4.41)

Thyc hién ddng nhdt chuyén vi nit va gid trj cda ham x&p xi tai cdc nit dé
tir d6 bi€u dién vecto cdc.tham s {a} theo vectd chuyén vi mit phan ti {qle.

St dung (4.35) , (4.37) hay (4.38) va thay toa d6 cdc nit cho trong hinh 4.9

vao. Ta c6 : _
q1 uj 1
q2 Vi 0
q3 uj 1

{q}e='q4L=*vj' = °
g5 Uy 1
de Vi 0
q7 Ue 1
ds Ve 0

. .\ e

Tuc la: {q}s = (Al {a}

0
0

(=T

o © o

© T © T © o o o

0
0
0
0

ab
0
0
0

= O = © = o = o

Qe o O

(=T

»

T O ' o ©o o o -

©C O O o ©

(=4

=

[ a;, )
ay
a
a,

a;

(4.42)

trong dé (A] la ma tr@n vuéng (8 x 8) chda toa do ca‘c: diém nut ¢ phuong trinh
trén. [A) c6 nghich ddo [A]"} 1a '

B ab 0
-b 0
. -a 0
art=L1 .,
ab
0 ab
0 -b
0 -a
| 0 1

© & © © © © o
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Vay, tu (4.42) ta co: .
{a} = [A] {q}. | (4.42)
Thay (4.42) vao (4.38), ta biéu dién dugc trusng chuyén vi {u}. cia phan ta
theo vectd chuyén vi nit phan t& {q}e, hay néi cach khéc, trLro’ng chuyén vi {u},
du’dc nodi suy qua {q}e . Cu thé la

{ule = [F(x,y) ] [A] Ha},
Hay -~ {u}e = IN(x,y ] {qle (4.43)

Trong d6 [N(x,y) ] 1a ma tran cdc ham dang, hay ma tran cdc ham néi suy va
duge xdc dinh. ‘

- NG,y )

[F(x,y) ] AT (444
i xyxy 000 0 '

[A] !
000 0 1 xy xy

’ Neew | N, OON; O N, 0 N O )
lay: N(x, = . . (4.45)
o Y 0 Ni 0 Nj 0 Nx 0 N
2x8 L ,
Vdi. 4 ham dang trén la cac ham 2 bién x,y va c6 dérig
e X y
N=(1-% ( 1-¥
] ( a) b)
T X : y
N= (-
y ) N ‘ (4.46)
ab
Ny =Y ( 1- .’5)
b a

Cic ham Nj(x,y) trén con goi la cdc ham néi suy Lagrange song tuyén tinh. Do
thi biéu didn cdc ham nay & hinh 4.10. Va tir (4.43) c6 thé thdy cdc chuyén vi-u
va v cua phan tu la :

’

Hinh 4.10. Db thi cdc ham dang cia phén ti ch@ nhat 4 diém nit

;
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4
u(x,y) = 2 NJ b = N; Y +NJ Y; + Ny u, + Njy
o 4 |
V(X,y)=ZNjVj=NiVi+NjVj+Nka+NlV] -
Va do thi biéu dién cdc trudng chuyén vi nay cé thé thdy nhu & hinh 4.11.

ulxy) -
e 7 T

Hinh 4.11. Truong chuyén vi ulx,y) va vix,y,.

Theo (2.11) ta ¢6 ma tran tinh bién dang
(Bl = [d] [N(x,y) ] ‘ ' .
(3 x 8) (3 x 2) (2 x 8) ' '
Cu theé: . .
vix 0L ING O N 0 N, 0 Ny O
(B] = 0 iy
o 0 Nj 0 N;j 0 Ny, 0N
. iy digx .
Thuc hién phép dao ham don gian nay ta cé:

{

—(b-y} 0 b-y 0 y 0 -y 0

[B] = —1— 0 -(a-x) 0 X 0 X 0 a-x ~ (4.47)
ab : T
—(a-x) -(b-y) X (b-y) X y a-x -y

' Vay, theo (2.16) c¢6 thé tim dugc ma tran ciung 'phan ti [Kl

(K], = f (81T (DI [B] 4V. - (4.48) -
\"%

Tuy nhién viéc tich phan truc ti€p sau khi nhan cdc ma tran trong ddu-tich
phan nhu trén sé phuc tap. C6 thé thyc hién bing cdch sau day thi don gidn hon.

Vi - [B] = [0] IN(x,y) 1

S dung (4.44) thi | \
[B] = [a] [F(x,y) ] [A]"} -
Hay  [B] = |B’] [A]"} | (4.49)

m



Gday: [B'] = (o] (Fx,y) ] | (4.50)

(3 x8) (3x2) (2 x 8)
Tudc la
dox 0 |
R | A *
|olay  o/ox
Dé& dang nhan dugc
0 1 0 y 0o ' 0 0 0
(B’] = 0 0 0 0 0 0 1 . (4.51)
0 0 1 x 0 1 0 y

Thay (4.49) vio (4.48), khi dé:

K1, = [ qary? B o131 (A av
A )

Vi cdc ma tran (Al ! va ([A]_I)T khong chua bién x,y nén dua dugc ra ngoai ddu
tich phan. Ta c¢: :
.' b a

K, = (aryT | [ [ BT mimeaxdy | tar . (452)

0 0 '
. St dung (4.51) va (4.1), thyc hién phép nhan ma tran trong biéu thuc tich
ptan. Ta cé: ' '

— : . —_

o 0 0 0 0 0 ' 0 o
1 0 y 0 o Cox
Bk O iy
- ly2+i.x2 0 ‘ '
(81" (D] [B] = C; | o
“trong dé: 4 = (1 ~Ce
' » 2
Va tiép tuc thyc hién tich phén
b a .

(Hl =t f | f (8’1" (D] (B} dx dy.
' 0 0 : f
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[H] = C;tab

Cudi cung, ta nhidn dugc ma tran cung cua p

L

0 0
1 0
A

doi xung

KL = (A1 )T [HY [AT?

Cit|

(Kle = —

ab

—

kl]

k1 2 k13

kyy kyy
kl}.’!

dsi  xung

Nl ©

CH

b? + Aa’

»

kys

ks -

| ks.a

trong dé cdc kj; duge xdc dinh nhu sau:

2 2
k11=b +la
3. .
A+ Cq
k1_2=ab——————( 2
4
2 2
k13=1a -2b
6
A-C
k14= - 2ab
4

esa=kiy
kgg = kig
kas = ki7

k3g = kig .
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13.

S N |F

klﬁ le
kog ko;
k.’}G k.'}?
k46 k47
k56 ) k57 :
Kkes kg7
‘ k77
kee = koo
kg7 = k18
‘keg = kag
k77 = k11

han td chi nhat 4 nit.

0 0
C, Coa
2
0 ib
2
Cb A+ Cy
2 4
0
0 Ab
2
1 a
2
a’ + ib?
3 .
Ky
Koy
Kyy
kg (4.53)
kss o
kes
ky
kyy




kis =

kig =

ki7

kig

b2+/la2
A+ C,
b2 - 21 a2

ab 5‘_—02_

a2+/lb2

kisg

a2~—2/1b2

kig

a2+/1b2
6 .

kg4
Ab? - 24%
6

k37 = ki5
k3g = kj2
kg = koo
kg5 = kg
ke = kog
k47 = kq2
kyg = kog
kss = ki1
kse = k12
ks7 = ki3
ksg = kg

kg = kig

kgg = koo

Vé vectd tdi phan tiz {P}., cling tuong ty nhu véi phan td tam gidc. Véi lyc thé

( (4.54)

g . x
tich {g} = { x} (g va g, 13 khong d6i), thi vects tdi phan t la:
8y .
Nigx gx
Nigy 8y
a b Njgx | 8x
. Nig g
{Pg}e = f [N(xyy)]T{g} dv = f f ‘{NJ y r tdxdy = @ . Y
Ve 0 0 kBx 4 |8
ngy 8y
Nigx Ex

Con vdi lyc phin b6 trén bién, cing trén nguyén tic tuong ty da bist. Gia s&
trén canh bién jk c¢6 lyc phan b6 déu, cuong d6 p; = const va trén canh bién ki
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(M)

. ' X b
1 P }/’2% % pa | P75 sz/z

N fdad

¢ k Y K|~z [e k
2 .
/ Jl _re

i J Jk Z ke

{Pele = (P}, 4+ (P},

Hinh 4.12.

¢é lyc phan bd déu pg tdc dung (hinh 4.12), thi trong thi du cu thé nay vecto tai

phin tit & {Pple = (P + (P}X

plb/2

— jk kl _ {
p2a/2
0

p23/2j

Ma trgn tinh ung sudt [S): Dé thé’y la do chuyén vi ham song tuy&n tinh nén

bi€n dang va dng suit

dugc tinh theo vecto chuyén vi mit phan t& {q}e bing céng thuc

Ox

%
Tx y

{o}e = = [S].g{q}e

e

Trong d6: Ma tran tinh ung sudt A[S]e

N e ) —c2_<a-—.,'x)-_<b—‘_y)‘ “Cyx v 'szx —y
ab :.-'gz'(bf,Y).;—-(?—X) Cob-y)  ~x Cay X =Cyy
—}.(a-x)—l(b y) ;—}.x ; l(b -—>y) R Y : iy _. i(d—x)'.
Thi du : Giai bal todn tdm phéng & bai 4.2 véi 2 phhn td hmh chit nhét So

dd nit va phan td& cho trén hinh 4.13a.

Cz (a-x)

) _(a?x) .

.-_.;_'y

néi chung la phan b6 tuyén tinh trong phan tu. Ung suilt

(4.55)

[D] [B] Hay, cu thé [S]e 12 nhu sau

lase)

- Ddnh s6 cdc bac ty do tuc cde chuyén vi cha cdc nut toﬁn hé. D€ don gian
‘qud trinh “ghép ndi” phan td, didu kién bién déng hoc dugc si dung ngay bing
cdch goi cdc bac ty do biing 0 1a qo vA ¢6 ma chit s6 0. Cdc thanh phén cha vectd
chuyén vi nit téng thé biéu dién trén hinh 4.13b. T d6, cung vdi cdc bac tu do
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y .
I % _ 48 ?&
. A8 5 % ! 4 1 .-
] 6] 5] 4] &
~ ";wf)
En '* A VA
\L ] A qo ‘_‘-L.?-‘I-_‘—*
1 2 3 1 2. 3 3
%0 e !
2) b)

'

%6
%

94
%

Hinh 4. 3. a. He théng niit va phin ti; b. Céc bc tir do tdng thé {q} ciia cd hé (q, = 0) ;

c. Cac bac tw do cua phan t méu {q},

cda phan t& miu, thiét lap d& dang ma tran chi s6 [b]
{q}e Nut i Nut j Nut k Nt 1
{q}. q qQ q3 Ga qs ds q; Qs
Phan ta 1 0 0 1 2 7 8 0 0
Phan t 2 1 2 3 4 5 6 7 8

y

;
®

i J

Q= 60

Dé thdy rang ma tran d¢ cung [K], cua 2 phan td 1a nhu nhau [K]; = [K]p -
Véia = 60 cm; b = 160 cm, t = 0,36 cm
C =—B =32x10°, Cy=v =025
1 2
-V
-C
1= 2 = 0,375
2

St dung (4.53), thyc hién tinh todn, ta c6

1 2 3 4 5
0 0 1 2 7
[ 8983 1500 -8308 -300 -4492
4400 300 -2600 -1500
8983 -1500 3817
[K]; = [Klp = 120 4400 300
8983
d6i“ xung
L
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6

8
-1500
-2200
-300
400
1500
4400

7

0
3817
-300
-4492
1500
-8308
300
8983

300
-400
1500

-2200
-300
~2600
-1500
4400

o
Hinh 4.14.

(2)
(1)

S O v 3N - o O
® 3 O e W N =



S | | Pe _ gook
i)lf‘ ,O'e/ k] Ve k1Z Kk 2 J

\ | ‘ b '

Hinh 4.15. Tai trong v cée lwe nit quy ddi ciia he.

Vi trén phan tu (2) cé tai trong phan b6 deu trén canh jk nén vects tai phan
ta {P}o la. :
. 1 2 3 4 5 6 7 8
(Pl = {P}F = {o 0 800 0 800 0 0 g}

Cing dé thdy la trong bai todn. nay, vecto tai {P*} c6 kich thude (4 x 8) la
bang vecto {P}s

- T
(P} = {oosooosooooo} -
St dung ma trén chi s6 [b] va phuong phap s6 ma, ti [K]; va [K]2 ta cung dé

dang xéy dyng dugc ma tran [K"] 6 kich thudc (8 x 8).
Cudi cung nhéan du’o’c hé phuong trmh dé giai tim céc bac ty do chua biét

{q"} L _
[K'Hq'} = {P }
 Cu thé Ia:
/
1797 0 =831 -3 -449 -15 1763 . 0 a1 0
88 3 2 -15 -2 0 ' 8 g2 ol
898 -15 382 -3 -449 15 q3 1
' n | 44 3 4 15 -22 ||aa 0
1,2 x 10 : , 1= 1 =800 4% ¢
' 898 15 -831 -3 a5 1
D8 xing C 4 8 26 |lggl 0
. 17197 0 a7 0
, o Z 0

Giai hé phuong trinh nay, ta nhin dugc cdc chuyén vi nit con lai.
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, ap | |uz .
- . 5,37
v
2 2 1,73
3 Y3 10,91
9| |vs 4 1,83
j— ¢ =3 r =10 7 x 3 ¢ cm.
g5 Uy 10,91
- ' 5,37
q7 Us .
- . -1,73
as | V5 ) 537 -
To: & . ’ R . 4 for 10,915 10 em
Bién dang cua tdm cho trén hinh z 4 st
3 . » » ” T —te— - ——_1_ : 1,83x
4.16. Nhan xét rang két qua trén bao dam 2 | ?l :‘T:cm
tinh d6i xdng cua bai toan. Va so vdi viéc Y : [
., ", .’ -. - . ]
dung+phan tu dang tam gidc, trong bai- Z I {
todn nay, phan td dang chd nhat cho két p } 4l '
- . a 2 2 —t . — ¢ —— ——-—_——l_
qua hgp ly va chinh xac hon. 4 . T |
” . S, . ; 4 |
Dé so sanh ké&t qua tinh trén, thi du 2 v I
nay da dugc giai bing mdy tinh vdi phan 2 : ) :
mém RDM, vdi lugi phan td chd nhat 4 e -L————'—'J;maxm"
nut min hon. K&t qua cho trong bang dudi ¢ FB , cm
day va la chuyén vi tai cdc diém A, B, C Hinh 4.16. 10.91x 10" m
(hinh 4.16)- » ’ : ]
(x 107* cm)
S6 m’xt‘ Chuyén vi theo phuong x Chuyén vi theo phﬁong y
Us ug Uce Va Vi Ve
6 - 10,77 581 | - 1,81 1,7
1
!
9 10,57 10,87 5,61 0 1,98 1,67
r——o
(
i%%: 25 10,62 10,94 5,58 0 1,97 1,64
. )
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Chuong 5 -

Phién ti bdc cao va phan ti
‘dang tham sé

1\

Nhu trong chuong 4 da bist trong bai todn phéng, khi st dung phan ti hai
chiéu dang tam gidc vdi ba nit la ba dinh tam gidc thi trudng chuyén vi'chi cé thé =
la cdc da thuc tuyén tinh va do d6 bién dang va ung suit la khong déi trong pham
vi phan ti. DE ¢é duge cdc trudng bign dang va ung sudt tuy&n tinh hay bac cao,
mé ta ding hon trang thai bién dang va ung sudt cia phan td, ré rang trudng
chuyén vi can dugc x4p xi bing cdc da thuc bac hai hay cao hon.

Muén vay ta phai dung cdc phan ti duge goi 1a cdc phan td bac cao. Trong céc
phan ti bac cao ngoai c¢dc nit la cdc dinh ctia phan t con can dua thém vao céc
nuit b§ sung (nim trén canh bién hay bén trong phan td) dé bdo dam s6 bac tu do
cia phan td (tdc s6 thanh phin cla vectd {q}¢) 1a bing s6 cdc toa do tdng quat ~
(tdc s6 cdc tham s6 trong vectd tham s6 {a}). Nhin chung thi c¢6 mot s6 phan ti
bac cao la can sd dung @& c6 thé dat dugc d6 chinh xdc nao dé trong k&t qua cudi
cing. Mac di réing ditu ndy thusng khong lam giam thsi gian tinh todn, nhung khi
ding ph#an td bac cao ngudi ta sé gidm bét duge s& phan td khi roi rac héa mien
khao sit. Chinh viéc nay sé lam gidm nhe di cong vigc chuén bi s6 lidu va do dé
lam bt di nguy co sai s6t trong qua trinh chufin bi va nhép di kién bai toan. Hon
nda, cdc phan tu bac cao dic biét thich hgp trong cdc truong hgp khi gradien cua

- trugng chuyén vi bién thién mot cach dot ngoét. Trong khi dé & ‘ca'u‘: trudng hgp nay - '

néu s dung cdc phan t& don gian (tuyén tinh)“thi gradien cda trudng chuyén vi la
hiing s6 va do vay khong thé cé duge k&t qua t6t. Chinh'do hai ddc diém vita néu
nén viéc st dung cdc phan ti bae cao ngay cang dugc duang rong rai trong tinh
" toan. Chuong nay sé trinh bay mot sd phan ti bac cao hay dung, cu thé 1a cac phan
t¢ bac hai, bac ba trong cdc bai todn mét chiéu, hai chiéu va ba chleuf ‘

Ngoai ra, dé gidi quyét cdc bai todn ma mién khdo sit cé bién cong, chuong nay
cing sé gidi thidu cdc phin t& dugc goi la “phan ti ding tham sb” (izoparametric
element). D xay dyng cdc phuong trinh phin t ding tham s6, ching ta cing sé
lam quen vdi hé toa d6 ty nhi¢n d6i vdi céc loai phan td, cung nhu cdc ham dang
hay cdc ham nén suy trong hé toa do nay.
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§5-1. HE TOA DO TU NHIEN CUA CAC LOAI'PHAN TU

H2 toa d0 tu nhién la mot hé toa d6 dia phuong (phan td) ma né cho phép xac
dinh vi tri cia mot diém bat ky thudc phan t& bdi mot tdp hgp cédc s6 khong thua
nguyén cé gid tri ndm trong khoang [0, 1]. Théong thudng, cdc hé toa d6 ty nhién
duge chon sao cho tai cdc nut chinh (cdc dinh géc phan tu) toa d0 tu nhién tuong
Ung sé c6é gid tri bdng don vi. Cdc phan tu cé dang hmh hoc khdc nhau sé cé cdc
hé toa do tu nhién khéc nhau nhu dudi day.

1. Phan ti mot chiéu. ‘ 14
Diém P bdt ky thudc phan td 1 [2 4
chigu dugc xdc dinh béi 2 toa do tu /0 . { «x
cn s . . » . . n ? n2
nhién L, v:el Lo la khoang ncach tuong v - P
dé6i cua diém P d&n hai diém nit cudi | g

va nut dau cda phan td (hinh 5.1).

Hay, cu thé hon ' Hinh 5.1. Phén ti 1 chiéu
s 0 *

L=t | , - (5.1

‘Lg = =

Trong d6 l: chidu dai phan ta v
Vi trong bai todn moét chiéu chi c6 mot toa do doc lap dé xdc dinh vi tri cuda
~ diém P trén truc x (46 1a toa d6 x) nén ta cing thay rang cdc toa do tu nhxen nay

" la khong déc lap nhau. Qua vay. -

, 1 .
Lyt+lp=t+2=1 (5.2)
11 : ‘ '
T (5.1) cing dé thdy rdng cdc toa d6 tu nhién L; vd Lg cing 1a cdc ham dang
hay ham néi suy cua ma trAn [N] cta phan t& tuyén tinh 1 chigu dung trong bai
todan thanh bién dang doc truc (kéo nén ding tam) & chuong 3. That vay:

Li=—=—""=1-2=Ni®
! 1 1
Lo = 2_XxX_ No(x) ‘ = =
. : 1 I : L o .. Z .r X,
Xét trong hé toa d6 chung cua hé 0 x n1 P n2
(hinh 5.2) mét diém P bat ky thuoe (1.0 (1.1,) (0.41)

phan td cé toa d6 x c¢6 thé dugc bifu
dién nhu mét t8 hgp tuyén tinh cia céc

‘ toa d6 cdc diém ndt 1 va ndt 2 nhu sau,  Hink 5.2. Cc toa dd tu nhién cia phlin ti
: mét chiéu.
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x=x1L1+x2L2 ' ' (6.3) -
Trong dé xp,x2 la toa d6 vudng géc thong thugng cia cdc nut 1va?2 trong hé
toa do téng thé.
That vay: Tt hinh 5.2, cdc toa d6 tu nhién cta P sé la
L1'=x2;x=x2fx.', L2=
X9 ~ X1 1 X9 — X1 1
| Thay vao (5.3) ta cd: : oo

X —-X1 .X—Xl

(5.4)

Xg — X X = X] _ ‘
xq1L + x9Ly = x5 + Xg (xz - X)) =X
, ' 1 . 1
Vay, quan hé gida cdc toa d6 tu nhién va toa d0 vudng géc thong thudng cia
mot diém P bat ky cé thé biéu dién ¢ dang ma tran nhu sau:

' 1 | 1 1 (L,
X - xl'v X9 L2
Hay: ‘ _\
Jul| o1 xe a1 Jll_ 1| %2 -1
Lz. - &—2—:_,{1; x; 1 | x| _T -x1. 1
Vi l = x9 — %1 |

Néu f 1a ham cia L; vaLg thi dao ham cia f 14y d6i vdi bién x sé la

of  of Ly L, of dLg | \
o& oLy ox oLy ox
trong d6, tu (5.4), ta cé:
oL3 1 . e 1
—=-= va — ==
X 1 ax 1

Khi xay dtmg cac ma trdn dé cxmg phan td va vecto tal phan ty, ta thucng
phai thuyc hién cdc tich phan theo x dang .

f f(x) dx

Néu su dung hé toa do tu nhién, ma thyc chiat nhu mét phép déi blen, tich
phan trén sé c6 dang -

fL‘{Lﬁ dx—f(l—Lz, Lﬁd]_,z——a"ﬂ—!———l . (5.5)
%, @+p+ 1) |
Bang 5. L Cho gia tri- cua tich phén trén tuong Ung véi mot s6 gid tri « va,B
nao dé
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Gidtriedaa,f Gia tri cta tich phan
- trong (5.5)/1

8
=

o

1
1/2
1/6

1/3
1/12

1/4
1/5
1/30
1 _ 1/20

N O |0 N [C = |0 |

= lw o e lw =i ]m |+~

4 1/30

2. Phan ti 2 chiéu (dang tam giac)

Diém P bat ky cé toa do6 (x,y) trong
phan tu tAm gide duge xdc dinh bdi tap 3
toa d0 tu nhién (Ly, Lg, L3} duge dinh
nghia nhu sau

Ly = él, Lo =_52—, Ls = é—‘i
A A A
Trong dé: A; la dién tich tam gide duge

(5.6)

tao bdi diém P va canh d6i dién. nit i
=123 |

A la dién tich phan tu.

L; con dugce goi la toa do dién tich.

- Ngoai-ra cing dé& thdy ring 3 toa do

1 R 2 | gt
‘oo % 7 . khong doc 1ap vi A] + A + Ay = A
‘ " b) g Nén Li+Log+Lg=1 5.7 .
Hinh 5.3. Phtn té tam gide va céc toa do D& nhan thdy toa d0 ty nhién cla cdc
' dién tich , dinh ndt 1, 2, 3 tai cdc géc. Va cing dé

nhin thdy ring cdc diém cung du’o’ng thing
song song bién 3 2 thi c6 cung toa d6 L, (hinh vé 5.3b)
Cé thé cerng minh duge Ly, Lz , Ly cling la cdc ham dang cua phan td tuyén
tinh dang tam gidc; tuc la: - '
N; =L1, N; =Lg, Nk"L3

Quan hé gida hé toa d9 ty nhién va cac toa do vudng géc cing c6 thé chung
minh duge la: -
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X=2XiLi=_X1L1+X2L2+X3L3 .
=l o
" 3' . - | o
y=2yLi=y1Li+y2La+ysly .. : (5.8)
i _ _ o
trong d6 (x;,y;) 12 toa do cia diém nit i.
Vay m61 tap cdc.toa do ty nhién (L1, Lg, Lg) thoa man (5 10) sé tuong ung mOt
'mdt tdp duy nhit cdc toa d6 vubng géc (x,y). ‘ ;
Céc phuong trinh (5.7) va (5.8) dugc bifu dién & dang ma trén:

1 1 1 1 Ll _
x =[x "_2"’ X3 L2 o L T 5.9

vy |y vz oys||Lg| IR
Nghlch dao (5.13), ta cé: \ -

L1 ap y23 Xs2| 1] ,
Lyt =L lag ya1 wis|txf IR (5.10)
2A | SRRE TR
La| ag yi2 ya1 | ¥ '
trong d6: a; = x;yk ~ xky;  (iJ,k = 1,2,3) .
. Xij = Xi _ xj . . '
Yij=Yi VY ‘
\ . , 1 11
va A: dién tich tam gid¢ p_h"ﬁn ti, hay 2A = det X] X2 X3
YI y2 y3

D2 thdy (5.10) chinh la (4 21), hay néi cach khsc L N; G = 1 2 3).

Né’u f 1a ham caa L, L2 , Lig, thi dao ham cda né d61 vdi x, y la:

3 .
oy of L
\ ¢ ! .
‘ ox i=1 aLi ax ) ! ) o y
T T T (5.11)
.‘K':{E _af_‘_ a_L’
a1 oy oy
trong d6 tu (5.14) ta ¢6
oL L 5 S
Sl Zelsi Gak=123 . Ga
Tox 2A gy 2A ‘

Khi tich phan cac da thuc biéu dlén theo toa a6 tu nhlén cé .,hé st dung cédc
cbng thde sau: '
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' '
fL‘iLédl: alpl
1

(@ + 8+ 1! ‘
va ffL‘{LéLédA= alBly!  ga

(a+p+y+2)!

Tich phan thd nhat dé tinh tich phan dudng doc theo canh phan ti véi 1 la
khoang cdach gida 2 nut tao nén canh duong xét.

(@08, 2)

3. Phan ti 3 chiéu (dang ti dign) o0 )

Plz.y,2)

o~ tu t ’.' ““A ”, ~
Cidng tuong tuy nhu vdi phan ta (i)

2 chiéu dang tam gidc, khi cdc toa

. d6 tu nhién cia 1 diém la cdc dién ‘ (ir U, » 2,)
tich tuong déi, thi ¢ phan td 3 chiéu nt (0,0,1,0)
dang tu dién, cdc toa do tu nhién 1a ﬁ'byt;'o)
cdc thé tich tuong d6i va cy thé nhu ‘ Y
sau. 2 (-tzr yllzj) ' ’

' Trong hé toa d6 tu nhién nay, (61.0.0) .
mdt diém P thude phan ti duge xdc Y
dinh bdi tap 4 toa dd r o :

(L1, Ly, L3, Lg) (hinh 5.4)
Céc toa do tu nhién nay dugc Hinh 5.4. Phén tu tiz dién va cdc toa do thé ‘tl‘ch
diah nghia la , - '

vV, \Y% \Y% \Y% . '
Ll——l Ly=—2,Lg=—2, L4__i- ' (5.13)
\Y \Y% \Y \Y

0] day V; la thé tich cia khéi tut dién hinh thanh bdi diém P va mat day doi
~ dién nut i.
- V la thé tich cGa phan ti.
R6 rang cdc toa do nay cé quan hé:
Vo V3 V4

v, _
L1+L2+L3+L4---+— —+—=1 ' (5.14)
vV vV VvV V

Cdc toa d6 thé tlch nay cing la cdc ham dang d8i véi phan td khéi td dién
tuyén tinh. Hay:
N;=L; (i=1,23,4
Quan hé gida cac toa do vuéngr goc va toa dd tu nhién la:
x =Lyx) +Lagxg+ Lgxg+ Lgxy
{y=Liyi+Laya+Lgys+Lgys - (5.15)
. z2=Lyz)+Lozy+ Lyzg + Lyzg
Cdc phudng trinh (5.14) va (5.15) duge biéu dién trong dang ma tran:
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1 y2 22
1 y3 z3
11 Y4 24

xg yg 1
x3 y3 1

'1 1 1.1 -1
X X] X3 X3 X4
<y B Y1 Y2 Y3 Y4
|2 Z] 29 I3 Z4
Gldang nguge lai o
L, | a; by o
4L2r=_1_ ag by co
L3 | 6v |as bg c3
Ly ay by cy
" Trong dé: i
‘ 1 X1 ¥y1 21
vl 1 %2 yz Z2
6.11 X3 Y3 23
1 X4 Y4 24
X2 Y2 Z2
a; = |X3 y3 23|, by = -
X4 Y4 24
x2 1 2zg
cp = - |X3 1 z3 ,d1=._
X4 1 24

X4 Y4

1a thé tich cia phan-td

N < M =

(5.16)

(56.17)

Con céc ‘hdng s§ khic c dugc bang phép hodn vi vong tron cdc chi s6 1, 2, 3, 4.
hé toa d6 vudng géc la hé toa d6 thuan (nhu hinh 5.4) thi céc

cdng thuc trén dung chi vdi khi cdc mit 1, 2 va 3 dugc ddnh s6 theo thu tu ngugc
‘chiéu kim dong ho néu nhin tu nit 4.

Chu y la vei

Néu f la ham cuia cac toa do tu nhlen thi cdc dao ham cia né lay dm v@i cée
toa d6 vudng goéc sé la '

4
Af g of

i=1 Ly

4

s of,

=1 oLy

> oA
aLi

oL;

ox

6Li

ay

aLi

0z
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oL by oL; ¢ , i d
trong dé:  — = % -1 a_L‘=_‘

H ’

x 6V y 6V 9z 6V
Tich phin cda cdc da thuc cia toa d6 ty nhién cé thé dugc tinh nhu sau

181,151
IWQQQW= aiplyidl gy (5.19)
v a@+B+y+d+ 3!

§5.2. PHAN TU MOT CHIEU BAC CAO

1. Trong hé toa dd vuong goc:

Xét phéan tu thanh chiju bién dang doc truc (bai todn kéo ~ nén ding tdm). Nhu
dd ndi ¢ phain mé dau cua chuong ndy, dé ting tinh chinh xdc cia mé hinh phan
t, ching ta cAn st dung cdc da thuc bac cao dé x4p xi héa trudng chuyén vi uy(x)
cua phan td. T4t nhién khi d6 ngoai hai nit dau va cubi (goi 1a cdc mit chinh) cda
phan ty, ta phai dinh thém moét s6 mit khdc trong pham vi chiéu dai phan td (cdc
nit b8 sung). Gia sit phan tu c6 n nit cdch déu nhau thi ham chuyén vi u.(x) dugc
xap xi bdi da thdc bac (n - 1). '
ue(x)—a1+a2x+a3x+ +ax_1 0=<x<1)
Hon nda, theo tu tudng chu dao cia PPPTHH, ham chuyén vi u, cia phan tu’
sé dudc ndi suy (hay biéu dién) qua vectd chuyén vi mit phan td {q}, trong dang -
ux) = [N () 1 {qe | |
. n »
Hay w0 = 2 Ni®) u | T (5.20)
i=1 '
0 day Njx) la cdc ham dang (hay cac ham ndi suy) bac (n -1,

y; 12 chuyén vi doc truc cua nuit i thudce phén ta va né la bac ty do g; B

cua vectd chuyén vi mit phén t¥ {q}
| Cu thé, véi phan t bdc 2, ham x4p xi cua chuyén vi doc truc la

U(x) =a; +agx +ag X2 ' (5.21)
| a) -
Hay Ue(X) = [1 X xz] ag ¢+ = [P(x)] {a}.
_ . a3

Vi vectd tham s& {a} chia 3 tham s6 nén phin td cin c6 3 bac tu do la 3
chuyén vi doc tryc cda 3 mit (hinh 5.5).

Tu dieu kién dbng nhét cdc bic ty do cha phin td vdi gid tri ham chuyén vi
Ue(x) tai 3 diém mit da dinh
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4 % g

— O I
nt n2 n3
(£=0) ('z.t/z) (x={)
|
B 2 .
_.+_._.
1 \{(1)
’JIl \__/

N(x)
/ \
Nyx) -+
/ 7
N— 7"'

Up(Z)
/s

4

‘Hinh 5.5. Phan t& 1 chiéu bac 2

s Y% 4 vg
— jan — -

nt n2 n3 n. ¢
(o) (x % (x 245) (x€)

b % 4

1 . ¥
1

i
1 T

M) :

Hinh 5.6. Phan tiz 1 chiéu bac 3 va do thi cdc

Db thi céc ham dang va chuyén vi phan tw ~ham dang
up | ue(0) | 0 0 | fa
{qle = {ug = w2 t = |1 12 124 {a
ug ue(l) 1?2 |as|
Ta tim dugc d& dang cdc tham sé a; theouy,ug,us la
a; =u;
ag = (—3uy + 492 — ug)/l (5.22)
ag=2(u; —2uy + u3)/12
Thay (5.22) vao (5.21) va sip x&p lai, ta c6
’ 3
(%) = 2 Nyx) uj = IN()] {g}, (5.23)

i=1
J day IN®)] = INyx) Ngx) Nsx)]
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vai

X

D) (1

Ni(x) = ( 1‘— 2

1)

( ’ _ (5.24)

Nox) = 4? (

1—5)
1

N3(x)=—?(1—2-§)

1

Véi phan tid mot ehidu bac 3, ham x4p xi cda chuyén vi 1a da thuc bac 3, phan
td c6 4 diém mit cach déu nhau nhu hinh 5.6.

up_(x)=a1+a2x+a3x2+a4x4

Hay

Ug(Xx) = [1 x x2 x3]< .
las

a]

ag
r = [P(x)] {a}

a4

(5.25)

o J
Thuc hién ddng nhat cdc bac ty do clia {q}. va gid tri ham chuyén vi tai cac

ntit phhn ta, ta cé:
uj
uz

—— . ,

_.u3

{q}e

uy

L)
Nghich dao cua [A] la:

Vay: {a} = [A] Y{gJe
Thay vao (5.25):

(

ug(0)

ug(1/3)
ue(21/3)
L ug(l)

ue(x) = [N(®)] {ale
V6i ma tran cic ham dang [Nx)] = [Px)] [A]™

1 0 0 0
1w e et
1 23 41%9 81°27
11 2B
L (
0 0 0
912 S9p I
5 R
-4 181 -2y
2 . 2 .
il a8
2 2 2

128

-

a1
az
ag

a4

r = [A] {a}

(5.26)



& 0 0 0
SUp e 2 g
2 L2 _ .
N(x)] = [1 x x° xs] x & _ a5 o 9 = [Nl N2 Nj N4].
: Bl 9 -=1 181 -1
9w _m e
2 2. 2 2

trong d6 cac ham dang Nj(x) la:

Ni(x) = (1‘31) (1.__32—)1() (1—21(_)

4N2(x)= ; (1-%?) (1'?) (5.27)

o - 1-92) (1-2)

=2 (1-2) 1)
1 1 21
Do thi cdc ham dang nay cho trong hinh 5.6.

Nhan xét: Cac ham dang hay cdc ham ndi suy trén la céc ham ndi suy Lagrange.
Viéc tim cdc ham noi suy Nj(x) nhu trén sé rat phuc tap khi bac da thic tang lén -
béi viée tim nghich ddo cia ma tran [A]. Tuy nhién néu s dung tinh chét sau day
cua cdc ham noi suy Lagrange thi viéc tim cac ham ndi suy nay trd nén ddn gian.

Tit tinh chat: ‘

Ni(x P = 0 néui=j
¢ day x; la tga d6 cua nit j

|1 néui=j (5.28)

Ni(x;) la gid tri cia ham noéi suy thu i (tuong ing nit i) tai nit'j
N6i cdch khdc, ham néi suy tuong Ung nut i sé c6 gid tri bing don vi tai nut
“i va biing 0 tai cdc nit khdc (hinh 5.7) _
Ta c6 thé dé dang tim ham dang Nj(x) cGa nut i theo cong thuc téng qudt sau.

4%@

n —_
Ni(x) =TI u_

k=1 (Xj — Xp)
k=i

T

(X = x7) (X —'Xg) ... (X = Xj _ 1) (X = Xj41) ... (X — Xp)

G

Hay N;x) = 

(5.29)
(% — x1) (Xi — X2) ... (Xj = Xj-1) (Xi — Xj+1) ... (X1 — Xp)

trong d6 n: s6 nit cua phan td hay s6 bac tu do cua vecto {q}.
x;: toa dd cua nit
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Thi du: Tim Na(x) cia phin t& bic 3 (hinh 5.6)

» X3 = —, x4 = 1

Cdc nit c6 toa d6: x3 = 0, x = 1
' - 3 3

Si dung (5.29) .
4
n (x — xp) _ (x - x1) (x — X3) (X ~ Xyg)

k=1 X2 —Xp) (%2 — X1) (X2 — X3) (X2 — Xg)
k=2
Thay cdc toa d6 mit vio, ta cé.
2]
(x - 0) (x——‘) x -1
Ny(x) = 37 =9i(1—§i)(1—i)
: 1

G656

2. Trong hé toa 46 tu nhién:

Ny(x) =

Nhu trén dd thdy, ham chuyén vi cda phan ti 1 chidu trong bai todn bi&n dang
doc truc dugc xém nhu t6 hgp tuyén tinh cia cdc ham dang hay ham ndi suy
Lagrange -

n
u, = 2 Niy; = [N] {q}e (5.30)
i=1
trong dé N; la edc ham ndi suy tuong ing nit .
Trong hé toa d6 tuy nhién thi N; dugc bi€u dién theo 2 toa d6 ty nhién
L; vaLy khéng doc lap nhau. Vay cing cé thé thdy ring u, cing dugc biéu dién
theo 2 toa d0 tu nhién nay. Vin dé la ta sé tim cdc ham néi suy theo cdc toa do
tuy nhién. Véi phén tz tuyén tinh, dang téng quit cia cdc ham ndi suy tuyén tinh
trong hé toa d6 ty nhién la:
N;=af’ L + o Ly (véii = 1,2) \/ : (5.31)
o] day a(li) va ag) la cdc hing s6. ,
Cac hing s6 nay sé dugc xdc dinh ti diéu kién bao dam tinh chit (5.28), tuc
1a didu kién N; phai cé gid tri biing 1 tai nit i va bang 0 tai cdc nut khdc.
Hay:

1 taindti

N; (5.32)

"o tai cacnutj # i
Cu thé vdi phan t& tuyén tinh nay ta cé
1 tainitl(Ly=1,Ly=0)

N, =
Y710 taindt2(@L;=0,Ly=1)
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S dung (5.31) ta nhan dugc hé phuong trinh d§ tim ofP va o’ nhu sau:
l=a31).1+a9).0 a&1)=1 ‘

‘0=asl).0+a9).1= a£1)=0
Vay theo (5.31): Ny =Ly
Tuong tu, tim Ng tu didu kién
1 tainit2(L;=0,Ly=1) 9
0 taimitl(Lyj=1,Ly=0)
Va ta c¢6 hé phuong trinh xdc dinh of® vaof? 1a
1 =a$2).0 +a§2) 1 a§2)'____ 0

=>
0=a§_2).1+a§2).0 a&z):l
Vay ma trdn cdc ham ndi suy trong phén td nay la
[N] = |L; Lg
K&t qua nay cung di duge ching minh ¢ bai 5-1 :
Vdi cach nay ching ta cing tim dugc cdc ham ndi suy cia cdc phiin td bic cao.
Véi phian tiz bgc 2, nhu di bigt ¢ cdc muc trude, ham chuyén vi u, la

N2=

=Ny = Lo

uj
ue = [N] {q} = [N1 N Ns] uz o 533
) , us
€

trong d6 cac ham ndi suy Ni, NavaNg la
cdc ham ndi suy bac 2 tuong Ung cic niit n1 n.2 ‘ n.3
1, 2 va 3. Trong .hé_ toa d0 tu nhién cdc (:0) _ (;‘f) (31)-
nit nay cé toa d6 nhu chi ra trong hinh z
5.7.

Ham néi suy bac 2 cia nit i trong hé
toa 46 tu nhién duge biéu dién ¢ dang téng
quat nhu sau: -
Ni=aPLi+a Ly+aPLiLy (=1,23) T (5.34)
Pé tim N; ta s& dung didu kién (5.32)
r1 taindtl (Ly=1,Ly = 0)

Hinh 5.7. Phan t@ 1 chiéu bac 2 vdi céc toa
do tu nhién

Ny =1{0 tainit2 (L1=1,L2=l)
2 2
0 tainit3(Ly=0,Ly=1)

St dung (5.34) diéu kién trén cho ta hg¢ phuong trinh dé xdc dinh cdc hing sé
D (=12 3
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' 1 a 1 '
1-=a(1).l+a§).0+a5)1.0 a(11)=1

‘ _a&n &1) 1 a&l)_l=,<a§1>=o
4

0=a31).0+a§1).1+agl).0 _a§1)=_.2
Thay vao (5.34), ta cd:
l{; N1=L1-—2L1L2
Vi L;+Ls = 1 nén c6 thé viét
Ni1=L1@L; - 1)
Bang cich tuong ty, ta tim duge Na va N3. Tém lai
Ni=L;@L; - 1)

Ny =41L; Ly (5.35)
Ng=Lg 2Ly~ 1)
Trong phdn twz bdc 3, ham chuyén vi u, la xép xi bac 3 va 1a t6 hgp tuyén tinh
cua cdc ham dang bac 3 nhu sau
= [N] {q}, = |[N; Ny N3 Ny {q}¢ :
trong dé cdc ham ndi suy bac ba N; dugc biéu dién trong hé toa d6 tu nhién,
c6 dang téng quat .
N = a{’L; + of L2 +a§,) LiLo+aP 12 L, (vii = 1,2, 3, 4) (5.36)
Cdng tuong ty nhu trén, tuc su dung ditu kién (5.32), thi Ung véi mbi nit ta
sé c6' 1 hé phuong trinh dé xdc dinh cdc hing s6 a}i) cua ham Nj tuong ung nit dé
v4i chd ¥ riang toa d¢ tu nhidn cda cdc nit 1a. '
mit 1: L;=1,1,=0

nit 2: Ly == ,1Lg =

p—- coim

LN |

nut 3: L1=—,

V]

mjt4:L1=0,L2=1
Cubi cung, cdc ham ndi suy N; bac 3 cda phén td 1 chidu la:
1

9
N1=L1(1——L1L2)
9 |
9 ‘
Ny=-2L,Lo(l-3Ly
9

: - (5.37)
Ng=911Lp (1 —ELI)
2

Ny = —-z-Lle(l—LD

3
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§5.3. PHAN TU TAM GIAC BAC CAO TRONG HE TOA DO TY NHIEN

Nhu da biét trong chuong 4, trong bai todn phéng cia dan hdi, trudng chuyén
vi cla phén td tam gidc trong trudng hgp don gian nhdt dugc xdp xi bdi cdc da
thic tuyén tinh nhu sau: '

Vu a) + agx + agy 1xy 000
{u}, = = _ = {a}
v|. a4 + agx + agy 0001xy

Hay, dugc biéu dién qua vectd cdc bac tu"do_ cia phan tu {q}. nhu sau

u N; 0 Ng 0 Ng|- - _
~ e R o8 R :
_ N6i cdch khéc, cdc thanh phan chuyén-vi u (theo phuong x) va v (theo phuong
y) 1a t6 hop tuyén tinh cia cdc ham dang (ham ndi suy) N; tuygn tinh nhy sau:
' 3 : 3 e
: u=ENiui‘ va - ,V?E-_Nivj.- |

Hay viét ¢ dang gon hon: u = [N] {qu}e “va v = [N] {qv}e (5.39) -

o day chud y 1a [N] = [Nl' Ng N3]' I tap ‘hgp 3 ham ndi suy tuyén tinh |
| ur | - - | | | |
{qule = {uz . la vecto tap ho'p céc chuy.éh .vi‘n_lit'the"o phuong x cua phan tud
e

r

vl

{qvle = {v2 ¢ la vecto tap hop cdc chuyén vi nit theo j)hu’dng y cua phan ti

v3
L " Je

Trong hé toa d6 tu nhién (toa d6 dién tich), ‘cdc ham néi suy tuyé'n tinh N;
tuong ung nit i (i = 1, 2, 3) c6 dang tdng quit san: '@
N;=aP Ly +af Lg+aP Ly (1=1,273) (5.40)
Viéc xdc dinh cdc hing s6 a&i) , ag) va ag) hoan toan tuong tu nhu da trinh bay
trong cdc bai trén, tuc la bang cdch s dung diéu kién gid tri cia N; phai bing 1
tai nit i va bang O tai cdc nit con lai (5.32) thi ta sé nhén dugc mdt he phuong
trinh don gidn dé xdc dinh cdc hing s6 aj(i). ' '

Thi dy, dé tim Ng, ta sit dyng digu kién (5.32)°

/
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1taimit2(L; =0,Lp=1,L3=0)
Ny = {0tainitl (Ly=1,Ly=0,Lg=0)
|0 tainit3 Ly =0,Lp=0,Lg=1)
Tit day c6 hé phuong trinh tim cic «®

1 - @ 0+a@ 1+ o .0 'agf*) =0
10=0cP . 14+aP .0+ . 0={aP =1

® 0=aP.0+afP.0+aP.1 [aP=0

‘Thay cdc «@ vao (5.40) ta duge: Ng = Lg

Tuong tu’, ta cing cé Ni=L, (5.41)
N3 =Lg
K&t qua nay cing dd nhan dugc ¢ bai 5.2. _
Vdi phan tiz bdc 2, cdc ham chuyén vi sé dugc xdp xi héa bing cdc da thdc bac
) Dang téng qudt cGa cdc da thuc bic 2 nay cé thé thdy tir tam gidc Pascal nhu
sau, :

u(x,y) =aj +agx +agy +a,xy + a; x2 + a(;y2

v(x,y) =a7 +agx +agy + ajoxy + a11x2 + alzyz
Nhu vay, dé thdy ring dé bdo dam viéc néi suy cdc ham chuyén vi thanh phan
theo cdc chuyén vi nit ré rang la ngoai hé¢ théng 3 diém mit chinh (nit 1, 2 va 3)
tai cdc dinh tam gidc, thi nay cin dua vao hé théng 3 mit b6 sung (mit 4, 5 va 6)
tai diém gi®a cdc canh phan t&. Toa d6 cia hé théng 6 nit nay trong hé toa do
vudng goéc ya toa do dién tich dugc cho trong hinh 5.8 a. Biét ring quan hé gida
cac toa d0 Wy d4 cho trong cong thuc (5.9) hodc (5.10)

\ 1 1 1 11 |Ly
x = |X1 X2 X3 | {Lg
y Y1 y2 y3| |Ls

Khi nb6i suy cdc ham chuyén vi thanh phan theo cdc chuyén vi nut tugng ung,

ta dé thdy ching la cdc t6 hgp tuyén tinh cia 6 ham ndi suy bac 2 va cé thé dugc
bi€u dién & dang sau.

6
ux,y) = 2 N;yu; = [N{qy}e \ (5.42)
i=1‘
6
v(x,y) = 2 N;v; = [N] {q,},
i=1

(0] day:
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Hinh 5.8. Phtin tif tam gidc bgc 2: a. Céc niit va toa dd dién tich céc nit;
b. Db thi cic ham dang bbc 2; c. Mat bidu dién ham x8p xiu

{qu}e = {u; uz us wy us us}T-lé cdc chuyén vi thea phuong x cta cdc nit phan td
{gvle = {vi v2 v3 v4 v5 vs}T la cac ch_uyé’h, vj:.t'heo phiidng.y cua cdc nit phin td
[N] = [N; Nz N3 Nj N5 Ngl la ma tran cdc ham dang hay cdc ham ndi suy
Cic ham ndi suy bac hai N; tuong @ng nit i (y'c’ri i=1, 2,;,., 6) trong hé toa
. 40 tu nhién cé dang: _' o B o 4
N;i =o)Ly + afLo + afPLa + oLy Ly + oLy La + o)L Ly (1=1,2,..6) (5.43)
Viéc xdc dinh cdc hing sd oD t'rong (5.43) da trinh bay & trén. -
Thi dy; dé tim Nj ta sit dung digu kién (5.32), tuc la
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|1taimitl (Lyj=1,Lys=0,L3=23)
Otainit2(L; =0,Le=1,L3=0)
Otainit3(L;=0,Ly=0,L3=1)
|0taindt4 (L, = 112, Ly = 1/2, Ly = 0)
0tainit5 (L; =0,Le = 1/2, Ly = 1/2)
[0taimit6(L1= 1/2,L, =0,Ls = 1/2)

~ S¢ dung (5.43), ta nhan dugc -hé phuong trinh xdc dinh cdc hing s6 o sau

( B
1=a§1) ’
0=“§1)" a§1)=0 '
. b _

lo=2oelop, il o <a§, 0

2 2 4 as1)=_2
0=“1"a§1)+l‘1§1)+.1_a%1) a%1)=0

2 2 4 N |
0=l“31')+la§1)+la§,1) . ag) = -2
1775 - .

Thay vao (5.34), ta dugc Njy , 4 ,

N;=L;-2L;jLy~2LjLg=L; (1 -2Ly - 2Lg) = L; [1 - 2(Lg + Ly)]
Vi Li+Lo+Lg=1nén Log+Lg=1-1,4 k
Vay:  Nij=L;j2L; -1

Tuong tu cdng tim dugc cdc N; khdc. Tém lai

'N; = L; 2L; - 1) (véii= 1, 2 8

w  |Na=4 L; Ly .. 544
N5 =4 L2 L3 ) '
Ng=4L3L,

Cdc mit éong. bac 2 biu dién 6 ham ndi suy dugc cho trong hinh (5.8b). Hinh
5.7c minh hoa mit cong bi€u dién ham x4p xi chuyén vi u bac 2 cda phan tu.

Vdi phién tit tam gidc bdc 3, hinh 5.9 cdc ham chuyén.vi u, v cia phian td dugc
x4p xi bang cic da thuic bac ba cé dang

u(x,y) = al+a2x+a3y+a4xy+a5x2-0?a6y2+a7x2y+a3xy2+agx3+a10y3

vix,y) = @11 +a12X + 213 + 814Xy + 815 X° + a16Y° + a17X°Y + a1gXy° + a19X° + a0y
Hay cdc chuyén vi nay 12 cdc t6 hgp tuy&n tinh cia hé théng 10 ham n6éi suy
bac 3 nhu sau.
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10

ux,y) = 2 Njy; = (N1 {q,}e | (5.45)
i=1l
10 :

v(x,y) = 2 Njv; = [N] {QV}e

. i=1
Trong d6 N = [Nl Ny Ng ... Nlo]

V6i N; 1a ham ndi suy bic 3 tuong ung nit i (véi i = 1, 2...10) va trong h¢ toa
d6 dién tich, dang tdng quat cia né la -
’ = aﬁ) L1 + ag) L2 + ag) L3 + aa) L1 L2 + ag) Lo L3 + a%) L3 L1 + a%) L1 L2

+af L2Lg+ o LZL, + o} L, Ly Lg o (5.46)
Clng tuong tu trén, ta d8 dang xdc dinh dugc cdc N;.

N; = lLi(3Li— D@L -2) (véii =1, 2, 3)
2 ' :
9 ' :
Ng==L;iLgBL;1 - 1)
. 2 o
9 ,
Ns==L;LaBLg-1)
2

CNeg=2LyL3BLy- 1) (5.47)
2

Np=21yL33Ls- 1y
2 |

Ng = gLa LiBL3-1)
2

Hinh 5.9. Phan ti tam gidc bac 3 9 :
Ng==-L;jL3 3L; - 1)
2

Nig=27L; Ly Ls

Thi du: Tim ma tran d6 cing phan t& tam gidc tuyén tinh ma cdc ham noi 'suy
biéu dién theo cdc toa d6 dién tich L;, Ly, Ly "

Nhu da biét & chuong 2 va chuong 4, trudc hét chn tim ma tran bign dang [B]
. [B] = [a] [N} (1)
g day:
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aoox 0O

N; 0 Ny 0 N
Pl=|0 oy |va[N]=]| ' 2 7 78

0 N1 0 N2 ¢

8/dy olox
Hay: _ .
T .
ax ox ax
(B] = o . M o M N 2)
ay ay ay
N, N, Ny N, N3 Ny
I ax 3y X 3y x
aN; . 9oN;
Tim cdc — va—— (vdi i = 1, 2,.3):
X ay
‘St dung (_5.1)’v‘a (5.12)
a aN;
2 b ——yki——‘ (,j k=1 > 2 > 3)
ax 1aL ax 1240 oL
St dung (5.41). ViN=L(i=123)
a N; 1 vdi 1=
9 L_, 0 vl i=j
a Nj
Vay: —_l=i yjk(vdll.),k=1—>2->3) - 3)
. ax 2A - o
« aN; aN; oL : . :
Tuongty, =3 “0 2 b o1y (it k=1+2-3 @
ay j=1 3]-5 oy 2A 2A '
trong d6: x;; =x; — Xj VA yjj =¥i R/
Thay (3), (4) vao (2), ta c6 ma tran [B].
| vz 0 ym; 0  yi2 0
Bl=L1| 0 -Xxs 0 -x1 0 —X@ (4)
2A

~X23 Y23 —X31 Y31 —X12 Y12
~ Va theo (4.23) ta xdc dinh dugc ma trén d cung phan td [Kl:

[K]e f (1" (D} [BldV = t [B]T [D](B] f da = At [B]" [D] [B]

E

Thu’c hlén phep nhén ma tran, ta nhin dugc ma tran [KL nhu da cé trong bai

1+-2 (thay cdc chi s6 nit i, j, k bing 1, 2, 3)
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§5.4. PHAN TU 3 CHIEU - KHOI'TU DIEN

Nhu di trinh bay trong bai 5.1, trong bai todn 3 chigu, phin t khéi tud dign
4 diém nut 1a dang phan t& don gidn nh4t. Cdc thanh phan chuyén vi theo 3 phuong
x,y va z dugc xip xi biing cic da thuc tuy&n tinh va dugc nodi suy theo cdc chuyén
vi nit cia phn t& nhu sau:

4 v
e (x,y,2) = 2 Njy; = [N] {qq},
. i=1 ‘
4
v, (x,y,2) = 2N v; = [N] {q,}e
i=1
: 4
we (x,7,2) = 2 N; w; = [NT {qy}e
i=1 *

Gday [N] = [Nl Ny N3 N4] |
Trong hé toa d0 thé tich, cdc ham ndi suy tuyén tinh N; da dugc trinh bay
trong bai 5.1 va la: . ' o '
N=L  (=1234 o (5.48)
Con trong phan td khéi ti dién bac 2 vdi 10 diém mit (4 mit chinh tai céc
dinh khéi, 6 nit con lai tai cdc diém gita cia 6 canh bign khéi tud dién phan tu.
Hinh 5.10b). Cdc chuyén vi thanh phan la cdc t6 hgp tuyén tinh cia 10 ham noi
suy bac 2 tuong ung 10 diém niit cia phan td. Thi dy, d€ cho gon, ta chi xét tdi
thanh phan chuyén vi theo phuong truc x tuc u, (x,y,z)
10 _
U (x,y,2) = 2Ny = [N1 Nz N3 ... N1o] {aute
S i=1
Cédc ham noi suy N; la bac 2 va trong hé toa dd thé tich la
Ni=Li@Li-1) (=123 4

. 4 N5=4L; Ly
w  Ne=4lglsg
3 8 . Np=4L3gL,
3 .
Ng =4 L; Ly
1 6 !
Ng=4LgLy
- /
2 | : Nio=4LzLy

) . )
Hinh 5.10. Phtn ti khéi ti2 dién:
a. Phén ti tuyén tinh. b. Phtn tit bgc 2

139



§5.5. PHAN TU HAI CHIEU DANG TU GIAC

1. He toa d9 tu nhién va cdac phan tir “serendipity”

Hé toa 46 tu nhién cho phan t& tu gidc la 1 hé toa d6 dia phuong sao cho cdc
truc r va s cia né di qua cdc diém gida cla cdc cip canh d6i dién nhau. Cidc canh
nay dugc xdc dinh bdi phuong trinh r = +1 va s = =1 (Hinh 5.11). Khi d6 diém
P bt ky thudc phan tit c¢6 toa do (x,y) trong hé toa d6 vudng géc téng thé sé cé
toa dd (r, s) trong hé toa dd tu nhién. Céc toa d6 ty nhién nay la khong thi nguyén
va c6 gid trj trong khoang tit - 1 dén 1. Quan hé gida cdc toa dd vudbng géc va tu
nhién nay dugc xdc dinh nhu sau.

-
x1
4
X2
x = 2N (1,8 %; = [N1 Ny N3 N4] I (5.49)
SR ' X3 '
i=1 . .
| Xq | (‘2'4}
y1
4 : ~ /
y2 . -
Y=2Ni(r,S)Yi=[N1 N2 Nj N4]‘ ’ kz )
~ y3
171 .
Y4 o '
trong 64:, y;) 1a toa d6 vudng géc cua nut-i (i =1, 2, 3, 4) trong hé toa do tdng thé
N@r,s)h=2Q+rr)(L+ss)  (=1,234 (5.50)
4 - (3-1)

V@i (r;, sp la cdc toa d6 ty nhién cua nit i va cu thé dé thay la (r;,s;)) = (-1,
'1‘), (I‘2,S2) = (1, '1)’ (r3,53) = (1, l)vé (I‘4,S4) = ('1, 1) v

Nhu vdy néu ham f la ham cia cdc toa d6 ty nhién r va s thi dao ham cda né
18y ddi vdi x va y la: . :

o oA
Jax = [J]—l Jr
of of
dy 0s ‘
'Véi [J17! 1a nghich- ddo cia ma trin Jacobi cda phép d6i bién va_ )

X1 y1
] = ox/or dyfor | 1 |— (1 —s) (1-s) (1+s) ~(1+s) X2 y2
Tolexlos ayles| 4 |-(1-1) -Q+n A+ (-0 |x3 y3
" ) o |%a ya
Khi d6, ciing nhu bai 4.3 vdi he toa d6 vudbng géc, cdc chuyén vi thanh phan
theo cdc phuong x va y la u(r,s) va v(r,s) cia phan t duge xdp xi héa bdi cdc ham
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song tuyén tinh c6é dang nhu sau, chdng han véi chuyén vi u(r,s)

u(r,s) =a; +agr+ags+ayrs =[1 r s rs]{q} (5.51)

Néu goi {qy}e = {u; ug ug u4}T 1a tap hqp cda cdc chuyén vi theo phuong x
cGa céc nut phan t& thi tit ditu kidn dong nhat cia né vdi cdc gid tri cda ham xdp
xi chuyén vi u trén 14y dng vdi cdc toa do tu nhién cia cdc nit (hinh 5.11) nhu
sau

2(z,.4,)

Hinh 5.11. Phéan t tié gidc va céc hé toa dd tw nhién (r,s) va tdng thé (x,y)
. AN

191 u(-1, -1) 1 -1 -1 1] |2

e = juz| _ |ua, -1) 11 -1 -1 |az] AT
ug u(l, 1) 1 1 1 1 ag :
ug. u(-1, 1) L=l 1 -1 sy

va ma tran [A] ¢ nghich dao [A]_l1 Ia

1 1 1 1]
_ -1 1 1 -1
ajl=1
4 -1 -1 1 1
| 11 -1 1 = |
Tir d6 ta c6 thé biéu dién vecto tham s& {a} theo vecto chuyén vi nit {qy}e

{a} = [A] Hayke _

Thay {a} vao (5.51) ta biéu dién dugc ham chuyén vi theo phuong x theo vecto
{qule ' |

u(r,s) = [1 r s rs] LA Yqyl, é-3>

u(r,s) = [N {aule 6.52)

trong d6 [N]: ma tran cdc ham dang (hay cdc ham ndi suy) theo hé toa do ty
nhién :

Hay:

INl=[1 r s rs][A]"}
Hay
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- -

14 14 U4 U4
-1/4 14 s -1/a
-1/4 -14 14 14
/4 -14 14 -1a|

-

[INN=[1 r s rs]

va ' INl= [Nl Ny Ng N4]

Véi Ni=l(+rr)Q+ss) (vii=1,2 3, 4)
4

_trong dé6 (rj,s;) la toa d6 tu nhién cda nit i.

Hay cu thé hon:

N1=l(1—r)(1—s)
1

N2=l(1+r)(1—s)
4 .

) (5.53)
N3=i(1+r)(1+s) Q-w)
N=la-na

4= Z ( r) (1 +s)
Po thi biéu dién cdc ham dang hay ham néi suy nay ¢ hinh 5.12.
g M b
3 N, 3
1 o 3
1
) 1
| ’ 2
2

Hinh 5.12. Phan tu ti giéc va cdc ham dang

Véi phan ti ti dién bac hai, cdc ham chuyén vi dugc x4p xi héa bdi cic da

thic bac hai trong hé toa do ty nhién nhu sau:
u(r,s) = a; +agr +ags +a4r'2+a5rs+a6s2 +a7r25 +a8rs2 (5.54)

Hay u(r,s) = [1 rs 2 rs s2 rs rsz] {a}. 1&3)

Céc s6 hang r° va s® khong ¢6 do ydu chu cia tinh ding hudng hinh hoc da néu
trong chuong 2.
~ Phan td tu gidc tudng ung xap xi (5.54) ¢ 8 diém nit, gom 4 nit & cac dinh
tir gidc va 4 niit la cdc diém gida cdc canh bién phan t& (hinh 5.13). Trong hé toa
d6 tu nhién dé dang xdc dinh dugc toa d6 cdc nit va dugc biéu dién trén hinh 5.13.
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5/ .
x (0,-1)

Hinh 5.13. Phén ti tiz gidc, 8 nut. Toa dd ty nhién cia cdc nit

Dé tim cdc ham dang cho phan tu nay. Cing theo cach di dd néi & trén, tuc
la tot didu kién dong nhdt gita cdc bac ty do 1a chuyén vi theo phuong x cua cac
nit vdi gid tri ham x4p xi (5.54) tai cdc mit phan td nhu sau.

uy , ‘
u(_lv _1)
up
u(l, -1)
us u(l, 1)
(e =1 " CCLD A ey
= 4 > = 4 = a
Qule us u(0, —1)
U6 u(l’ 0)
ur u(o0, 1)
u(—l: 0)
. Us .
Vdi ma tran [A] la
1 -1 -1 11 1 -1 . -1
’/’/—> 1 1 -1 1 -1 1 -1 1
1 1 1 1 1 1 1 1
[A] = v
1 -1 1 1 -1 11 -1
1 0 -1 0 0 1 00 .0
1 1 0 1 0 0 0 0
1 0 1 0 0 1 0 0
1 - 0 1 0 0 0 0
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Véi nghich déo cia [A] d& dang nhan dugc (vi [A] la ma tran s8)

4 -1 a1 a2 2 2 2
o o o o o0 2 0o -2
o 0 0 0o -2 0 2 0
art=1 11 1 1 -2 o -2 0
4 1 -1 1 -1 0o o 0 o
1 1 1 1 o -2 0 -2
1 -1 1 1 2 0 -2 o
11 1 a1 0 -2 o 2|
Vay  {a} = [A] Hauke . |

Thay {a} vao (5.54), cudi cling ta c6 biéu thic quen thude
: u(r,s) = [N] {qy}e

Vdi IN] = [1 rs 2 rs 82 r’s rsz] (ar?

Thyc hién nhidn ma tran, cudi cing ta nhan dugec ma trin cdc ham dang

[N]= Nl N2 ..... Ns]
6déy:
Ni=i—(1+rri)(1+ssi)l(rri'+ ss; — 1) (v&ii=1,2,3,4)
Ny =L11-r3q
5=-2-( — 1) (1 +s8p)

1 2 ' ‘

INg==1Q +rrg) (1 =59 (5.55)
2 , . ' :

| (-0
N7=~1—(1—r2)(1+ss7)' ’
.2 .

N’8=-1—(1 +rr8)(1—sz_) ,
2

L

Hinh 5.14 gidi thiéu d6 thi cia ham ndi suy tudng Wng mot nit géc va mot niit

trén canh bién phan tif tu gide, 8 nit.

Hinh 5.14. Ham dang N, va Ng
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(4nut)

(12 nit)

Hinii 5.15. Tan; gzac Pascal va céc phan ti Serendipity.

Tuong tu vdi phan tu bac vira néu ¢ trén, ¢ phan ta serendipity bac ba véi 12
nit ndm trén bién va cdc dinh phan tu, theo tam gidc Pascal (hinh 5.15), cdc chuyén
vi theo cdc phuong x,y cua phan td duge xdp xi héa bdi cdc da thudc bac ba trong
hé toa d6 tu nhién cé dang - '

u(r,s) = a; +agr +a3s+a4r2+a5rs+a6s2+a7r? +a_8r2s+agﬁrs2

+ ajg r3_ +apq r3 s + ajg rs® v (5.56)

(t~2

Hinh 5.16. Phén tu ti¢ gidc bac 3 va céc nit.
Va néu bi€u dién theo cdc chuyén vi nit phan tu, thi ¢6 thé viét & dang
u‘(r,s) = [N] {qu}e

vir,s) = [N] {qyte

trong dé [N] = [Nl No N3 ..... Niz]

v6i Nj 1a ham dang hay ham noi suy bac 3 tuong uding nit i

Viéc tim cdc hém‘;;daﬁg bac ba nay dé néi ¢ trén. Cac ham nay nhu sau:

Vdi cdc nut dinh td . gide, i = 1, 2, 3, 4:

¢
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N; = _1_.(1 +rr) (1 + séi)'(9r2 +95% - 10)
32

V@i cde nit i = 7, 8, 11, 12. ' (5.57)
N; = i(1 +rrpd - sz)(l + 9ss;) : (7- b
32

V6i cdc nit i = 5, 6, 9, 10
N; = 595(1 +ss) (1 —r2) 1+9rr)
0 day (r;, s la cac toa 40 tu nhién cia ﬁlit i va xdc dinh dugc mét cdch dé '
dang trong hé toa 40 dia phuong rs.
2. Cac i)h‘én tir Lagrange.

Xét phan ti mot chidu & bai 5.2, dé
cé thé st dung cho viédc tim cdc ham

dang cta phan ti hai chigdu va ba chieu, x

ta cing dinh ra trén phan td 1 chiéu

nay hé toa d¢ tu nhién r c6 gfc tai di€ém '_—_fl:l S r
gi®a phan td va sao cho toa d0 r cua nt 0 n2

cac diém trén phin ti-sé cé gid tri (re-1) (re0) (r=1)
trong khoang tir ~ 1 dén 1. (Hinh 5.17). , + 7 —+

Khi dé toa do tdng thé x va toa do
tu nhién r cia diém bat ky thudc phan
td c6 quan hé duge xdc dinh nhu sau. Hinh 5.17. H¢ toa do t nhtén voi
i : phén tw 1 chiéu.
2°(x — xq) ,
r=--—— -
1 .
St dung cong thuc (5.29) hoac (5.28), dé& théy ring cdc ham ndi suy Lagrange
b&c n tuong ung nit i trong hé toa 49 tir nhién cé dang: -

1

n r—-r
N=fm=n - (5.58)
k=1 (Ti = Ty)
R k=i) _
O day r; 1a toa d6 tu nhin cdaniti (i = 1,2, ... n + 1)
S¢ dung (5.58) ta c6 cdc ham ndi suy cia cdc phan td 1 chidu nhu sau:
Véi phan td tuyén tinh 2 diém nit (hinh 5.17)
(r -1y -1 _1
Ny(r) = fy(r) = = (’1' i -~a-n
r1=r) ~1-=() (5.59)
r-r
Nz(l'):fz(r)= ( 1 = (r+1) =l(1 +£} b ) .
7 (rg—ryy 1-(-1) 2 ;’ ,f.'
Véi phan ti bac 2 (3 diem mit\ ) A s

s
)

i
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Ny@) = fy(r) = é’ r-1

r {Ng(r) = fipr) = (1 = r2) | (5.60)

[ —— ~@
7 3

2 ,
(Fe-1) (r=0) (r= 7) Na(r) = fa(r) = = r r+1
2

!
VéGi phén tu 2 chféu dang tud gide, cd¢ ham ndi suy Lagrange cung co thé tim
dugc d& dang bﬁng cdich nhin cdc ham Lagrange mét chidu theo 2 phuong r va s

nhu sau: ‘
N;(r,s) = f(r) fi,(s) . - » " (5. 61)

trong d6 chd y cdc chi s§ a, b phai la tuong ﬁng véi cdc nut a, b cia phin td 1
chidu :
Véi phan td td gidc song tuyé'n tinh (4 nut) Hinh 5. 18.

. 4 f : 3 g.2
g-é b-Z 2
) 0 +h r a r 5

R
[ ]

~
N

o0
)
SN

Hinh 5.18. Phin ti ti giée 4 niit.

Theo (5. 61) sd dung (5. 59) va hinh 5.18, ta d& nhan duge cdc ham dang song
tuyé&n tinh trong hé toa d¢ tu nhién (r,s) nhu sau. :

" Nl(r,s) = fy(r) . fy(s) = Z 1-n@ad-s
" No(r,8) = fj(r) . fi(s) = 1 ad+nd - 8) |
4
Na(r,e) = fo(r) . o) = (L + 1) (L +5) (5.62)
4 '

N4(r,s) = fl(r)‘. fa(s) =% 1-1r)(1 +5s)

K&t qua nay gidng nhu két qua (5.53) dd nhan dugc ¢ trén.
VéGi phan td tud gidc bdc hai (phin ti 9 mit) nhu hinh 5.19.

Thay cac ham ngi ‘sqy Lagrange 1 chidu bic hai trong (5.60) vao céng thic
(5.61) vGi cdc chi s3 a, b thich hgp cho trong hinh 5.19, ta d& dang tim dugc 9 ham
ndi suy Lagrange bac hai cho phin ti¥ 9 niit.

o
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Hinh 5.19. Phén ti ti gidc, 9 p.u’t va cdc chi sé a, b thich hop.
Ni(r,s) = ‘fl(r) fy(s) = irs r-1(¢s-1)
No(r,s) = f3(r) .'fi(s) = irs r+1)(s-1
Nj(r,s) = f3(r) . f3(s) = irs r+1+1D
Ny(r,s) = fi(r) . f3(rs) = irs r-1His+1
Nj(r,s) = fo(r) . fl(g) = é—s a - rz) (s-1 : (5.63)
Ng(r,) = fa(r) . fo(s) = ér r+1) -s?
Nr(r,s) = fo(r) . f3(s) = —;—s 1- r2) s+ 1

Ng(r,s) = f1(r) . fa(s) = % re-1d-s)

Ng(r,5) = fo(r) . fy(s) = (1 - r2) (1 — s?)
Ham chuyén vi thanh phan trong trudng hgp nay dugce xdp xi bdi da thic dang

u(r,s) = {1 r s 2 rs s ‘r2s r32 r2s? {a}

T
V@i vecto cdc tham s6 {a} = {al ag ag... 312}

Véi phan td tud gidc Lagrange bac ba cing thuc hién tu. Pa thyc xap xi
clia cdc chuyén vi thanh phén c6 thé thay ¢ hinh 5.20.
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Phin té song luyen ( 4nit) //\
Phdn t boe 2( 9”:)‘
Phan Lo béc 3 (16 nit)
o B

Hinh 5.20. Phan tu Lagrange va tam gidc Pascal.

§5.6. PHAN TU DANG THAM SO.

1. Phan ti& déing tham s3.

Trong phuong phdp phan ti hdu han khi mién khdo sdt la dudng cong hodc cé
bién la cdc dudng cong, mit cong thi néu chi si dung cic phan tir 1 chiéu thing,
cdc phan td 2 chidu dang tam gidc, td gidc hay cdc phan td 3 chiéu dang khéi bén
miat, khdi sdu mat thi khong dd bao dam d6 chinh xdc cda k&t qud. Diéu nay da
din dé&n viéc xAy dung va phdt trién cdc phan td ¢é dang hinh hoc bat ky hon véi
cdc bién la dudng cong hay miat cong. Cdc phan td nay dugc goi la phan ti cé bién
cong va thudng dugc goi la phan tit dang tham s6 (izoparametric element).

Khdi niém vé phan t& dédng tham s6 dua trén co sd phép bidn ddi mot phan tit
dugc goi la phan td chuidn (master element) trong hé toa d¢ ty nhién thanh phan
td thuc tuong Ung c6 dang tuy y hon tro.ng hé toa d0 vudng géc nhu cac thi du
trong hinh 5.21.

Nhu vay phai ¢6 mdt méi quan hé gita toa d6 1 diém P(x,y,z) b4t ky thudc
phan td thyc trong he toa do vubng géc tdng thé xyz va diém tuong ung P’ (r,s,t)
thuéc phan td chuéin trong hé toa do ty nhién dia phuong rst. Néu phan ti c6 n
nit thi m6i quan hé gitda cdc toa d6 nay dugc vi€t nhu sau.
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Hinh 5.21. Céc phén té ddng tham s6 va phép bién dbi.

n .
x =2 N’j (r,8,t) x; = N’y x3 + N'gxg + ... + N xp, = [N'] {x,},
i=1 "
n :
y=2IN sy = N1y + Ngyg + o+ Npyx, = INT{yple (564
i=1 '
n
"oz = EN sz =Nz + Nozg+ .+ Nz = [N;l{zn}e
i=1

tl\'ong'déz {Xn}e s {¥n}e, {Zn}e 12 cdc vecto toa dd cdc mit phan ti thuc trong hé toa
dé vubng géc téng thé. - \

Con [N’} 1a ma tran cdc ham dang cia phan t chudn dugc biéu dién qua cdc
toa d0 ty nhién r,s,t. Cdc ham [N’] con dugc goi la cdc ham ndi suy toa d¢. Cac
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ham dang [N’] dugc dung trong phep bién d6i (5.64) giip ta xdc dinh dang hinh
hoc cia phén td thyc n nit trong hé toa d¢ vubng goc.

Nhu ¢a néi ¢ cdac bai trén, trong phu‘o‘ng phap PTHH, khi da blét ciac chuyén

vi mit phin &, tdéc biét (uy, vy, wy), (uz, vz, w2, ... Uy, Vo, Wy) . hay biét
{qule , {Qy}e~va {gwle thi c6 thé xdc dinh duge cdc chuyén vi thanh phan u, v, w
tai mot diém bat k¥ thudc phin tui nhd vao cdc ham dang hay ham néi suy chuyén
vi [N], bing cdc quan hé quen thudc sau:

n - :

u= 2Ny = Nl {que
i=1

v=2Njvi=[Nl{g}. | N . (5.65)
i=1 ‘
‘n . .
w =2 N;w; = [N] {qule
. i=1 '

Néu trong phép bién d01 (5 64) cac ham ndi suy toa do [N’] la d“ong nhat vdi
cdc ham néi suy chuyén vi [N] thi phan t du‘cc goi l1a ding tham sé (izoparametric
element) tuc Ia khi dé —

n .

x = 2 N;x; = [N] {xp}e
i=1
n i

¥y =2ZNiyi= [N {y)e | (5.66)

i=1
n T

z = 2 Njz; = [N] {z,}e
i=1

N6i céch khdc, phan ti ding tham s6 la ph#n t& ma s6 cdc tham s6 dung dé
noi suy dang hinh hoc cia né ding bing s6 tham s6 dung dé ndi suy cdc ham chuyén
vi. Va khi dé cdc ham noi suy dung dé xép xi tru‘cng chuyen vi cing la ham noi
suy dung dé xap xi trudng toa do.

‘Trong cdc truong hgp khi sy xdp xi truong toa d6 dugc st dung cdc ham ngi
suy c6 bac cao hon so vdi trudng chuyen vi, tic s& tham s& dé biéu dién dang hinh
hoc cua phan ti la nhigu hon s6 tham s6 c¢6 mit trong cdc da thuc xap xi cda trudng
chuyén vi, thi phan ti dugc goi la phan ti “nhiéu tham s6” (superparametric
element). Véi phan ti “nhiéu tham s6” s6 nuit dung dé mé ta dang hinh hoc phan
t 1a nhitu hon s6 nit ding dé x&p xi héa trudng chuyén vi.

Trudng hgp nguge lai, khi s6 nit dung dé xdp xi héa trudng chuyén vi la nhiéu
hon s6 mit dé md td dang hinh hoc phan ti thi phan td duge goi Ia phan ti “it
tham s8” (subparametrlc element)
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Hinh 5.22. Phén tir va hé théng cdc niit khéc nhau.

£)

Nt O: d& ndi suy toa d; Niit ®: d& npi suy trudng chuyén vj
a. Phén tit ddng tham s6. b. Phln ti nhidu tham sé c. Phéan ti¢ it tham sb.

“Hinh 5.22 gidi thiéu mdt thi du minh hoa cdc loai phan tu vita néi ¢ trén cing
hé' théng cdc nut st dung trong ca hai phép ndi suy toa dé va chuyén vi. Tuy nhién,
trong thuc t& ngudi ta thudng dung hon ca la phan t& didng tham s8 bdi cung si
dung hé théng cdc nit, hé théng cdc ham ndi suy [N] trong ca 2 phép bién ddi toa
do va xdp xi trudng chuyén vi nén thd tuc tinh todn don gidn hon, dé hiéu hon.

Dé don gian, bai nay sé chi trinh bay phan ti ding tham s6 2 chidu con vdi

phan ti 3 chiéu thi ciing hoan toan tuong tu.

Nhu da biét trong chuong 2, trong cdc bai todn cd hoc vét rdn bién dang va cg
két cAu ma tran d6 cung phan td va vecto tai phan td dugc cho bdi cdc cong thic

K1, = [ (81" (D1(B1 AV
<V

€

{P}, = f[B]T [D] {eo} dV+f[N1T {ghdV + f[NJT {p} dV

V. V. S,

€ e [

(5.67)

(5.68)

V6i trudng hgp bai todn phing dang xét, cdc ham chuyén vi theo phuong x va
phuong y 1a u va v dugc ndi suy theo cdc chuyén vi nit nhu dd cho trong (5.65)

c6 thé duge viét trong dang chung nhu sau

W
uj
3 : _ g
2 Niy; :
ot Bt LN N2weNa 00 0.0 ] e
HeZ [ T n “1o 0..0 Ni Na..Nyj|v
e
|2 Niy; vy
i=1 ]
Vn
L
Hay gon hon: ,
H
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u
{u} =
v

] NI {a),

e .

Ny Ng...N, © 0..0
0 0..0 N; Np..Np
{q}e ={ujug...u, vy vy ... vn}T

Cbdn bién dang cia phan ti
£ .

G day: [Nl =

X
{e} = 1% [ =[Bliq}e
Ixy
trong dé: P -
N, Ny N, D 0
(.4 ox D4
. . N N
[B] = [a] [N] = o 0 0o N, Ny
ay oy
ay ay ay x X

aN,

X

—

(5.70)

(5.71) |

Chud y riang N; la cdc ham néi suy tuong ung vdi nit i duge bié’u dién theo cdc
toa d0 tu nhién (r,s) hay (L1, Lg, Lg) nhung trong (5.71) thi la dao ham cdc ham

N; la ldy d6i vdi bi€n x va y cia hé toa do vuong géc. Va cdc dao ham nay dugce

tim nhu sau: .
~Theo quy tdc dao ham ham hgp, ta cé
IN; ONi 2§_+ i)Ni QX

ar 9x dJdr Jy or

tuong ty nhu vay

8 ox o8 dy os

oN; oN; x ONi ay ~

—_—

( ) - 17 r
oNj ax ay aNj " JON;
Hay: or | _ |or or ffox Lo gplox |
oNj ax dy | {6Nj {oN;
‘——— - e ————— ———
| 08 _05 Js 11 0y E JL ay

3] day ma tran [J] 14 ma tran Jacobi cia phép bién ddi toa do va
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o dy
Jr

Ul = (5.73)

Jr
9
Js

Vi phan t& la ddng tham dso’, nén cdc toa do x va y dugc biéu dién nhu (5.66)
tuc la:

n
X = 2 Ni Xi
i=1
n
y=2ZN;y;
i=1
X1
X2
N JX Xn »
Hay ¢ dang ma trén = [N} ; (5.74)
[_y y1
A‘ ‘ y2
Yn

trong dé ma tran [N] c¢é dang nhu (5.70)

Tur (5.66) ching ta cing dé dang tim dugc cdc dao ham cia x va y léy theo cic
toa d0 tu nhién v va x. Va do d6 ma tran Jacobi la nhu sau.

S
n n

aN; oN;j
2 — X Z_in :

b = [ o oy Or _ 9 dae - 5.75)

PR I

-—-x: _,y- .
i=1 98 l i=1 98 l

Vi nghich _déo_Lcﬁa ma tran [J] c¢6 dang

11 | Je2 —dae I J1e
4] "= — ‘ = 1. . (5.76)
oo {7920 du | {da Ja '

Véi |J| la dinh thic cuia ma tran Jacobi va
|9] = det [J] = Jyy.dgg — dgy . d1g % 0 - (5.77)
Vay tit (5.72) ta c6 thé tim dugc cdc dao ham cia ham N;j theo x va y
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aN; |aNg | T2 J2z | e
[ oy Lo o

Chd y réng nghiclri ddo cda [J] ton tai khi c¢é sy tuong quan mét — mot gida
cdac toa do tu nhién va toa d6 vubng goc dugc cho bdi (5.66) hay (5.74). Digu kién
ndy cing 4n dinh mét han ché& nao dé d6i- véi phan tu, thi du, cdc géc trong cla
phan t& khéng nén la qud nhé-hay qud Ildn. Cing nhu can trdnh viéc bién d6i toa
dd cia 1 hé toa d0 thuan vao 1 hé toa dd nghich vi didu nay din t6i mét ma tran
Jacobi 4m.(Pidu nay c6 nghia la néu hé toa d6 téng thé la thuan thi viéc ddnh s&
nit phan t& phai theo chidu nguge kim déng he). ‘

Ngoai ra, cing cdn nhd ring trong cdc bifu thuc tich phén trong (5.67) va
(5.68) S .

dV— tdxdy—tdet[J] drds

1 1
va K] = tf f[B]T [D]v [B].det[J]1drds , (6.79)
-1 -1 - '

Véi biéu thuc tich phan trong céng thuc xdc dinh vecto-tdi phan td cling tudng
ty. Cé thé thdy riing trong (5.79) cdc ma tran dudc biéu dién theo r va s, tuy nhién
néi chung ta khong thé tinh duge tich phan nay & dang déng vi biéu thyc tich phan
chia dinh thuc [J| 1a cdc da thuc cla r va s & miu s6. Nén ta sé dung tich phan
s6 dé tinh (5. 79).

Sau day, nhu mhing thi dy, ta sé xét cu thé vdi phan tu 2 chidu dang tu gidc,
va dang tam gidc don gian. : ‘

Xét phan ti ding tham s tu gidc bén 'diém nut trong hé toa do vuéng goc
téng thé (hinh 5.28b) cdc dinh la cdc nmdt 1, 2, 3, 4' vi mang cdc toa do
x1,¥1) (X2,¥2) , (X3 ,.y3) va (X4 , y4) modt cdch tuong ung. Trong hé toa d6 tu nhién,

phan td chudn tuwong ¥ng trd thanh mét hHinh vuéng ma cdc dlnh 6 toa dé tu nhién
dé thdy la (-1, -1), (1, -1), (1, 1) va (-1, 1).

S
(-1.1) ~ .

’ (1,1) _— 5'7"4 Ye)
| I . ~
L,

b/
. (-1,1) (x, y) ®2(x,.9,)
. I
a) Phan t& chudn trong hé toa dd ty nhién . b) Phan t& ddng tham s§ trong hé toa dd
: vudng goéc t6ng thé

Hinh 5.23. Phén ti ddng tham s8 dang ti gidc bon diém niit

155



Vi phan td la ddng tham s§ nén cdc ham néi suy truong chuyén vi trong hé
toa dd ty nhién nhu da dugc trinh bay & ba1§o 5 cing sé la cdc ham.ndi suy toa do
(hay hinh hgc). Hay cy thé

X3
y1
X9
N, 0 Np 0 N3 0 Ny 0 | |yo
1o N, 0 Ny 0 Ny 0 N lxgf - (5.800)
| | v

X4

; Y4
trong d6 N; la cdc ham néi suy da tim dugc nhu trong (5.53) nhu sau

N1=-1—(1—-r)(1'—'s)
4
N _1
2==(1+1r)1 -5
; 4 (5.80b)
N3=l(1.+ r)(l +s)
4

Ny=Ll-nQa+s
4

Hay Nj(r.s) = l(1 +rrp(l+sspvdii =1, 2,3, 4.
4

trong d6 (r,s;) la toa d¢ ty nhién cda nut i.

, Nhu vay, c¢6 thé thiy ring phép bién déi toa do (5. 80) blén mét phan td chuan
hinh vudéng bdn nit trong hé toa dd dia phuong (r s) thanh mét phan tu tud gidc

trong hé toa do tong thé thuc (x y) ma hinh dang va kich thudc clda né duge xdc
dinh bdi tdm toa dd nit xj,y;,X2,y2,X3,y3, X4, y4. Phuong trinh (5.80a) cfmg
cho:

4 4

x=2N;x va y=2Ny;
i=1 i=1
Thay cdc ham Nj cho trong (5.80b) vao (5.75) ta c6 dugec ma tran Jacobi

[ ] x1 ¥1]
ox
. —(Q-s) (1-8) (1+s) —-(1+s)] |%2 y2

1 (5.81)
4|~ -r) = +r) 1+1r) (1-1) X3 Y3

%
J] = Jr dor -
Jx ‘_71

[ s s X4 Y4
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Jin Jio| "’
Hay [J] = la xac dinh.
J21 J22

Nghich dao cua [J] la:

P Jog - J12 91 Ji
9] |~ J21 J91 J22
2 o J22 J12 s Jo1 . In
a day: J11—-——, Ji2 Joy = —=, Jhg=—
J] IJI |J] |J] |
Vi {J] = dJ11.d922 — Jo1.d12 - ' (5.82)

Vay, cdc dao ham ldy d6i vdi cdc toa d0 vubng géc x,y sé la

J d d

* 0 * )
— —_ J‘ J‘ | B J11 — + J12 =
ox | _ gyt for U |71 12 Jor | or ar (5.83)
9 9 J21 dJ22 | | ¢ Jp1 L + dpp L
dy Js Js Js Js

Vi cdc ham chuyén vi u va v la ham cuia toa d6 tu nhién r, s.
4 .
u(r,s) = > Ny , v(r,s) = E N; v;
i=1 i=1
Hay ¢ dang ma tran

N; ON, O Ny 0 Ny, O

y(r, s) |
00 N;- 0O Ny 0 N3 0 Ny

v(r, s)

{q}e (5.84) -
: .
Véi {qle = {ul V]l Uz Vg Uz V3 uy V4} la vecto f:éc chuyén vi nut theo cédc
truc toa do téng thé x,y '
Vi cdc ham chuyén vi u va v la cdc ham cla toa dé r,s. Nén st dung (5.83) dé
tim cdc thanh phan bién dang theo cdc phuong x va phuong y, nhu sau

ou * - u
g =—=J;1—+J1p—

Jx Jar Js
ov
€y-—-J21— I &
dy or Js
Ju Jqu
Yxy = — TRALEY (FRLP SRR (PR (AL
ay [1).4 Jar s Jr s

Hay ¢ dang ma trdn, ta cé vectd trudng bién dang ctua phan ti
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(L]
) Jr
o e Jegp J12. 0 O | |
* .
{elo=1& (=] 0 0 J21 Jp|{%®} (5.85)
V. s v o
ad J21 J22 Ju I | |—
Jr
ad
[ 0s |
Mit khde, tu (5.84), ta dé dang nhan dugc: '
u N O oy O N, O N, O
Jr or ar ar ar
aaf o O N, 0 N O N, O .
Jos | _ 0 o is s {qg}e (5.86a)
A © a0 N, 0 N, 0 N,
Jr ar ar ar ar
0
- °© w0 a0 Ny 0 o,
9 ) s © o 8s s - s
Hay, cu thé

— —

“(l-8) 0 (-8 0 (+s8 0 -1+ 0

-(1-1 0 -A+r) 0  (1+r1 0 l-r) 0

| -

. {q}e (5.86Db)
0 -(1-98) 0 1-9 0 1+s 0 -(1+s ;

L_’ 0 -(1-n 0 -(1+r) 0 +r) 0 1-r)

%Y 31 ®le v

Thay (5. 86) vao (5 85) ta xdc dinh dUUc ma tran bién dang [B] sao cho
{e}e = [B] {q}e
Va rbi ma trAn d6 cing phan ti [Kl, dugc tinh theo (5.79)

1 1
k-t [ [l [D) [B] det [J) dr ds \/

-1 -1
Phén tiz ddng tham sé dang tam gidc duge phat trién tit phan ti chudn la mot
tam gidc vuéng cin trong hé toa do tu nhién nhu hinh 5.24

158



3 ©,1)

G, st >
2_ T el BN r
10.0) (1,0) . - 00) 1 ~p 20100
. 3 .
a) b)
Hinh 5.24. Phan t¢ ddng tham s6 Hinh 5.25. Quan hé gitta toa df ti nhién

tam gidc ba niit. L (r,s) va toa dd dién tich (L, , L,, Lj)

Vi phan t& 13 ddng tham s&, nén véi phén tz tam gidc ba niit, phép bién déi
toa do tir toa do ty nhién sang toa do vudng géc la nhu sau

3 3
x=2Nixi f y=2Ni'Yi
' i=1 - i=1 =
Hay & dang ma tran:
3 |
Y1t

N10N20N30 AX2

0N10N20,N3 Y2

d

X3
-y3 ) ! .
O day N; la cdc ham noi suy trong hé toa d6 ty nhién (r,s), vdi
\ Nj=1l-r-s ' '
Ng=r (5.87)
N3 =8

(5.87) nhan dugc tir k&t qua dd biét & bai 5.1 hosic 5.2, khi ching ta c6 thé chi
ra m6i quan hé gida cdc tpa 46 tu nhién (r,s) va cdc toa d¢ dién tich (L;, Lg, Lg)-
That vay, diém P bit ky thufc phin t& tam gidc chufn (hinh 5.25) c6 toa d6 (r,s).
trong hé toa d6 ty nhién va cé toa d6 (L, Lg, L3) trong hé toa d6 dién tich.

Theo dinh nghia cia cdc toa d§ dién tich, d& thdy ring

A r.
L2=__2=_2_.__....=r
A 1
—.1.1
2..
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z 1
A S.
L3=__3.=————-—2 =8
' A 1
: —.1.1
2
VaviLi+Lo+ L3 =1 nén

Ly=1-Ly-Lyg=1-r-s. -

Li=1-r-s
Tém lai: {Lo=r (5.88)
Lg=s

Ma cong thie (5.41) cho bi€t ham-ndi suy cha phan tu tam gidc ba nut la
N; =L; (i=1,23)

Pay chinh la cong thuc (56.87) cho ta cdc ham néi suy N; theo toa do r,s. Cong
thuc (5.88) sé gilp ta dé dang tim dudc cdc ham ndi suy cho phan tu tam gidc sau
nut dé xay dung cic phan ti dang tham s6 dang tam gidc sdu niit.

Pé tim ma tran d6 cung phan tu ding tham s& tam gide ba nit, trude hét ta
can tim ma tran Jacobi cia phép bién doi toa do

Su dung (5.75) va (5.87) ta co

SN, 2N
{ M € 3
2 ' X5 2 ——1 Yi
=1 T j=1 9T (x2 —x1) (Y2 —-¥y1
(47 = 3 3 =
N, oN; (x3 —x1)) (Y3~ y1)
2a2x 2y
i=1 Js i=1 s
L J
- |x21 Y21
Hay: [J] =
{XSI y31

trong d6 xjj = Xj ~ Xj; ¥ij = ¥i — Yj

. -1 1 Y31 - ¥y21
Va 4} * = —

2A |~ X31 X2
trong d6 2A = |J| = x91y31 — x31y21 = 2 [an dién tich tam gidc phan tu
St dung (5.85), ta c6

€y Y31 ~—yYa 0 0 au/ar
{E}e = €y = .__1_ 0 0 - x31 . X21 (.)U/()S

y 2A g

7xy —X31 X217 Y31 ~— Y21 l("’/"s i

Theo (5.86a) vdi cdc ham dang N; trong (5.87), ta ¢é
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awor|] [-1 0 1 0 o
du/ds _ -1 0 0 o0 .1
w/r| | 0 -1 0 1 0
av/as 0 -1 0 0 O
Thay vao phuong trinh trén, ta c6 ‘.
{e}e = [B] {q}e
trong dé ‘ma tran bién dang [B] la
|vya1 —ya O
Bl=-1|0 0 =-xa
24 - X31 X21 Y31

0
ol .
O{Q}e
) )
o 111 0 1 0 o o
-1 0 0 0 1 0
X21 || .
0 -1 0 1 0 0
Y2L1 0 6 21 0 0 0 1

Thuc hién phép nhan don gian nay ta sé nhan dugc ma trdn [B] nhu da c6 &
chuong 4, hay nhu két qua cua thi du trong bai 5.3 d trén. Cing theo cdc budc tién
hanh nhu vay ching ta sé xdc dinh dugc ma tran [B] va roi 1a ma tran do cung
[Kl, vecto tai phan tu {P}. d6i vdl phan tiz tam gidc ding tham s6 6 nit. Khi d6

phan tu chuén 1a tam gidc vuéng
can 6 nut trong hé toa d6 tu
nhién con phan tu thuc la phan
td tam gidc- 6 nut cé bién cong
(nfu céc nit trén mdi canh la
khong thing hang) hodic bién
thang (n&u cdc nut trén cdc canh
la thang hang) (hinh 5.26. Nhu ¢
bai 5.3 di trinh bay, vdi phan ta
tam gidc 6 nut,thi cdc ham ndi
suy trugng chuyén vi sé 1a bac hai
va biéu dién theo cdc toa do dién
tich nhu da c6 ¢ (5.44) la:

Ni=Li 2L -1
Ny=4L;Ly
INs=4L,Lg
Ng=4LgL,

4

y

2

Hinh 5.26. Phén tz tam giéc déng tham sé

sau dzém nit.

(véii= 1, 2, 3)

Trong hé toa d6 (r,s), si dung (5.88) ta d& dang chuyén dugc cdc ham ndi suy
trén bi€u dién theo cdc toa do ty nhién (r,s). Va 6 ham ndi suy nay la:
Ni=(@0Q-r-s)(1-2r-2s) N

Npg=r(2r-1)
Ng=s(2s-1)
Ny=4r(l-r-s
N5=4I‘S

Ng=4s(l-r-3s)
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Véi phin tiz ti gidc ddng tham s6 8 nit, phin td chuin la hinh vuéng cé cdc
toa d6 mit theo hé toa dd ty nhién cho trong hinh 5.27. Con phan td thuc la cédc
phan t& tu gidc.8 nit cé bién cong (hodc thing). Cdc ham nodi suy toa dd cé thé
nhan dugc d& dang bing cdch s dung cdc ham ndi suy chuyén vi da cho trong céng
thuc (5.55) & bai 5-5 va cdc toa do (rj,s;) cua cdc mit ¢ hinh 5.27.

K

c41) (o) *

BRGT)

+ 4 201-1)

AN 3 '
('1,") (0‘_’) y

Hinh 5.27. Phén tit tiz giéc ddng tham s6 8 niit.
Cuéi cung, ta co6:

Ny=-1ad-pDd-sQ+r+s) Ny=3la-rHa-s
4 2
No=-1(@Q+nd-8(1-r+s) Ne=1ld+nd-sd (5.90)
4 2
Ng = -1qQ ' =1 2
3=-=1+r)A+s)yd-r-s) Ne==21Q-rY1 +5s)
4 ‘ 2
N’— 1 1 2
4=-=-1Q-r)A +38) A +r-25s) Ng==-(1-r(1-5s9
4 2 ‘

2. Tich phan sd.

Nhu dd néi & trén, vdi phan ti didng tham s8, cdc biéu thuc tich phan xdc dinh
{Kc] va {P}, la cdc tich phan xdc dinh vdi cdc cén la 1 va -1, nhung do chua cédc

da thic ¢ mAu nén néi chung la khong nhan duge k€t qui tich phan ¢ dang tusng

‘41} Do vay can st dung cdc phép tich phan s6.

Cé mot vai phuong phdp tich phan s& dé tinh cdc tich phan xdc dinh. Tuy

nhién phuong phdp cidu phudng Gauss dugc s¢ dung rong rdi trong phuong phdp
PTHH va do vay tai liéu nay cing chi gidi thiéu phuong phdp Gauss ma théi.

Xét tich phan xdc dinh cua bai todn mot chidu nhu sau:

I = f f(r) dr o , (5.91)
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Cdch don gidan va gﬁn diing nhit la xem tich phén trén la bing tich cia gia tri
cda f tai diém gi®a khodng tich phan véi chidu dai cda khoédng tich phan dé6 (hinh
5.28) titc la xem gin dung. '

1=2f0) =2f,
7 f
,-’——,f(”) |
t |
/}/, ! . fs !
g | TER N
UL
7 1 ! 7

a) Dung 1 diém ‘ b) Dung 2 diém c) Dung 3 diém
Hinh 5.28. Phép ciu phu’drig Gauss vdi cdc so do cé s& diém Gauss khéc nhau.

Dé thiy ring k&t qua trén la chinh xdc néu dudng cong f(r) 1a thdng hay ham
f(r) la bac nhat. Trong tru’o’ng hgp téng qudt, phép cau phudng Gauss vdi bai toan

1 chiéu la: (

)
(}( f f(r) dx = 2 w; f; = 2 w; f(r,) ‘ ~ (5.92)
i=1 i= :
trong d6 n la s& diém Gauss s dl_mg trong phép cau phuong
r; la toa do cﬁa diém Gauss thi i

w; la trong s6 u’ng véi diém Gauss thy i
Hinh 5.28 gidi thiéu phép cdu phuong Gauss vdi so do 1, 2 hoac 3 diém Gauss.

Trong phép cau phuong Gauss, vi tri cdc diém Gauss dugc xdc dinh sao cho vdi mot

s6 diém n da cho thi dat dugc dd chinh xdc 16n nhit. Cdc diém Gauss duge dat d6i
Xung véi tam ctia khoang tich phan. Cic trong s6 la nhu nhau vdi cac diém Gauss
d6i xuing nhau. Bang 5.1 cho bit vi tri va cdc trong s6 tuong ung cdc diém Gauss
theo cdc so d6 c6 s6 diém Gauss (s6 n) khdc nhau. Chd y ring phép cAu phuong
Gauss vdi n diém Gauss sé cho két qua 1a chinh xdc d6i véi n&u ham f(r) 1a mot da
thic ¢6 bac nhé hon hay bang

(2n - 1) Cung cén pha1 dung tét ca cdc s6. le né’u mubn 6 k&t qua -chinh xac.

S& diém | Toa dd diém Gauss theo mot phuong (r hoac - Trong 58 (w)

Gauss (n) | " §)r, hoacs))
1 r: = 0,00000 00000 00000 ~2,00000 00000 00000
L2 r,re==x 0,57735 02691 89626 » ‘ 1,00000 00000 00000
3 r1,r3 =+ 0,77459 66692 41483 0,55555 55555 55555
r2 = 0,00000 00000 00000 0,88888 88888 88889
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4 r,r, =+ 0,86113 63115 94053 _ | 0,34785 48451 47454 _
" ry,ry=+ 0,33998 10435 84856 1 © 0,65214 51548 62546
.5 ry 5=+ 090617 98459 38664 - 0,23692 68850 56189
" rp,r, == 0,53846 93101 05683 0,47862 86704 99366
ry = 0,00000 00000 00000 0,56888 88888 88889
6 | 1y, re= + 0,93246 95142 03152 0,17132 44923 79170
ry, s = = 0,66120 93864 66265 0,36076 15730 48139
1y, r, == 0,23861 91860 83197 ' 10,46791 39345 72691

' Béné 5.1. Toa dd (r; hoics;) va trong sb (w;) trong phép cau phuong Gauss

i

Thi dy, néu d-fmg sd dd 3 diém Gauss (n = 3) thi tich phan (5.91) sé la
. 3 .

I=3 wf(r) = 0,55556. f (r;) + 0,88889. f (ry, + 0,55556. f (r3)
Véi ry, r3 = l110,77459 ; ro=0 _
Ké&t qua nay la chinh xdc -dc‘ii véi cdc ham f(r) c¢é bac nhd hon hay bang 5.
Dé hi€u hon vé phép cau phuong Gauss c6 thé xét minh hoa viéc tinh tich phan

mdt ham don gian sau day. Cho
f(r) = a; +agr + ag r2'+'a4 r3
1
Dé thdy: I = f f(r) dr = 2a1 + ga3
—1 3

Né&u dung phép chu phuong Gauss vdi so do 2 dlém Gauss dé tinh tich phan

nay, thi theo (5:92)
2

g = > w; £ (1) =w (=) +w f._(ri) =2 w(a; + ag rlz)
' i=1
Goie =1-1Ig la sai 's8 cia phép ciu phuong Gauss, thi

I—IG—281(1—-W)+233 (—1——Wl'12)
-3 _
. D€ sai s6 nay la nho nhdt vdi cdc gid trj tiy y cda a; va ag thi can cé
de de

Oal dag
Cdc ditu kién nay cho h¢ phuong trmh
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1-w=0 w=1

1 2 _a> 1
Trong bai todn hai chiéu, mién 14y tich phan la hinh vubng, thi cong thuyc tich
phan Gauss nhan dugc bang cdch lén lugt thyc hién tich phan Gauss theo ting

phuong r,s nhu sau.

= = 0,5667735 02691 89626

11 1

) n. m n
I = f ff(r,s)drds = f [zwif(ri,s)] ds = Zw,- [Ewif(ri,si)]
-1 -1 -1 i=l S =1 i=1 \
1 1 n n
Hay: I = f f /f(r ) drds = 2 2 wi wj f (ri , s) (5.93)
1 -1 1 1 j=1 | ‘

trong d6 (rj, s) la toa do cua diém Gauss i
w; la trong s6 tuong ung.
Thi du vdi tich phan Gauss bén diém (hinh 5.29)

| S
2e o3
\ W r
[ 1. .4
Hinh 5.29.

I = (1,00000) x (1,00000) [f(ry,sq) + f(rz ,89) + f(rg, sg) + f(ry, sg)l
0] day cdac diém Gauss c6 toa d6 r;,s; = = 0, 57735

Véi phan tz ba chiéu c6 dang khéi hop, cing suy-ludn tuong ty trén tich phén
Gauss la

!

! 11 1 n n n ’
I=f f ff(r,s,t) drdsdt=2 2 2 wiwwef(r,s;,t)  (5.94)
-1 -1 -1 i=1 j=1 k=1

V6i phén ti tam gidc c6 bién thing thi si dung cong thiuc & bai 5.1 tinh tich
phan theo cdc toa d6 dién tich.
V5i phan ti déng tham s&, thi dfm"g céng thuc sau:
-r .

1 1
= f f f(rsydrds = 2w f (15, 8) - (5.95)
0 0 i=1
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trong dé (r;, s;) 1a toa dd diém Gauss thi i (Bang 5.2)
- w; 1a trong s6 tuong ing diém Gauss thy i '

r; s6 cdc diém Gauss trén phan tu chudn

Bang 5.2. Cac diém Gauss va trong sé cho phan ti'tam gidc

S6 diém Gauss (r;,s) w;
(n)

D |
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Chuong 6

¥
»

~ | “ . »
Tam chiu uon

§6.1. CAC PHUONG TRiNH CO BAN CUA TAM CHIU UON.

Tdm la mot két cdu duge gidi han bdi hai mat phing song. song va cécb nhau
mot khoang la t (goi la chiéu day tdm). Mat trung gian la mat phang cdch déu hai
mit phang tdm. Tuy theo ty s6 gitda be day tdm va kich thudc nho nhat cia mit

phing tdm (i) ma ngudi ta cé thé chia tam: thanh hai loai ‘sau. . ;
4 b

Tdm day:

T e+
Q|

=<

(S e

Tam mong: Khi 1.t
- 20 b
va d0 vong ldn nhat wy.x < —
" Trong t&m mong, c4c dng sudt mang la rit nho so véi cdc dng sudt gay ra boi
sy udn tdm do tai trong vudng géc tdm gay ra khi tdm c6 d6 véng nhé.

Tuy nhién néu tdm modng cd-dd véng ldn (wmax > E) cdc Ung sudt do uén nay
4

bi anh hlro’ng rdt nhiéu béi cdc Ung suat mang. Khi dé phai tinh todn véi ly thuyet :
tdm c6 blen dang Idn. :

Gido trinh nay trinh bay viéc tinh todn t4&m moéng theo cd hai ly thuyet 1y
thuyét tdm c6 di€n (hay cing con goi la ly thuyét Kirchhoff) va ly thuy&t Mindlin.
c6 ké dén ca bign dang truot trong tdm. Trong bai ti€p sau chung ta cling sé dua
ra cdc phuong trinh cd ban trong bai todn tdm dang tam gidc va dang cha nhat
trén cd sd hai ly thuyét nay ngé hau qua dé thdy du’dc cach phan tich.bai todn theo
phucng phap PTHH.

-
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Y
1. Ly thuy&t c6 dién cia Kirchhoff :

Ly thuyét Kirchhoff dya trén co sg cdc gia thlet sau

1. Cdc doan thing vudng goc vdi mat trung gian clGa tdm vin con théng va
vudbng géc véi mat trung binh khi chiu uén va do dai cia ching la khéng
déi. " |

2. Khi t&m bj u6n, mat irung binh khong bj kéo nén hay trugt. N6 1a mat trung
hoa. : H \

3. Bé qua ung sudt phdp vudng goc rryat

phing tam.

Xét tdm chiu uén bdi cdc lyc vudng géc
mit phén;g‘té'm vdi hé truc toa d6 xyz sao cho
mat phing toa do xy trung vdi mit trung gian
tdm va truc z 13 vuéng géc vdi mat phéng
tdra (hinh 6.1). Trén cog sd cdc gia thiét trén,
cdc thanh phan chuyén vi u va v cia tdm
duge biéu dién theo d6 vong u va cdc gdc xoay .
6y , 6y cia mat trung gian hay mit trung hda  Hinh 6.1. Tdm chiu udn va hé truc toa

cta tdm (hinh 6.2) nhu sau. | ‘ do xyz.
8,0 ‘ ' :
: :_3_10 z 61=b£ \
J Yy Iz dy
~N ' ' @_
\\ .« . ay
RS E . dw &
N o &9&
y
x
x
E 4

L
| -
</
Hinh 6.2. Quan hé giita céc géc xoay cia

mat trung hoa va dao ham db véng w(x,y) Hinh 6.3. Céc thanh phan ndi lec.

o8 . ‘



v=-20, = -2 —

oy | | - 6.1)
lu= zt’)y=—zi)E o

ox

o lay: w' = w(x,y) la ham d6 vong tuc chuyén vj theo phuong z ctia mit trﬁng
hoa. ' ‘

Cédc thanh phan bign dang cGa mot diém bat ky thudc tdm:

2
=~a~l£=—-zaw=zkx .
0x ax2
2 '
:d_v=—zaw=zky ' ) (6-2)
2w
y Ju av 9 9 _ka
xy -~ — T T~ - . - y
dy 0x Jx 9y

Trong dé: k, , ky vak,; Ian lugt 1a d6 cong theo phuong x, phuong y va hai lan
do xodn. Va

02 w
kx = » k - - _— - kxy = - 2 (6.3)
. X dy

2
Con cdc bign dang géc v,4 = 7y, = 0 ¢ thé thdy dugc ngay tir gia thist thd nhét
cua Kirchhoff. ‘

Dé tim udng sudt, ta si dung dinh luat Hooke (dang ngugc) da trinh bay ¢ chuong
1 vd6i chd y ring o, = 0 (do gia thi&t 3 cua Klrchhoff) St dung (6.3), dé dang nhan

dugec:

1 v 1 ") 0 ] 0X2
ox ' 1 x 1 0 2
v . v
op t = _E ey | = -2 B I B (X'
fxy 1 -2 0o o0 LY |7y 1-+¥log o 1-% 0y2 ,
! 2 ! 2 2
g W
, ' S )
Va cdc ndi -lu’c (la “hgp lyc” cda dng sufit) tuong ung:
t/2 t/2
M, fo zdz, M, = fa zdz va M, = frxyzdz (6.5)
- t/z ’ "t/2 ) _t/2

d& dang biéu didn theo ham dé véng w(x,y) hay cdc d6 cong, bdi tu (6.4) thay ré
luat phan bd tuyén tinh theo chidu day t&m cla cdc dng sudt nay.
Va ¢ dang ma trén: -
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Al 1
P
| Mx \ 1 14 -0 ()x2
S v 1 0o - 2 ' :
M, :=-D|" o]y 8W = [D} k) (6.6)
My, |  .|0 ©0° 1-v 0y2 '
: ' 2 2
b / () w
9 ¢ W
X3y )
| . i , Et®
“trong d6: D la 46 cdng cha tdm chiu wén, D = —— . I (6.7)
| | 12 -4 S
[D}: Ma trin cdc h¢ s6 dan hoi cua tdm chiu ubn oo
1 v 0 |
v 1 0 , |
(D} =D . : : (6.8)
0 0 1 - , .
b 2 -
: . T .,
{k} - _()‘2w _ ()2w ")) <‘)2w
0 x2 P y2 Ix Ay
= {k ky, kg } la' vecto 46 cong tdm chiu uén (6.9)

4 Ngoai ra tu diéu klen can béng, cac thanh phan Ung sudt 1y, ,7y, va cdc thanh
phan nbi luc tu’dng u’ng hgp lu’c cua chung la Qx, Qy ma

. 12 t/2
Qx = frxzdz, Q = f Ty, dz
~t/2 -t/2 .

cing xdc dinh dugc tt ham d¢ vong w(x,y) nhu sau:

Q=-DLv?w, Q=-DZVv¢w - ~(6.10)

) 4 ' dby : - )
N ' 2 2
J day: Vzw =3I W, 0w
: d x2 ) y2

Hon nda ham do véng w(x,y) cia mit trung binh cua t6m duge xdc dinh tu
phuong trinh vi phan chd dao sau va cdc didu kién bién & cdc canh bién t&m.

4. . 4 4 -' . .
9 w+2v IwW._ LW _pXy ' C . (6.11)

0 x ad x 9 y J y D
Pav ciing chinh la phuong trinh can bing duac bifu dién qua chuyén vi. Sau
khi tim dige ham d¢ véng w(x,y) thi r6 rang ta c6 thé tim dugc ndi Iuc, Ung suit,
bién- dang, ... cua tdm. - _ i
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* Nhu vay cé thé thay ring trong ly thuyét Kirchhoff, khi bé qua bién dang trugt ‘\
(7xz = 7yz = 0), trang thdi ung sudt va -bién dang cia tdm hoan toan dugc biéu dién
qua ham d¢ véng w(x,y) cua mit trung gian cta tdm. Vay, theo phuong phdp phan
te hitu han, néu ham chuyén vi du’dc xdp x1 héa va can tim la ham d6 vong w thi

- doi hoi xdp xI cua né khong chi la lién tuc ma con dam béo tinh lién tuc cua cac
dao ham cua né g~ 'cdc phan td. Ngoai ra theo cdc yéu ciu hoi tu dd néi ¢ chuong
2, da thuc xdp xi cia ham d6 véng w phai c6 kha ning md td cdc trang thdi bi&n
dang khéng déi trong phan ti. Didu nay cé nghia la ham xdp xi phai chida trang

: , .2 2 2
thdi bién dang ma c6 d6 cong khong d6i, tuc bdo ddm dv.w. , I Woal W s hing

ax: 9 y 0x oy

s6 (theo (6. 2)) Va tdt nhién, da thuc x4p xi cing phai bao dam tinh ddng hudng
hinh hoc. Piéu nay ré rang lam viéc chon ham x4p xi théa min tdt ca cdc yéu cau

trén lai cang phuc tap hon. Dé don gian ching ta chi can bao dam su lién tuc cta
k chuyén vi va goc xoay tai cdc nit géc va theo phuong phdp fuyé'n cua cdc canh bién.
Nhing phan ti duge xay dung vdi cdc ham xdp xi thoa man cdc ditu kién nay duge
goi la cdc phan tu tuong thich (compatible hay cdnformal). Tuy nhién viéc tim ma
tran do cung vdi cdc phan t& tuong thich 1a rdt phuc tap. Do d6 ngudi ta thudng
st dung mot loai phan ti tdm chi doi héi sy lién tuc cda chuyén vi va géc xoay tai

cdc nit géc. Khi d6 cdc bac ty do cia mdi nut sé la-gid tri clia w cia MW 5 tai
o ax ' dy

- nut d6. Phan tu loai hay duge goi la phan ti khong tuong thich (incompatible hay

non- conformal). Va thuc t€ cho thdy cdc phan ti khéng tuong thich vAn cho két

qua t6t va thudng dugc sit dung dé tinh todn t&m chiu udn. J bai sau ‘chung ta sé

xét cu thé cho phan ti tdm khéng tuong thich dang tam gidac nhu moét thi du cu

thé vé cdc budc phan tich, xay dyng ma tran d6 cing phan ti¢ tdm.

Nhu vay c6 thé thay ring cdc budc phan tich va xay dung cho cdc phan ti tdm
dya trén cd s& ly thuy&t Kirchhoff vira din dén viéc phai' st dung cdc phan tu
khong tuong thich vita kéo theo cdc thi tuc phiuc tap trong phan tich va lap trinh.
Trong thgi gian gan day ngudi ta dd xay dyng cdc phan tu tdm chiu uén ding tham
s6 don gidn va hiéu qua véi viéc st dung cac dai lugng can tim chi doi hdi lién tuc
vé gid tri. Cdc phan td nay dugc phdt trién trén co sd ly thuyet cua Mindlin 1a ly
thuyét cé ké tdi blen dang trugt trong tAm.

2. Ly thuyét tidm cé ke téi bién dang trugt cua Mindlin hay Reissner —- Mindlin.

Cdc gia thiét cua ly thuyét Mindlin nhu’ sau:

1. Cac doan thidng vudéng géc vSi mit trung gian cla tdm trudc bién dang sé
vin la thing nhung khong nhét thiét 1a vudng goc vdi mét phang trung hoa
khi bi€n dang.

2. D6 vong cua tdm la nho, mat trung gian khéng bi keo nén va la mat trung
hoa cda tdm khi bi&€n dang.
3. Bo qua ung suit phédp o,
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x
a . by
Hinh 6.4). Géc xoay-ciia cGc phdp tuyén xung quanh truc 'y va truc x
‘ c6 hd tAL ca bién dang truot trung binh.

" Nhu vay, so vdi ly thuyét Kirchhoff, sy khdc biét chi khdc ¢ gia thiét thu nhat.
Theo mé hinh Mindlin, cdc doan thing vuéng géc mat trung gian vin la thing trong
qué trinh bién dang nhung khoéng con la vuéng géc vdi mat trung gian nuaa, va céc
géc vuong nay bi thay déi mot lugng duing bing bién dang trugt trung binh gay ra
bdi luc cdt. Nhu vay géc xoay téng cong cua mit cit gdm hai phan, phan thu nhat
do do vong cua tdm khi ciac phdp tuyén van con vudng goéc vdi mat trung binh, phan
“thd hai 1a do bién dang trugt trung binh giy ra (hinh 6.4)

Néu goi y, la bién dang trugt truﬁg binh d6i vdi mat cidt x = const, thi tfx\'hinh
6.4b c¢ thé thdy géc xoay 6, nhu sau:
ow

by=-—+n k (6.12)
0x .
Céng tuong.ty vdi mit cdt y = const (hinh 6.4a), ta c6

—g, = - I, vy S (6.13)
ay’ ‘ '
Do dé, cdc bigén dang trugt trung binh la:
| re =6, + 2 | (6.14)
()4
IwW
Py = =603 + —
= 9. , .
Dé thdy 1a néu bo qua bién dang trugt thi ta sé trd lai ngay cdc k&t qua cia
" ly thuy€t Kirchhoff, tuc 1a: 6, = 2%, 6, = - 2 khi 7, =, = 0.
o dy ax . .
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- Céc bién dang trugt nay va cdc ung sufit tiép 7, , 7y, c6 quan hé theo dinh Hooke'

Txz dgg dgs | [7x ‘ (6 i5 )
=1 . ' ‘ .15a
fyz dgs dss | 'Y |
Vdi vat litu ding hudng thi sé cu thé la .
T ‘ 1 0| [~ '
lt"z) S {y"} . (6.15b)
y2 21 +v) 01 4

Do bién damg trugt dugc xem la khong d6i trén sudt be day td&m, nén hgp luc
cia cdc Ung sufit ti€p nay trén mdt don vi dai mit cdt, tic cdc lyc cit Qy vaQy,
duge tinh theo cdc bién dang trugt 1a

Q 1 7 | \ -
x| __Eta |10 [y"} | (6.16)
Qy 2(1+v) 01 y
Hay {Q} = (D {7} (6.17)
o] day: _E . G la modun dan hdi trugt
21 +v)

a: 12 hé s6 hiéu chinh ké dén sy phan bd bac 2 theo bé day cda bién dang trugt.
Thuong 18y « = 5/6

Cédc dd cong ky, ky va d9 xoéin k,, duge biéu dién theo cdc gdc xoay 64 va 6y nhu
sau ‘ '

9 8 a6y 26, 96y ' '
ke = 2, k= k= |22 : (6.18)
X . ay ay X
Vay, theo (6.6) va (6.17), cdc ndi lyc {M} va {Q} du’dc biéu dién theo d6 cong
{k} va bién dang tru’dt {7} nhu sau:

M, ] 3 d;, dyy 0 0 0 Kﬂ
M, 12 dy, dyg o S0 0 K,
0 0 . d 0 0
| Myy | = - . — - 1 K r (6.19)
Qx 0 0 0 , d, dis Ye
- t N
Qy L L 0 0 . 0 a7 L ds, dss N Yy ]

. Véi tdm didng hudng, thi cu thé ta cé:

' Mx 1 S | v 0 K, ]

My E® | 1 0 L0 K,

M 121-v | o 0 1-v 0 o K,

X! .
y r = 4 L ‘ 2 ] B ] 4 ! .

. ; " ’ ' (6.20)

Q« 0 0 0 Et a 0 Ve
‘- Qy i L 0 0 0 21+n| O a B
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Hay ‘¢ dang gon hon:

(M} [Dy) [0] {k}
S (U PO I P (6.21)
{Q} | 0" [D.]: {r} ‘

Quan hé nay c6 thé so sdnh véi {o} = [D] {¢} dung cho quan hé gita ¥ng suat
bién dang. Va nhu vay, trong bai todn t&m chiu udn, cdc ndi lyc va cic d6 cong,
cung vdi cdc bién dang trugt tuong ¥ng c6 thé duge xem tuong ty nhu Ung sudt va
bién dang. Do d6 d& thuan tién ching ta ¢6 thé biéu dién (6.21) nhu sau:

{U}t = [D]t {5}1; : T (6.22)
trong dé:
My .
M .
My / D, [0] 4 ky
= {Myy ¢, D), = | ,o e = * (6.23)
{a}t y t [O]T [Dc] _ E1 kxy .
Qx (5 x 5) . 7x »
Qy | L “/y J

S dung (6.18) va (6.14) ta c6 thé bifu di&n vecto d6 cong va bién dang trugt
{e}, theo ba chuyén v1 w, Oy vao nhu sau: -

96y/0x

— 90,/0y
{e}, = {00yloy ~ an/ax"» (6.24)
6y + ow/ox

-6 + ow/dy
Thé nang bién dang clia t&m dugc bidu didn theo nodi lyc va cdc o cong, cung
bién dang trugt tuong ung la: :

U= _f ({M} (k) + (@7 {/}) dA . (6.25)

S8 hang thu ha1 trong (6.25) tuong ung vdi phan thé ning bién dang do bién
‘dang trugt giy ra. Thay (6.6) va (6.17) vao (6. 25) ta cé:

) U==- f (kT D ] {k} + {7 [Dc]{y}) dA (6.26)

St dung cédch b1eu dién (6.23)

Cu=L (a0, da *
2°A

va biéu thuc cia th& ning toan phén cua tdm chju ubn bdi tai trong ngang p(x,y)
vubng géc bé mat tAm duge cho nhu sau:.

174



= f {5}1; [D); {e}; dA - pr dA (6.27)

trong d6 s6 hang thu hai la cong cda ngoai luc p(x,y)

§6.2. PHAN TU’ TAM KHONG TUONG THiCH DANG TAM GIAC

Nhu da néi & trén, trong bai nay chiing ta sé xét cu thé phan td t&m dang tam
gidc theo ly thuyét Kirchhoff nhu mét minh hoa cho nhing phan tich va d&n dit
viéc tinh todn t4m méng khéng ké tdi bién dang trugt theo phuong phdp PTHH.

Xét mot phin t tim méng dang tam gidc chiu udn cung hé truc dia phtfdng
xyz nhu hinh 6.5.

y
v
b
() =5 . : - .
dul; 2 ¢ _J_U_ _ J ) ‘ )
v D) )= D we(l), -

" Hinh 6.5. Phtn ti? tém dang tam gidc chiu ubn cing cdc béc t do cia né.

Tai méi nit phan t& d6 véng w va cdc goc xoay 6y , 6y theo cdc truc x, y dugc
xem la cdc bac ty do clda nit. Do bo qua anh hudng cia bién dang trugt (theo ly
thuyét Kirchhoff) nén nhu dd ndi & trén cdc géc xoay nay chinh la dao ham cia
ham dd véng w theo y va x. Cu thé, cdc bac ty do cia mdi nit hay con goi la cédc
chuyén vj nit cda mbi nit la

Wi 0y = w vé()yi =(——a—‘1)'
¥y /i ox ! »

Cing ¢ muc 1 bai 6.1 ching ta da thdy réing ham d9 véng w(x,y) la dai lugng
cin tim trong bai todn t&m chju uén theo ly thuy&t Kichhoff. Vi phlin t& tam gidc
nhu trén cé chin bac tu do nén ham d6 véng w(x,y) duge x4p xi héa bing mét da-
" thic chua chin tham s6. D& bdo dam tinh ddng hudng hinh hoc ham da thti’c xap .
xi cia d6 vong c6 dang nhu sau:

w(x,y)—al+a2x+a3y+a4x +a5xy+a6y +a7x +a3(x y+xy)+a93 (6 28)

Dén day ta thua xét tinh tuong thich cia phan td dang xét véi ham 46 véng
duge cho bdi (6.28). Didu nay cé nghia la cAn xem ring chuyén vj va cdc dao ham .
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cuia né trén cdc canh (mit) bién cé xdc dinh mot cdch duy nhit theo cac chuyén
vi nudt (bac tu do) khdng.

Xét canh bién ij 1a canh bién chung gi®a hai phan t& A va B ké sdt nhau (hinh
6.6). Trong hé toa d6 dia phuong canh ij ¢6 phudgng ttinh y = 0. Chuyén vj theo
phuong z hay d6 vong doc theo canh nay la:

Wi = (W)y=0 = 81 + 23 X + a4 X2 + ’a'7 x° (6-29)

; J Z
L / .
) o
1 (£2).
o, dy ’J
i
Chuyén vi doc theo ij Géc xoay doc theo ij

Hinh 6.6. Tinh tuong thich doc canh bién chung gui‘a hai phén tu.

P9 déc theo phuong x hay w doc theo cénh nay la
‘ . 0x -

(\_ng_)“‘: (O—W-) =a2+2a4x+337x2 o (6.30)
‘ ox 'Y ox Y7 :

Vi nit i va nit j la chung cda ca hai phin td@ A va B nén cdc bac ty do hay
cdc chuyén vi nit cia hai nit nay clng 12 chung d6i véi hai phan t& cé chung
canh bién ij nay.  Tuy nhién néu dé y d&n bén chuyén vi mit w;, (a—w-), w; va
. : ) : . (')x !

( ow ) ta c6 thé thiy ring bing phép dong nhat bén bac tu do nay vdi gia tri cua

Jx

ham w va gié trj dao ham ("_W) tai hai di€m nuit i (x = 0) va j (x = ), tdc ching
' ox '
. ta cé b6n didu kién sau

(Wi = wu(tal X = 0)
(>4 x J
i i
Wy = Wi (taix = a)
M = || (tgix=a)
ax ax
i i
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thi ching ta hoan toan cé thé xidc dinh dugc bén tham sé a; , ag, a4 vaay mét cdch

duy nhat theo bén béc tu do trén. Do dé w va 9% hoain toan xdc dinh trén canh

bién ij va tinh lién tuc cta chuyé’n‘vi va d6 déc w doc theo canh nay dugc bao

. d
dam khi chuyén tir phan td A sang B. ) |
Tuy nhién k&t luin nay la khéng dung d6i véi do dbc theo phu’o’ng Y, tuc Ev—v, .
doc theo canh bign chung ij: That vay, trén canh bign ij (y = 0), c6 ”
w (v =a3+a5x+‘a8x2 - | (6.31)
)y \ a0 .

'Va c¢6 thé thdy ring dé xic dmh { ] doc theo canh bién ij, ta can xdc dmh :
(7y :

dugc ba tham s6 a3, a5 vaag. Nhung chung ta Chl c6 thé cé du’q’c hai phuong trinh -
.t viéc thay thé& vao (6.31) hai didu kién dudi day

i“_, = ()_W (tal X = 0)
Iy /i ay ij
.‘2_"1 = ﬂ ’ (tal X = a)
ay /i ay |,

ij
Do d6 d6 dbc vudng géc. vdi bién ij la khéng xdc din_hs (hinh- 6.6b). Do dge 2%

: _ e ay

nay tai cdc nut i va j 12 nhu nhau dé6i v8i cd hai phén t&, nhung cé thé la khdc

nhau tai cdc diém khdc doc theo canh blén chung ij. Do vy phan td nay la khéng =

tuong thich.

Tuy nhién, phén td nay vAn cho két qua t6t va duoc su dung réng rai trong
thue té€. : ‘ _

Quay trd lai véi ham xép xi cda dé vong, ta thiy réng ham db vong (6 28) g
dang ma trin quen thudc la:

wix,y) = [P(x,y) ] {a} R . | (6.32)
trong d6 ma tran cdc don thuc [P(x,y)] la: ' | |

[Px,y)] = [1 Xy x2 xy y x> (x2y + xy2) 'ya] (6.33)
va vectd cic tham s8 {a} c¢6 chin thanh phan: \

: T
{a} —{al ag ag .. ag}
Vecto cdc béc tu do cia phin td, hay vectd céc chuyen v; nit phan ta {q}e

cing gom chin thanh phan (hinh 6.5)
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o 4 . T
aem o (2)(2) w (2) (2] w (2) (-] [osn

Cac tham s8 a;,ap,a3,...,a9 dugc xdc dinh tit viéc thuc hién dong nhit cdc

bac ty do cia phan tir vdi gid tri cia cdc ham w, (ﬂv—) va (-ivl) tai cdc nut i,
‘ dy ax

j va k,cé‘tga”dc} (0, 0) , @,.0) va (a, b) trong hé toa d6 dia phuong nhu hinh 6.5.

a1 =w = w(0, 0), qg= ("“1) =™ 0,0, g5 = (—92) = - (0, 0
N ' gy /1 dy _ ) ax /1! 0x
q4=wj =w(a, 0)1 g5 = (ﬂ):ﬂ (a1 0)1 Qg6 = (_O_W)'z_i)_w(a’ 0)
Ly 7 9y ' ax 7J dx
@ = we=wO,b), gg= (&) =2 0 b), go= (-27) =2 ()
; 4 ’,k dy dx k ax_
Hay ¢ dang ma tran:
q;
q2 | |
{qte = 1 .7t = [A] {a} (6.35)
dg
trong d6 ma tran [A] 1a:
1 0 0 0 0 0 0 0 o
0 1 0 0 0 0 0 0 0
0 0 -1 0 0 0 0 0 0
1 a 0 a’ 0 0 a’ 0 0 _
0 0 -1 0 -a 0 0 -a® 0
1 0 b 0 0 b? o 0 b*
0 1 0 0 b 0 0 b? 0
i g2
0 0 -1 0 0 -2b 0 0 -3b° |
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Nghich dao cuia [A] la:

1 0 0 0
0 1 0 0
0 0 - 0 0
_3 _2 0 E. -1 0 0 0 0
2 a a® a
o .2 L] 0 0 _b 0 _a 0
be ac ac be
-1
[A] * = . (6.37)
2 2 0 0 0 3 0 1
' b? b : b* b
2 1 0 _2 1 0 o - 0 0
a.l al a3 az
0 -1 1 0 0 1 0 1 0
be ac ac be
2 o -1 o0 o - o -2 o -1
| v b’ b b’

trong dé: ¢ = b - a :
Vay nhu da trinh bay ¢ chuong 2, ham dé véng c6 thé duge biéu dién nhu to
hgp tuyén tinh cda cdc ham dang, tuc la:
3

w(x,y) = 2 N q; = [N] {q}, | (6.38)
i=1 S '

trong dé ma tran cdc ham dang [N], theo nhw’éhddhg 2 da trinh bay: _
[N] = PGy (AT} = [Nl' Ny N3 ... Ng] :  (6.39)
véi cdc ham dang N; la nhu sau: | o

'32_3223 2 3

Ni=1l-—x"-—y"+=x"+ "~y
a® b2 a® b3
N2=x-—g}v(2+—a—xy+—1-}'(3——!—x2y-ixy2
a be a2 be - be
N3=-y+—1-)—xy+gy2-—1—x2y —ixyz—iy:; . (6.40)
ac b ac ac b2
N4=£x2———x3
2 3
a a
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1 2 1'3

Nyg=-=x"+—x

a a
N5=-£xy+—1—x2y+ixy2‘

ac ac  ac

3 2
Np=2y2_ 243

b2 b3
N8=——1xy+ix2y+—1—xy2

be be " be

1 2 1 3
Ng==-y"-—y

b b2

Cdc bién dang trong tdm Ia «,, ey » Vaygy duge xdc dinh theo (6.2) ¢ dang ma
tran la:

’ (
02w 02w
-z 27 A
c 0x2 ox2
' : 02w 62 '
fele=1f =1 -22% r=—zj IW 4 6.41)

-2 i)2w 2 (')2w

0XJy | oxdy |

Vi w = [N] {qle = [P(x,y) ] [A]"* {q}e
Nén bién dang dugc biéu dién theo {q}e

{ ( .
2 2
ksl 2 [P, y)]
x> ax®
o -1 ' o -1
lede = -z S 1 [PY) JIAI  {q)e = -z ) 2 (Px,y)] | [AI"!{qle
2 2
ay ay
2 2
29 2 -2 [Px,y)]
axdy | axay ]
Hay gon lai: {e}e = [B] {q}. (6.42)
Trong dé ma tran bién dang [B] la: |
[B] = -z [B] [A]"} ,, (6.43)

g day:
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,
Eal - -
o 0o 0 0 2 0 0 6x 0
_— 2
Bl={ % ([Pxyl={ 0 0 o 0 0 2 0 2x 6y (6.44)
|
2 0 0 0 0 2 0 0 4x+4y O
Jxay

Theo cdc cong thuc co ban trong chuong 2, ma tran dd ciing phan td tdm dang
tam gidc ba nut khéng tuong thich trén sé la:

K1, = | (81" (D) (B) 4V (6.45)
v, , . A :
Bing cach. thay [B] xdc dinh theo (6.43) vao (6.45), ta c6
t/2 A
K = [ 22dz [ aarT BT (D17 A1 aA. (6.46)
-t/2 A

vi [A]"! chi chua cdc hing sd nén dua.ra khoi ddu tich phan, va ta dude

KL - £ qarhy? J B (01781 aa| (a7 (6.47)
12 A . .
& day A la dién tich phan ti. Hay & dang gon hon:
KL = AryTmart | (6.48)
trong dé: [I} = f B1” (D}, (B} dA ,‘ (6.4‘9_)‘
A

G day [D): ma trdn cdc hé s& dan hdi cia tdim chju udn va xdc dinh trong (6.8)

-1 v - 0 _- _
' v 1 0 .. Et2 . .
[D} =D , V6i D = la d6 cung tru cua tdm.
0 0 1 - | 127 - v2) .
L 2 J ’ )

Véi [B] trong (6.44), ta tinh sén tich céc ma tran [B]® [D), [B] la:
81" (D) [B] =

-
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-, -
0 0
0 0 o Dsi xing
0 0 o 4
—pl|l © o o 0 2(1-v
0 0 0 "4 0 4
0 0 O 12x 0 12x 36x* |
0 0 0 4@+ 4(1-ME+y) 40y+% 12xy+vx) (4 +y" + 2xy)
+8Q-nx+yi
| P 0 0 12w o 12y 36 vxy 12052 + xy) 36y

Pé tinh [} = f 817 [D}, [Bl dA, ta chi cn lwu y ring: °
A

»

f dA = A = 2 (1a dién tich tam gise phn td)
2 - .
A

2, - : _ «
f xdA = §y = a’b {nhu mdmen tinh cuia tam gidc phin ti vdi truc y)
6 ,
A

3 .

fxz dA = Jy = a’b (nhu moémen quén tinh cia tam gidc phAn td vdi truc y)
12 :

A

2.2

fxydA = dyy = a’b (nhuy mdmen- quidn tinh ly tdm cida phan td vdi hé truc
8 - .

A .

- Xy)
Céc tich phAn khdc cing suy ra tuong ty mot cach dé dang.
Thuc hién tich phan (6.49), ta xdc dinh dugc ma trin {I] nhu sau:

-, =
0o o
o 0 o bai xing

p|l 0 0 o 12

tl = el 0 0 0 0 61-vab ' (6.50)
0 0 0 12ab 0 12ab
0 0 0 12a% 0 122’  18a% ‘
0o o0 0 Isq Igs Igs Ig; Jos- .

| 0 0 0 12a0 0 128" 2%a’ Ga'h + Fa®  18ab’ |
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3 day mét 86 thanh phhn cua hang thy tam khd phli‘c tap nén viét néng & dudi .
nhu sau:

Is4=4(ab2+va2b), Ig5=4(1—v)(&2b+ab2-) © Igg= 4fvab +a2b)
Ig7=9a b2+6vab 133—2[(a3b+ab3)(3 2v) + a2 b? (2 - )]

Cufi ciing thyc hién nhin ma trAn nhu (6. 48) vdi [A]_1 da c6 ¢ (6.37), ta xdc’:
dinh dugc ma trdn d6 cing cia phin td tim tam guic ba nut
(KL = (AT )T mart | |
Cufi cling, ma trin d9 cing phan td trong h& boa dO téng thé X y z’ dlmc xac_
dinh bing céng thuc da biét 6 chuong 2. ' e
K], = [T]e (Kl [T), ' _ (6.51)

trong d6 [T 12 ma trn chuyén ébl hé truc tqa do.

N&u hé truc toa d6 tdng thé x’y’z’ c6 mit phﬁng toa db (x’y’) la trang véi mat
phdng (xy) cda hé toa d0 dia phuong, tuc la trung voi mit trung glan tdm thi ma
tran [T], dugc cho bdi :

[ 0 o 0 0- 6 o o o | -
0 L m, 0 o 6 o0 o o |
o m, 0 0 0 0 0 0
0 0 0 1 0 o 0 0 0 R
[Tk = 0 0 0 é L m, 0 0 o (6'{_’2)
0 o 0 o m . 0 0 0
0 0 0 0 ) ) 1 0 0
0 -0 0 ] 0 0 0 L m,
0 0 0 0 0 0 0 - m, |

trong dé: (I; , my) va (ly, my) la cdc cosin chi phuvng cia cdc truc x va'y trong mét
phing (x’y’) vdi cdc truc x’ va y’.

Vecto tai phan t& {P}e do tai trong phAn b8 p(x,y) vuOng géc mit phing tdm
cing tim dugc khéng khé khian theo cong thli‘c da co:

AP = f (1" pex.y) dA - (6.53)

Trudng hgp, tdm chiu tdi trong phén b8 dBu, plx,y) = p
{Ple=p f [N] dA
‘ A

Vecto tai phan t& do nhiét d6 duge xdc dinh nhu sau: N&u goi T, va AT la nhiét
d0 trung binh va sy chénh léch nhiét d6 gi?a mit tréen va mit dudi cia tdm, va
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xem la sy bi€n thién nhiét do la tuyén tinh theo chidu day tdm thi nhiét dé cda
diém bdt ky thudc phiin tud la

Tx,y,2) = T, + 2 AT
t

Vecto téi phin td {P}. do nhi¢t d0 gdy ra c6 thé tinh theo cong thuc & chuong

2 la:
Pl = [ B DItel,av = [ B DIaT {1 |dv
A A : ]
St dung (6.43) ta c6: |
' ‘ t/2 1
{P}, = -a([Arl)Tf,z (T°+—Z-.AT) dz.f[TﬂT[D] 1}dA
-t/2 t A 0|
[ o
0
0
EaT, t2 -1 2
{P}e = - —— ([A] )f 1 0 r dA
. 40 -V A 2
6x
2(x +y)
| 6y
Thuc hién tich phan, ta dugc
’ 0
0
_ 0
- X
EaT, At Y .
{Ple=-—— (A1 ")y O 1 (6.54)
211 -v) 1 :
) a
(2 + b)/3
b
Cuéi cung, vecto tai phin ti trong hé toa d6 téng thé la . :
{P’}, = [Tk {P}, | | (6.55)

trong d6 [Th xdc dinh bdi (6.52)
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§6.3. PHAN TU DANG THAM SO DANG TU GIAC BON NUT.

Tmﬁg phin 2 bai 6.1;‘éhi'mg ta da biét cdc cdng thuic cg ban cia ly thuy&t tdm
Mindlin. Qua dé cé thé thfy ring trong d6 cé ba dai lugng chuyén vi ddc lap la do
vong w, cic goc xoay Oy via6y di dugc dong thoi xét tdi dé ké tdi anh hudng cta
bién dang trugt trong tdm chju u6n. Do d6, khi thiét lap phuong trinh phan tid hdu
han, ba ham dang dugc chon d biéu dién ba dai lugng doc lap w, 6, va 6, deu thuge
loai cdc ham ndi suy Lagrange. Va phan td thujc loai ding tham s6.

Xét phan td ding tham 86 dang td gidc bon nit nhu hinh 6.7.

(x5,y5)
(x,.4

(%, 4)

(x,.Y,)

. Hmh 6.7. Phan tZ dang tham 50 dang tiz giac 4 niit.

Nhu da biét ¢ churmg 5, vi phan ti la ding tham s6 nén dang hinh hoc cia
phan ti va ca cdc dai lugng cAn tim la chuyén vi w, cdc gic xoay 6, va 6, déu dugc
biéu dién bdi cdc t6 hgp tuyén tinh clia bén ham néi suy song tuyén tinh di trinh
bay trong bai 5.6. Cu- thé dang hinh hoc cua phan tu khao sat dugc cho bdi cic td

hdp tuyén tinh.
4

x = 2 Njx; y=2Ny . (6.56)
i=1 i=1 '
véi (xi,y) la toa dd cia mit i (i = 1, 2, 3, 4) trong hé toa d6 tdng thé (x,y).
— Con céc daij lmmg chuyén vi doc lap cia phdn ti duge ndi suy theo cdc chuyén
vi niit tuong dng nhu sau:

-

4
w=2N w;
i=1
4
0, = 2 N; 0, 6.57)
i=1
4
6, = 2 N; 6
» i=1
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¢ diy w;, 6y vaO; la gid tri cia cdc ham w, 6, va 6, tai mit i. Hay cing 13 cdc bic

ty do cia niit i.

Ngoai ra, cic ham dang N; trong (6.56) va (6.57) da dugc bi&t trong bai 5.6 va
la cdc ham theo toa 40 tu nhién r,s nhu sau: |

N=la+ma+sy
¢

véi (r;, s) la toa dd cia mit i trong he toa 40 tu nhién dia phuong (r,s)
Vects chuyén vi mit phin t& {q}, gobm 12 thanh phin:

{q}e = {w; 65 ayl v - e s

Ma trin Jacobi cia phép bi€n ddi toa dd duge cho trong dang

aN, N, aN,
_ ar ar ar
Ul =
aN, aNy aN,
s . a8 S

Quan hé gida cdc dao ham cua cdc ham Nitheo'rv:‘;s

. aN; oN;
ham theo x va y 1, —
x dy

la:

S p—

=317y

pa—

aN,
ar

aN,

as

N,
ar
as

L

x]

X2
X3

X4

L

-

i
yz
¥y3
ya
(6 N; aN;j
ar _, a8
aNj aN,
R
N, N,

(6.58)
(6.59)
(6.60)
vdi cdc dao
(6.61)

Cic thanh i)hhn cua vectd. céc d5 cong vi bifn dang trugt {e}, dugc cho bdi
"(6.24) hic nay dugc bidu dién qua cdc thanh phin cda vects chuyén vi mit phiin ti

nhu sau: -
' 4
90, ~ 9N;
k, =2 =2—'y.
K j=1 9X
4
aN;
k’,:_f}_ =2 -—6y
y =1 9%
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4
. . oN:
T TN VS .. W
y o 19y =1 X
4 4
Yz = y+ﬁ_2Ni.9yl+2'_iwl
x j=1 9%
O 4 .
ry= -+ Z =T -Ng; +2 —w,
e ay i=1 i=1 ay
Hay 6 dang ma trn:
_ {e}; = [B] {q}e
P >T
tmng do: {‘-‘}t:{kx ky kxy x Yy}
53T
{q}e={w1 Ox1 Oy1....wgq Oy 9y4}

) T
hay  {qle = {{ql}T (@T (™ {quT}

véi {g;} 12 cdc bc ty do tai mit i va

w;
ol -
Byi
Con ma tran bién dang [B] la
B] = [[311 [By] (Bl [341]
(5x12
trong d6 -
0 ) o
\ ax
0 _ 0
ay
B = 0o M N
.(5x3) _ ax ay
.a_N_i. 0 Ni
Ix
ﬁ "Ni 0
- ¥y

Vay c6 thé biéu dién (6.62) & dang khic

{eh =[B] {q}. =
Gx1) 6x12) q2x1))
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vii=1234

thuin tién hon

4
2 B {g}

i=l(5x3)(3x1)

(6.62)

(6.63)

(6.64)

(6.65)

(6.66)



Béng cach thay (6.66) vao (6.22), ching ta biéu dién dugc néi luc (tuc vecto’

{o},) theo cac chuyén vi mit nhu sau:

My
My , 4
{o} = {Myy | = [D} {e}; = [D} [Bl {qle = [Dk X I[Bl{q}
CR Qx (5x5) (5x12) (12x1) i=1
LQy ) |
Hay:
4 4
fo}y=2 D} [B; {q} =2 I[DB; {q}
j=1 & x1 5 %3 3xl ;.1 5x3 3 x1

trong dd cdc ma tran [D Bi] cé kich thude (5 x 3) (vdi i

cong thuc sau:.

i
0
0

[DB;] = [D}, [By] = —2¢

12 (1 + v) 0

6 | N

7).

6 [

i)y

o NG| 2 |oN,
1-v\ay 1-»|ox
B t* [N, nw? [N,
1-v{ay 1-r{ay

aN, t? Ny

-2 \ox 2 \ay

0o 6N,

— 6N, ]

(6.67)

(6.68)

= 1, 2, 3, 4) dudc cho bgi

(6.69)

‘PEé thuin tién cho cdc tinh todn nay, bing cdch tdch riéng cdc s6 hang lién

quan dén udn va dén bién dang trugt ra, ta cé
[DBj] = [DB;}, + [DBj],

¢ day:
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!_' ] — —
0 -»IN N 0 6 0
3y ax 0 6 0
2 o'N: aN. ) 0 0 0
Et —_1 v L Et
DBl=———| ° "7 " | DBle=—="— (6- T1)
=2 7 : 2A +v)| — 0 N
12(1 -9 5
,aN; . aN; ‘ X
0 -i— i
oy SNi  -N; o0
0 0© 0 |y ]
L0 o o |
. 1-v
trong d6 4 =

Cé thé goi [D By], va [D B, la cdc ma trdn tmh momen va ma trﬂn tinh lyc cét
do chuyén vi nit i giy ra.

S« dung (6 27), thé nang toan phan cuia phan tu tém dang xét la.
= —f{e}t [D]t{E}tdA prdA

A,
Thay {e}, va w bleu dién theo cdc chuyén vi mit {q}. nhu (6.62) va (6.57) da

cho vao, thé ning toan phdn cua phan tu dugc biéu dién theo cdc chuyén vi niit
{q}e nhu sau:

I, =%<q}2‘ ( ) (BI D}, (B1 ¢4} {a}, - (@] f (NI" p dA

A7 Lo A
Hay ¢ dang quen thujc:
== {q} [KL {a}. - {q}z {P}, (6.72)
trong do: [K]e la ma tran cung phan td, va {P}, la vecto tdi phan t&
(KL = f [BI” [D}, [B1dA - | (6.73)
(12 x 12) o A(: ’
P}, = f INTT P dA (6.74)
12 x 1) A,
¢ day, ma tran [N] chua cdc ham ndi suy N; va cé dang:
[N] [Nl 0 0N, 00Ng 00N, 0 o] (6.75)
(1x12)

Xét tich cdc ma tran (kL = [BIT [D}, [B] trong bidu thuc tich phén tinh (K], s&
dung (6.64), va (6.69) ta co:

[BllT
| (Bl .

[kl, = (BI" (D], [B] = ot | O B (B (Bgl (By)]
‘ 3

(BT
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treng..dé: [B;j duge cho tron

g (6.65)

Thitc hién phép nhan, [kl c6 dang ma tran khéi nhu sau:

eyyd (gl lagl ]
[k]e =. (ky;] (kyyl [kysl [kysl
(kg ] kgl Hkgal kg,
| tkal kel kel [kl
trong d6 cdc ma tran con [k;] la:
k] = [BJT [} [B). = (BT
(3 x 3) (3x5) (x5 (5x3) (3 x 5),

Hay ¢ dang thuan tién hon, bing cich si
[ki;] thanh téng cua hai ma tran riéng biét lign’
trugt nhu sau:

[kij] = [Bi]T D Bj],: [Bi]T- ([D Bj}u + (D Bj]c) = [kij]u + [kij]c (6.78)
& day:  [kyl, = (BT [D Byl
~ Ikyle = (BT DBy, (6.79)
St dung (6.65) va (6.71) ta nhan dugc
0 0 0
Et.3 ‘ . . . . . , . :
gl = o NN oN ) fon o N N 6809
@x3. 121 - v2) ay  ay 7 S ay X ay |
S I 7 R O T ) B PR
9x ay dy ox ox )3 ay ay '
L -
ON, oN AN 9N Ny Ny
. ‘ ” ax  ax a9y ay ay X
Et | ‘
[kijle = =z B Niﬂi N;N; 0 (6.81)
Bx3) 21 +v) oy
N, 2N ° NN
L % -

190°

p—

(6.76)

(D B;]
5x3)

(i=1234

6.77)
=123, 4) ’

dung (6.70) dé biéu dién ma tran
quan dén dé cung uén va dd cung

I

vdi i 1, 2,3, 4



D& thdy rang: [k;] = [kji]T
Vay, sau khi xdc dinh dugc , ,

[kl = [k}, + [k, ' (6.82)
thyc hién tich phan dé tim ma trdn cing phan ti [K], theo (6.73)

Kle = ff[k]edA = f ff{k],u' [J}| drds +ff [kl |J|drds (6.83) -
azx12 A T10 C1a |
'Phép cau phudng Gauss da:trinh:bay ¢ ebuong 5idugc:.dung dé thyc hién tinh
todn-ma trin [K]e Va theo: Hughes, tich phén- thiu: nhit cia €6.83):duge tinh.vdi so
do bdn dlényw(‘vauss, edn tich phan‘thut hai (vdi. [k]c) chi Vél so'd6 mot di€m: Gauss
(nhu hmh 8. 8)
& ' +-Cde &ié‘m Guauss cua
50 dd b&n diém. Gauss

Y.
o Diém Gauss cua so dd
.- e =S 0,5777.. mét diém Gauss
' ‘n
\
=\ el s 08777,
re-05777 ‘a0 577, x

[}

Hinh 6. 8 Hé thong va toa do céc diém Gauss trong phep cau phuong Gtmss
vdi so db bon diém va mot diém "

Vectd tai phin ti duge xdc dinh theo (6.74)
(Pl = f[N]TpdA

A _
Trudng hgp tai txrc_mg ngang phén b§ déu, cudng d6 p = const
_ 1 _ / n n - .
{P}, =p f 'f[N]T |J|drds=pZ X ww|J| NI (6.84)
(12 x 1) -1-1 =1 =1

va ding so do bén diém Gauss dé tinh
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Chuong 7

Phin tit ba chiéu

Dé gidi quy&t mot s6 bai todn thuc t€ nhu dam day ngin, cdc bai todn vé 6ng
day, cdc m6i ndi gida hai hay nhiéu 6ng, cdc bdé phin may méc & trang thdi ung
suit khgi, cdc bai todn vé ban khong gian dan héi chju lyc tap trung, cic méng

dnit . 10 nit 20 nit

T P
st ' ' 24

§ nut

p— | .

r'e
, s ) t

[ ]
)

20 it 32mut .

* Hinh 7.1. Céc phtin ti khi ba chidu
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m4dy,..,, ching ta phai ,

si dung cdéc phan tu &
khdi hay con goi la

phin t& ba chitu. Cdc

phan td ba chidu c6 .

phidu loai véi dang ‘

hinh hoc khdc nhau. , ,
Hinh 7.1 gidi thigu 15 nut
mdét s6 phan td ba .

chitu nhut phin tu Hinh 7.2, Céc phtn ti ddng tham s6 dang khbi lang tru tam giéc.
kh6i ti dien b6n nidt, mudi nit hay hai mudgi mit (hinh 7.1a), cdc phAn td khéi
dang lang tru tam gidc sdu mit, 15 mit hay 24 mit (hinh 7.1b), cdc phdn td luc
dién 8 mit, 20 mit hay 32 nit.

Cdc phan t& kh8i ddng tham s§ cing dd dugc dung va rit phong phi. Nhu &
hinh 7.2 gidi thidu phan t& ding tham s6 khéi ling try tam gidc 15 mit c¢6 hai mat
tam gidc canh cong hay thing va ba mit bén dang chd nhét canh cong ho#ic théng.
Con néu la khéi lang tru tam gidc 12 mit, do khéng c6 cdc mit & gida cdc canh bén
nén 12 nit nay xdc dinh. mét hinh kh6i ¢ hai miit dang tam gidc canh cong hoic
thing nhung cd ba canh bién cia kh6i phai 12 thing (hinh 7.2). Tudng ty, c6 thé
thdy mot vai phan t& ddng tham s§ dang kh6i luyc dién & hinh (7.3).

8 nit 20 nit ; 16 nut

Hinh.7.3. Céc phtn tit déng tham s& dang kh&i luc dién.

Trong chudng nay, ching ta sé lam quen vdi phan td tud dién b6n di€m niit
don gian nhit, ciing nhu vdi phan ti& ding tham s§ dang khéi lyc dién tdm niit.

§7.1. PHAN TU TU DIEN
Xét phan td tud dieﬁ bén mit nhu hinh 7.4 trong hé toa do tdng thé xyz. Vdi
phan td nay dé don gidn ta sé phan tich phin ti theo cdc toa d6 vubng géc téng

thé chut khong can sd dung cac toa d6 dia phuong. Ta1 mdi nit phin tu’ c6 ba bac
ty do la cdc chuyén vi cia mit theo cdc phuong x, y va z.

{q} = 1Vvi (i=1,234) (7.1)
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4(1'4;3’,, Z’)

2(x,Y5.2)
y ) .

Hinh 7.4. Phén &t ti2 dién bdn niit va céc bbc ti do.

Va phan t& c6 mudi hai bac tu do

{q}e = {lll Vi W3 Uy Vg W9 Uz Vg W3 Uy . Vyu Wy }T (72)
Do d6 ba chuyén vi thanh phin u, v vd w dugc x4p xi héa bdi ciac da thic tuyén
tinh sau. :
u(x,y,z) =a;+agx+agy+a,z

v(X,y,2) =ag+agx +ay +agz (7.3)
w(x,y,z) = ag + ajgx +a);y +ajoz
véi cdc a,,ay ... a;y 1a cdc tham s6 hay thanh phan cida vecto tham s§ {a}

Ciing nhu dd biét trong cdc phin trudc, bing viéc ddng nhit cdc bac tu do vdi
gia tri cdc ham chuyén vi tai diém nit tuong ung sau.
Q1=U(x1,)’1,z1), Q2=V(X1,Y1,Z1), QQ=W(X1,Y11Z1)

Q4 =u(X2,¥2,22), Q=V(X2,¥2,22), Q=W (X2,y2,29) (7.4)
Q7 =u(x3,y3,23), Qdg=V(X3,¥3,23), Q9= W (X3,Y3,23)

Q10 =U(X4,Y4:24), Q1 =V(X4,¥4,24), Q12=W(X4,Y4,29)
Chung ta sé bidu dién dugc cdc ham chuyén vi nhu cdc t6 hgp tuyén tinh cia
cdc ham dang tuyén tinh N; (i = 1, 2, 3, 4): ’

4 4
ux,y,2) = L N;u; = 2 N, q3i_9
i=1 i=1
4 4 ,
v(x,y,z) = 2 N;v; = 2 N; a3 (7.5)
i=1 i=1
4 4

w(x,y,z) = > Niw; = 2 N; q3;
i=1 i=1



trong d6: Cac ham dang N; tuyén tinh (da trinh bay ¢ chdtmg 5)
N; (x,y, = — ‘(ai +bix+ ey + d; z) i=1,23,4 (1.6)
6V, '

¢ day: V la thé tich khéi phan tu.

1 X3 y1 21|
' 1 %2 y2 22
v,=1: 1.7
611 X3 y3 z3
1 x4 Y4 z4
5y 5 0 1y
a = |Xk Yk %k |, b, =- {1 ¥k % (7.8)
X] Y1 %) 1n 7
x5 1 % X ¥ 1
cg=-|Xk 1 2|, di = [*Xk ¥k 1
X 1 7 X 1

Véi chui y cdc chis6i » j » k - | thay [an lugt theo thd ty 1 - 2 » 3
- 4, ' :
Vay trudng chuyén vi cia phan tu duge bi€u dién trong dang ma trin nhu sau.

- |ux,y, 2) .
{u}e =1 vy, 2) ( =IN1 {q}e , (1.9)

Bx1 w(x,y,z) | G*12a2x1)
trong dé ' -
N; 0 0Ny O 0O Ng O 0Ny O 0
[INl=|0 N; 0. 9 N2 0 o9 N3 0 o Ny 0 (7.10)
0 0 Nt o 0 N20 0 N3 o 0 Ny

Vectd bién dang vdi di sdu thanh phan duge biéu dién theo vects chuyén vi nit
phan tu trong dang quen thudc di biét ¢ chuong 2.

(¢}, = [B] {q}, ‘ o (7.11)

. T

trong d6 {ede'= {ex oy €2 ey 7y vex} (712)
Bl = [ [N]
6x12) .- (6x3) (3 % 12)

-
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2 o o |
o ~ _ ,
0 2 0 b, 0 0 b, 0 0 b, 0
] :’ 110 a0 0 ¢ o0 0 q
[B] = 2N | ‘
C m 6V, © 0 & 0 0 & 0 0
2 2 0 ¢, bp 0 ¢ b, 0 ¢ by
Sl
0 a a 0 d, ¢ 0 dy c 0 d;
w oy | 4, 0 b 4 0 B & O
2 0 2
1 9z ax ]

o o0 i
c, O

0 d,
b, 0
d, ¢

0 b, |
(7.13)

Dé tha’y td (7.11) va (7.13) la bién dang sé khong déi trong méi phan td.
Do vy ung susit cing khong d6i trong pham vi phin t& va dlIdc xdc dinh theo

‘dinh luat Hooke: .
{o}e = [D] {¢},

. T
vdi vectd to @ng suflt {0}, = {ax Oy 0 Txy Tyz ‘tzx}
Va ma trin cdc hé s dan hdi

1-v v v 0 0
v 1-» v 0 0
v v 1-» 0 0
[D]} = - 2 0 0 0 1-2v 0
 a+ma-2y | »
0 0 0 0 1-2v
2
0 0 0 0 0

Ma tran d6 cung phin td trong hé toa d6 tdng thé xyz la:

i, = [ (81" (D} (B1av
va

Vi cdc ma tran [D] va [B] chi chda cédc hing s§ nén dé thdy la-

KL = V, B [D][B]
(12 x 12)

(7.14)
(7.15)

(7.16)

(1.17)

(7.18)

Vecto tidi phan td do sy thay d6i nhlet do T, lyc thé tich khOng déi {g} =

{g, gy gz} va lyc mit phan b8 deu. {P} = {px Py pz} tré;f;-)m&t nad d6 cua phlin

tf (thi dy mat 1 -2-3) K

. . - R
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.
1 Bx Px
®r. = [ B D1eT ’dV+f[N] & dV+f[N] Pyds o (T19)
v, 0 V. gz ' Si23 Pz
AO J
Bx ] Px W
8y Py
Bz P:
1 & | Py
1 8y | Py
- E«TV, [B]T_*l | Ve |8 | S p, | : (7.20)
-2y %1 4 & 3 Ip
0 By Py
0 g Pz
g | 1o
g o
2, 0

trong d6 Syo3 la dién tich mat 1 - 2 - 3 clGa phan tu.

Nhu vay cé thé nhan xét ring trong trudng hgp luc thé tich khéng ddi thi
quy ddi vé cdc nit la nhu nhau. Con lyc mat cing dugc quy vé phan b6 déu trén
3 niit xdc dinh bé mit ma luc mat tdc dung. Con tal nit khéng thudc mat nay, cic
lyc quy déi nay la bing khong.

~ C6 thé thdy ring do chuyén vi la cdc da thu’c tuyen tmh nén tinh lién tuc cta

chuyén vi doc theo cdc miat tiép glap vdi phan tu ké sat né sé ty thoa mén. Tuy
nhién, trong thuc t&€ nguoi ta it dung phin tu nay bo‘l kh1 rdi rac héa mién khao
sdt rdt dé nham lan, sai st va phu’c tap : '

§7.2. PHAN TU LUC DH?:N

Trong bai nay chlihg ta sé xét phan td khdi luc dién don gian nhit véi tam
nit la cdc dinh cuia khéi luc dién va méi nit c6 ba bic ty do la cdc chuyén vi nut
theo cdc phuong x, y va z cla hd truc toa do téng thé. Dé thuan tién va don gidn,
ching ta cling xem né nhu mét phan ti déng tham s6, tuc la ca dang hinh hoc cda
phan tu, ca cdc ham chuyén vj dugc xem nhu la cdc t6 hgp tuyén tinh cia cung
tdm ham dang nhu sau. o h

Ni=l(l+rmyd+ss,A+ttpvdii=1,23,..8 (7.21)
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(-1-4,1) 8 | 7tra0)
| i
2 | Y )
| (41,1
(1,-1,0)5 —
> 4 )_ e = _____-—-————S
P/.-,.’)// - 3(-’0 .’;-’)
7/
/
(7,191 201.9,-1)
y \ ~
<z
Trong hé toa dd tng thé ) , Trong hé toa dé dia phuong

Hinh 7.5. Phan tui luc dién tdm nit

trong dé r, s, t 1a cdc toa 46 tu nhién (Hinh 7.5),
r;, s;, t; la cdc gid tri cua cdc toa d0 tu nhién cia niit i va chi c6 gid trj
la 1 hay -1.
Nhu vay trong hé toa d6 ty nhién (dia phuong) phén ti la mét khéi lap phuong
méc du trong he toa do vudng géc téng thé nd c6 thé la mét khéi luc dién cé dang
bat ky. '

Hinh dang hinh hoc cia phhn‘tfx duge cho bdi

8 8 8
) Nix;, y= 2 Niyiv 2 =k2 Njz (7.22a)
, i=1 i=1 i=1 |
Hay & dang ma tran
, x1
n
X \
2] ‘ .
y t = [N] . ' : (7.22b)
X9 . .
z . : :
. Zg
trong d6: ‘ ; " :
N; 0O 0 Np O 0 Ng.... 0 v
Nl ={o0 Nj O g N0 g ....0 | (7.24)

@x2y 1o 0 N o 0 N2 o ....Nsg
Con x;,yi, z la cdc toa d0 cia nit i trong h¢ toa d§ vudng géc téng thé.

Va cdc ham chuyén vj theo cdc phuong x, y, z cia h¢ truc toa d¢ téng thé cing
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cé thé dugc bifu didn cing bdi cdic ham dang trén, tuc la ‘
' 8 8 8 ‘
u=2Ny, v=2Nv, w=2Nw (7.25)
i=1 i=1 i=1 .
trong d6 u;, v;, w; la cdc bac tu do cua nit i

Trong dang ma trin, trudng chuyén vi cda phan td biéu di&n theo vecto chuyén
vi ndt phan td {q}. la:

uj ‘
Vi
u
w1 ‘ ;
{ule = v [ = IN]; = [N] {q}, (7.26)
- Ug : .
ws
Su dung (7.26) bi€n dang cua i)h"éln td dugc bidu didn theo {q}. nhu sau:
{e}e = [Bl{ale . : ‘ (7.27)
Trong dé: {e}e = {ex & € Tay Vyz yzx} (7.28)
Ma tran bién dang [B] la : :
[B] = (0] [N] =|[(Byl Byl [Bgl.... [Bg]] (7.29)

(6 x 24) (6 x 3) (83 x 24)
¢ day: [B;) = [a] [Nj]

9N 0 0
I 0 o | ix
- , o 0 N 0
0 —a; ‘ . dy
(B = o o N 0| = ” (7.30)
6 3 2 A 0 0o o N aN; aN; 0
(6 x | ' i —
dy ax . ox
0 K. aoy
oz ,_205.. o ﬂ 8N,
KA 0 0 0z ay
d ax . .
L % - oN; 0 N,
L oz x

Vi cdc ham N; l1a ham cda cdc bién r, s, t, nén dé tim céc dao ham cta N, theo
cdc toa do6 vudng géc x, y, z chi y 1a cdn st dung ma tran Jacobi cua phep bién
ddi toa do. Cu thé, nhu dd d& cip & chuong 5 va chugng 6



a - (2]
Jor Jx A ’
d d '
1—r=UdIy— ' (7.31)
s dy
9 9
ot  0Z
trong d6 ma tran Jacobi la:
\ - -
x>y
or ar or
0] = | %Y %z - \ (1.32)
0s s 0s :
[23 dy 9z _ i=12..8
_Ot ot ot ]

Bang cdch thay (7.22a) vao (7.32) ta c6 dugc

-

[ s 8 8
'« ON; ON: oN:
2 : - X; 2 —VJi. :g-f—l-zx
i;l Jr i=1 Jar i=1 Jr
8 . 8 8

oN; oN; _
Ul=12—x 22—y, 2—z (1.33)
i=1 98 i=1 98 i=1 08

8 8

oN; ON - ON;
:2 ‘—J‘xi :2 —¥i :2 *—J'Zi
i=1 9t i=1 0t =1 9t

trong d6:

N; .

—l=lqd+sgﬂl+m)
ar 8

aN; '

o g+ vdii=1,23, .8 (1.34)
s 8 ' A

Ny 1

— = ~1-ti(1 +rr) (1 +ss)

it 8

Nhu vay, ti (7.31) chuing ta tim dugc cdc dao ham cdc ham N; theo cdc toa d9
vubng goc X, y, z nhu sau:
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[an, oN; |

x or

Wil _ gty ’ | (7.84)
dy a8

N, N,

oz ot

pé de hinh dung, néu nghich dédo cia ma tran Jacobi du’o'c viét & dang sau:

J n Jiz Jig .

0 e Jgg. Jo3 | (7.35)
J31 d3p Jag ,

thi cdc dao ham cua cdc ham N; theo cdc toa do vuong goc la

oN; = JN ~ ON; = oN

— =dy—+dp— + Jy3—

X Jr 0s ot

ON; = ANy = oN; -~ oON; ‘ R _

—_— J21 — 4 J22 — + J23 —_ (7.36)

Jdy or 0s at ‘

()N - ()N -~ dN - ()N

— =dg— +dgp— + Jgg—

0z ar 08 ot

Nhu vy ma trdn bxé’n dang [B] la tim duge

St dung cdng thd’c w ban ¢ chuong 2 vé ma tran do cung phan tu
KL =f B (D] [(BldV (1.3
@ix24y - V. @4x6) 6x6) (6x29 '

Hay, cy thé hon, si dyng (7.29) ta thdy
/ N

-~ I3 / [82]T
K = f foi [[31‘] [BZ]L...[Bgl] av (7.38)
(Voo 4 ;.,:'-', ot
Bgl" |

Va [Kl dugc dua’ v& dang ma tran khéi
I o .




Kyl Kyl | (Kl |
[(Kail (Kool . ... [Kagl

Ke={ . . . (139

[(Kgil [Kggl -~ [Keg)

trong dé: i
i=1,2, 8
Kyl = f [Bi]T [D] (B dV vdi (l -1 8] (7.40)
T (3x3) Vo (3x6) 6x6) (§x3) )
Cang dé thdy rang /
Kl = [KJ] S (7.41)

Vi cdc ma tran [B;] dugc bxeu dién theo cdc toa dd tu nhlen nén tich phan trén

cing can thuyc hién theo cdc toa 40 ty nhién véi chu'y riang
dV = |J| dr ds dt

trong dé: |J| la dinh thdc clia ma tran Jacobi [J]
Va cdc ma tran con [K;] dugc xdc dinh nhu sau:

Kyl = fff [Bi]T (D1 [B;] IJi dr ds dt (7.42)

-1-1-1
Tich phan nay khong cho duge két qua dang tudng minh nén phep cau phuong
Gauss dugc st dung dé tinh. D& c6 k&t qua chinh xdc ching ta 4p dung phép cau
phuong Gauss véi so do hai diém tinh Gauss, tdt nhién theo ca ba phuong r, s va
t. Khi d6 nhu da trinh bay trong chuong 5, ma trén con [Kj] duoc tinh theo cong

thdc sau:

2 2 2
Ky = 2 2 ZWW W, ([B,] (D] [BJ]) (7.43)
‘ i=1 j=1 k=1 (rivsjvtk)
2 2 42
Kji=2 2 2 ((Bi]T (D] [B,-]) | (7.44)
=1 j=1 k=1- | (i, 855 ty) :
Vi trong trudng hgp nay, véi so do hai diém tinh Gauss thi
W, =W, =W, =1(vdiij k=12
Ngoai ra, trong d6 can hiéu ring
([B] [D] (B;] |J|) | (7.45)
(rj, 8j ty)
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la gid tri cua
([Bi]T [D] [B}] }J l)
tai cdc di€ém tinh Gauss cé tqa do (rj, sJ, tk) véi 1; = + 0,57735.., sj = = 0,57735 ...,
ty = * 0,67734...
Vectd tdi phén tz: Ching ta sé tinh vecto tai phhn td cho mdt s6 nguyén nhén

riéng ré nhu sau: \
Do bién thién nhi®t d6 T, khi dé"\_rectd tai phin td du’qe xdc dinh nhu sau

‘ 1
‘ 1
S 1} :
{P}, = f [BT] [D] {e,} AV =f (BT DlaT{ tav (1.45)
€ . h e s . 0
r 0 J
o
. 1 e .
Vi [Dle) = =21}
1-2 (0
0
.
va st dung (7.29) ta ¢6 biéu didn {P}, & dang
. : . . T
{P), = {{P1}T PyT {P3}T....{P3}T}
trong doé: :
p;} = =T f B [av  wii=1,2 ..8) (7.46)

1_2VV,

L

.? © O O H re

la vecto luc tai tai nut i o :
Thay [B;] tur (7.30) vao (7. 46) vﬁ tht,tc hién phep nhan ma. trin trong bigu thuc
“tich .pban, ta co:
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i INj , INj
e L |
py = EaoT f JNil gy = EaT fff VNCL g e ds dt
1-2v Yy ay 1-2v2,5,%0 (oy
oNj | , _ aNj
Hay si& dung (7.34)
[N,
11 ar |
(P} =~ EaT fff[J]‘l Milyg) dr ds at (7.47)
-2v -1-1-1 s
oNj
ot

Tich phén dugc tinh chinh xdc theo so dé hai diém tinh cua phép cau phuong
Gauss nhu dd néi ¢ trén, (nhd la trong trudng hgp nay cac trong s§ déu cé gid tri
bang 1) : ‘

ey = BT 2 2 Z' (@ Miljap S (148)

(ri’ Sy tk)

ot |
. \ . T v
Do lyc khéi g = {gx gy gz} , vectd tai phan tut duge xdc dinh theo cong thuc
di c6 ¢ chuong 2 nhu sau: R

{P}e f[N] {gtdv _ _ - ‘ (7.49)
Cung nhu trén, de thdy rang vecto luc khéi tai nut i la
(P}, = f[Ni] {gav  (=1,2..8 (1.50)
trong do:
Ni 0 0 gX
INJ=|o Ny 0] va{gl=1igy
0 0°'N; g,
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Nigx 111 Nigx
{P;} = f Nigy { dV = fff lgy {J| dr ds dt (7.51)
‘V° ' ngz -1-1-1 lgz ’

Va blng cdch dung so d hai di€m tinh ctia phép cau phuong Gauss nhu trén
“ta tinh {P;} nhu sau: _ ‘

% 2 2
P}=2 2 2 Nigy t |J] - (7.52)
=1 =1 k=1 Nig: | | |austy
T OO~
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Chuong 8

Bai toan dong luc hoc két cau

§8.1 PHUONG TRINH PONG LUC HOC KET CAU

Trong thiét k& ky thuat, ngudi ky su khong thé khong tinh t6i dao dong cia
coéng trinh hay mdy mdc do anh hudng cda cdc tdc dong dong luc bén ngoai va cuia
ban than céng trinh hay mdy méc giy ra trong qud trinh si dung va lam viéc nhu
gié, dong ddt, mdy mdéc giy chin dong, hay cdc tal trong d6ng do chinh sy van hanh
cua cdc chi tiét gay ra..

Dugi cdc tdc dong d@ng luc, chuyén vi, @ng suit va bién dang trong vat thé
khao sdt 1a phu thudc thoi gian. Theo mé hinh tuong thich cda phuong phdp phan
ti hdu han, ciing nhu ciach phan tich cdc bai todn tinh & trén, cdc ham chuyén vij
cia phin ti cé thé dugc bi€u dién qua cdc bdc tu do cia phan ti véi chd ¥ ring
cdc bac tu do nay la cdc ham cuia thdi gian t nhu sau :

' C |uyab
{ule = {ux,y,z, Ble = vxy2t) | = [N, ,“)] tat)le (8.1)
w(X,y,2,t) :

J
/

trong dé: {u}, la vectd chuyén vi va la ham cdc toa d6 diém va thai gian t, [N] la
ma trdn cdc ham dang. Con {q(t)} hay dé gon {q}. la vectd chuyén vi nit phan ti
ma cdc thanh phan cia n6 1a cdc ham cda thdi gian t. |

. Bién dang cda phan ti cing la ham ctia thdi gian va dugc biéu dién qua chuyén
vi niit.

{e}e = [0){u}, = [a] [N]{q}e = [B] {q}e (8.2)
Con ung sudt trong phin to :
{o}e = [Die}, = [D] [Bi{q}, (8.3) .

Do chuyén vi 12 ham cia thdi gian, cdc diém ctia phan td chuyén d6ng véi van
t6c biing dao ham bac nhit cha chuyén vi ldy theo thdi gian t.
‘ {u}e = INxy,2)]{q}e ' (8.4)
g day : {(i}e l1a vecto van téc cdc diém mit cia phan ti va goi 1a vecto vén téc nit
phén uz.
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P c6 dugc phuong trinh ddng lyc hoc cia chuyén dong d6i vdi toan vat thé,
ching ta sé si dung phuong trinh Lagrange loai 2 trong dang ma tran todn vat thé
véi chi ¥ ring dong ning va th& naéng cia cd hé hoan toan c6 thé biu dién theo
cdc toa d suy rong - cdc chuyén vi nut

1[31—’ Ll R0 (8.5)
dt ' '

oq ) log) log
trongdé:L = T—1I | (8.6)

va dugce goi la ham Lagrange.

T la dong nm?g, 1 la thé nang cia he, R la ham tiéu tdn.

Con q va q dugc hi€u la vecto’ chuyén v; nit va vaAn t6c mit téng thé
(@) va {@ /

Véi mot phhn td, ddong ning T,, thé' ning l'le c6 thé dugc tinh nhu sau :

T, =2 | p{u}Y {u} dV ' (8.7
2%y : .

-]

Mo=U,-A =1L f ()T {0}V - f {Q)Tigrav - f {q)T(p}dS 8.8
G day : p : khdi lugng riéng vat liéu phan td.
Né&u xem ring tbn tai cdc luc can ti 18 vdi van tSc chuyén déng thi biéu thue

ham tiéu tdn R, cia phan ti dugc biéu dién la :

R, = % i) {abedV - (8.9)
A"

vdi ¢ 1a hé s6 can. Hé s6 nay phu thudc vao méi trudng ma hé dang khao siat chuyén
dong, vao hién tugng ma sit trong cua vat ligu, vdo d) ma sdt cia cdc lién két. Bing
cdach st dung cdc c6ng thuc d4 trinh bay & chuong 2 va cdc cé6ng thdc tu (8.1) dén
(8.4) ta c6 thé biéu dién dong ndng, thé ning va ham tiéu tdn d6i vdi phdn td theo
vecto chuyén vi nit phan ti {q}. vA vectd vAn tfc nit phhn tu {q}e nhu sau :

Te=§{f1}e o ® iNuav (e = @7 DLt | (8.10)

e

H2=%{q}e f (BT (D] [BV {q}e—{q}e : f [NI"{g}dV + f [N1"{p}dS

e R vg : St
= %{q};r [Klefqle - () {P)e | 8.11)
1T T v _ LT .
R. = E {q}e fﬂ [N]" [NV }{q}. = 5 {q}e [Clefa}e (8.12)
) .

trong d6; ta goi
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[M]e'l& ma trdn khoi l&qng phan ti va : M), = fp[N]T [N]dV - (8.13)

(K], - ma trah d6 cing phan ti. [K]. = f[B]T (D1 [BldV ' ‘ (8.14)
[Cle - ma tr@n can cda phan tu, [Cl, = fﬂ (NIT [NIdV (8.15)
| oA |

{P}e —~ vecto tai phin td

®re= [ [N]T{g}dV+ f i pras @16
: v 8, -

/e
Nhu vdy, ciing lap luén nhu & chuong 2, bidng cdch ghep n61 phin tg trén

toan hg, cdc dai lugng nhu déng ning, th€ ning toan phdn va ham tiéu tdn ning

lugng cia toan heé duge bi€u dién qua vectd chuyén vi nit tdng thé {q} va vectd

_van tO'c nit téng thé {q} nhu sau

E

T=3T,= -2}- &" 2 M), | {3} = %{E}T MG} (8.17)

"E E E
n=3n, = %{E}T [2 (Kl ] {a} - {@" [Z{P}e +{P), ]

- l{E}T Kiq} - {87 (P} | (8.18)
R= Z Ry ==~ {q}T [2 [C]e} @ = % @I | (8.19)
trong d6 :
, E
[M] - ma trén khéi lugng téng thé, M) = 3 [M), - (8.20)
E
K] - ma~trén d6 cing téng thé, (Kl = 2 (K], (8.21)
E
[C] - ma tran can téng thé, [C] = 2 [Cl, - (8:22)
{P} - vecto tai téng thé, {P} = 2P}, + {P}, | (8.23)

& day {P}, la vectd cdc tai trong tAp trung dat tai cdc nit.

E o
Chu y ring trong céc biéu thic trén dfu téng X 14 téng quy udc, khong phai
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la phép cong ma tran théng thudng, ma cé thé hi€u la phép cong cé sdp xEp khi
ghép néi phan t nhu d4 trinh bay trong chuong 2.

Thay cdc biéu thudc cia déng ning, th€ ning, ham tiéu tdn ning lugng toan hé
cho trong (8.17), (8.18) va (8.19) vao phuong trinh Lagrange (8.5) chiing ta ¢6 dugc:

IM{G} + [C){G} + [Kl{q} = {P} | (8.24)
trong dé : {q} 1a vecto gia téc nit téng thé. }
Sau khi 4p dat cdc didu kié¢n ddng hoc, chung ta nhan duge phlfo’ng trinh dbng
luc hoc 'caa hé trong dang. _
[MI{q } + [C){q} + [K){q} = {P} . | (8. 25)'
Phuong trinh (8.25) con dugc goi la phuong trinh dao dong cudng bic cua két
cu hay vdt thé theo mé hinh tuong thich cia phuong phap PTHH.

N&u xem ring trong qud trinh dao dong, hé khéng he mit mdt niang lugng do
cdc nguyén nhan nhu dd ké nhu ma st trong, ma sdt cda cdc lién két, lyc can cda
moéi trudng,... tic la ndu bd qua sy cdn thi phuong trinh dao dong cia k&t cdu hay
vat thé sé la :

[MN{q } + [Kl{g} = {P} ' (8.26)

Phuong trinh (8.25) duge goi la phuong trinh dao d6ng cuéng buc khdéng can.

§8.2 MA TRAN KHOI LUONG TUONG THICH VA MA TRAN
KHOI LUONG TAP TRUNG.

Ma tran khéi lugng duge cho bdi (8.13), tuc

[M]; = } o NI [NV
v

dugc goi 12 ma trAn khéi lugng tuong thich (consistent mass matrix) cda phan tu
vi cliing chinh md hinh xép xi ctia chuyén vi s dung dé tinh ma trin d6 cing phan
td cling dugce s dung!d8 tinh ma tran khéi lugng pban td.

Trong bai todn dfng lyc hoc, trong mét sé trudng hgp ngudi ta con st dung
dang don gidn nh&t cia ma tran khéi lugng bing cach dat cdc khéi lugng tap trung
tai cac diém. nit theo hudng cta cdc bac ty do chuyén vi nit va lién hé vdi qudn
tinh cta hé trén cdc,chuyén dich thiang hay quay cda chinh diém nit dé. Con phan
thé tich con lai cia pbAn t& xem nhu khong c¢é khéi luong va khong tham gia vao
chuyén dong. Ma trgp kh6i lugng nay duge goi la ma trén khéi lugng tap trung
(lumped mass matrix) va 14 mét ma tran dudng chéo.

Thi du, véi phlin t& mft chiBu chiu bién dang doc truc (phan td& thanh dan),
khi ham chuyén vi dec. fruc u(x) duge x8p xi héa bang mot da thuc tuy&n tinh,
chuing ta cé: ’

u(x) = [N] {q}, T

EERS ¥
R B P A

Y N A LT
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vdi INI={{1-%) (%
(-3
. (@ = |1 _Jux=0)
v Ve g | ~ lux=1)
e e
thi theo (8.13) ma trAn khé&i lugng tuong thich cia phén td la :
M, = J» NIT (NJav = 251 [ } (8.27)
v 6 |12 .

trong dé p la kh6i lugng riéng vat liéu, F la dién tich tiét dién ngang, | la chidu
dai phan td.

' Thi ma trAn khéi lugng tap trung ctia ph3n t nay cé dugc biing cdch chia dau

kh6i lugng phdn td cho hai nit, hay

pF1

[MIe = 0t

Cé thé thdy réing mg tran khéi lugng tip trung sé cho két quid gan chinh xdc
trong cdc trudng hgp két ciu la nhe va cé cdc vat nang (cdc khdi lugng tip trung)
dat sdn tai cdc nut. Tuy nhién, vi ¢6 dang ma trdn dudng chéo nén ma tran khdi
lugng tap trung tong thé dugc xady dung don gidn, t6n it bd nhd va cling lam tinh
todn sau nay don gian hon. Con viéc s@ dung ma tridn khéi lugng tuong thich sé
cho két qua chinh xdc néu dang dao dong thuyc cé thé biéu dién bing t§ hgp cua
‘cdc ham dang [N]. Tuy nhién, cdc ham dang nay thuong la cdc ham dang khi phan
tich tinh nén sy phan b8 khdi lugng theo cdch nay cing chi la gan ding. Mac du
vy ma tran khéi lugng tuong thich vdn ddp dng yéu chu chinh xdc trong phan ldn
cdc bai todn thyc té. ‘

§8.3 MA TRAN KHOI LUQNG TUONG THICH TRONG HE TQA DO
TONG THE

Khi xay dung, din ddt d€ thi&t l4p cong thic tinh ma tran khéi lugng tuong
thich phan td, thudng ching ta st dung mdt hé toa d6 dia phuong phu hgp sao cho
viéc xdy dung cong thuc la d&8 dang va don gidn. Cdc hé toa d6 dia phuong nay cé
th€ 1a khic phuong vdi hé toa do téng thé chung cho toan hé. Do d6, trudc khi
ghép néi phan td d€ xay dung ma tran khéi lugng tuong thich téng thé, ta can
chuyén cdc ma trin kh6i lugng phan t& vao hé toa d6 téng thé.

- Goi : [M]e, {g}e va {q}e 12 cdc ma tran kh6i lugng, vectd chuyén vi mit va vecto
vAn tdc mit phin td trong hé toa d6 dia phuong xyz.

Va [M’)., {q’}s va {q’}. 12 cdc ma tran khé&i lugng, vecto chuyén vi nit va vecto
van t6c mit phln td trong hé toa d6 téng thé x’y’z’. ‘
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Thi, nhu dd trinh bay & chuong 2, gi®a vecto chuyén vi nit phhn ta
{q}c va {q’}e c6 quan h¢
{q}e = [Tle{q’}e (8.28)
trong @6 [Tl 1a ma tran chuyén d8i hé truc toa do.

Va ciing d& thdy mot cdch hién nhién,

{qte = [Tllq’}e (8.29)
Pong ndng cta phin td, nhu (8.10) da cho :
Te=§{d};r Ml {ale (8.30)

Né&u thay (8.29) vao (8.30), ta cé
To= QKT MJ, [Tl{3'Ye

Hay Te= l{‘c‘;’}E M7’} (8.31)

Vay, c6 thé thay ma tran khéi lu’o‘ng tuong thich cda phan ti trong hé toa do
téng thé x’y’z’ 1a
[M’], = [T]; (M, [T], | (8.32)
Chu y la v8i cdc phan td ma cdc bic ty do cia né chi la cdc chuyén vi thing
cia cdc mit, thi ma tran khé&i lugng tuong thich sé 1a bat bién d6i véi phuong chitu
va vi tri cua cdc tryc toa d6. Do d6 ma trén [M]e va [M’], sé la nhu nhau d6i véi
cdc phan t& thanh dan, cdc phln t hai chitu cla bai todn ing sudt phdng va bién
dang phéng, cing nhu d6i véi cdc phan td kh6i t dién, luc dién chi cé cdc bac tu
do 1a chuyén vi thing cdc nit. Sau ddy chung ta sé tim ma trAn kh6i lugng tuong
“thich cua mét s8 loai phdn t& thudng dung.

1. Ma tran khéi lugng tuong thich cta phan ti thanh dﬁn khong gian.

Nhu da biét & chuong 3, v8i phan td thanh dan khéng gian, cdc ham chuyén
vi dugc xdp xi héa bdi cac da thic tuyén tmh va biéu didn qua vectd chuyén vi nut
phan t& {q’}. nhu sau :

u(x)
fux)le=jvx) 1. = [Nl {q'}e
w(x) Bx6) 6x1)
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trong dé :

[ -
(1—%) 0 0 E 0 0
_x x
IN] = o (1 £‘) 0 0 : 0
X X
i 0 0 (1—?) 0 0 .

> ’ ’ ’ ’ ’ ’ T
va {q'te={u"1 v1 W’ Uz vz W}
véi (Wi, Vi, w’) la chuyén vi theo cdc truc toa d6 téng thé x’, y’, 2’ cda miit i.
N&u phan t& cé mit cit ngang F va kh&i lugng ridng p khong d8i doc theo chidu
dai phan t thi ma trdn khdi lugng cida né sé la :

- -

200100

020010

: . F1/002001
M), = [M’ =f NIT [NJdV =22 8.33
M], = [M’], Vp[][] s 100200 ( )

‘ 010020

001002

2. Ma tran khéi lrgng cia phan ti thanh chiu xoan doc truc.

Nhu da trinh bay ¢ chuong 3, bién dang xodn doc truc cia mdt phin t mét
chigu l1a géc xodn 6(x) cia mit cit ngang bdt ky trén phan td duge xdp xi hdéa bai
mot da thic bac nhit va dugc ndi suy qua cdc bac ty do la géc xodn cua cdc nit
phan tu.

6(x) = [N] {q}e : (8.34)

& day : [N] 13 ma tran cdc ham dang tuyén tinh.

[N] = (1—5), i] | (8.35)

1 1

. _|px =0
va {q}e"le(xﬂ) ]

Do ham chuyén vi 14 ham géc xodn 6(x,t) nén c6 thé thdy ring van tdc chuyén
ddng cia mét diém cdch tam ti€t dién khodng cach r 1a : '
r.6 (xt) =r [N},

4

(8.36)

trong d6 : 6 = 9 1 van t6c géc clia diém dang xét.
dt

Vay dong nang T, cda phin ti trong chuyén dong xodn quanh truc x cda phan
ta la
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T, =1 p(re) av = Lyt fp[NJT [N} dV |{q}
2 V 2 Vl:
Hay
é{q}e (M, {q},

trong d6 : [Mle la ma trdn kho6i lugng tuong thich cda phan td thanh bién dang
x0én -doc truc (trong hé toa do dia phuong).

(M], = f p INIT INTr2 dv (8.37)
v,
Vdi ma tradn ham dang (8.35), va khi ti€t dién ngang F, khéi lugng riéng p
la khéng d6i trén suét chiéu dai 1 cua phan tu, thi ta ¢ :
1

W, {2 1
[M], = f p IN1T [Nldx f 2qr =" - [1 2} (8.38)
4

Q

¢ day J, = frzdF la mémen qudn tinh doc cyc cia mat cit ngang doi vdi tam mat
F
cdt ngang.

3. Ma tran khéi lugng tuong thich cua phan tu khung khéng gian.

Cdng tu chuong 3, ta biét ring mot phan td khung khdéng gian cé 12 bac ty
do gom 6 chuyén vi thing va 6 chuyén vi géc. Trong hé truc toa do dia phuong vdi
truc x la tryc phan tu, cdc truc y, z cung phuong vdi cdc truc chinh cia mat cit
ngang, thi trudng chuyén vi ¢é thé duge biéu dién nhu sau :

u(x) ;
{ule = v(x) 1 = ([N] {qte ) (8.39)
lW(X) . @x12) azxy

§day : {qle={u; vi Wy 8y 6,1 6,1 ug vp w2 6y Oy 6,0} (8.40)
va X . ‘

NP o0 000 o NP o 00 0 o0
INt=| 0 N® 0 0 o N o N 0 0 0o NP| 84D

0o 0 NPonN® 0 o0 o NP ONP o
¢ day : Ngl) (i = 1, 2) 1a cdc ham dang Lagrange tuyén tinh.
34

NP=1-%  NPP=% (8.42)
1 1
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13

12

NP =Ll s+ 1),

NP =Ld-an2+ 1%,

NP = —L 23 - 313

N =

Pl (x3

13

- Ix

N® (i =1, 2, 3, 4) 1a céc ham dang Hecmit bac ba.

(8.43)

Va ma tran khéi lugng tuong thich cta phan t khung trong hé toa dia phuong
xyz la :

[M]e =

pFl

(Ml = Joma™ myav
\4

!
3

0

1_3

35

o 13
35

0 0

o -1
210

wo

210

0 0

2

70

o 2
70

0 0

o 1
420

EEI

420

_ 13l

420

bai xing
2
105
o X
3
RN
420
0 0
0 0
0 0
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l@_

35

) 13
35

0 0

o
210

o

210
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e

véi F la dién tich ti€t dién ngang, dy

ngang, | 1a chiéu dai phan ty. '
Chd y la, néu thyc hién (8.44) vdi ma trén cac ham dang (8.41) thi chi nhan
dugc ma tran [M], v6i cdc thanh phan cua cdc hang va c6t thd tu va thd mudi la

bing 0. Tuy nhién,

la momen qudn tinh doc 'CL'IC ela mat cat

trong (8.45) cdc thanh phin Mygg =Moo = Lpldy va
3 |

Mg 10 = Migq = —élex dugc b8 sung thém vi thanh phin chuyén vi géc do bién dang

xodn truc 6(x) la doc lap vdi trudng chuyén vi biéu dién theo (8.39) va chua duge
ké tdi trong (8.44). N6i cdch khdc, ta d4 k€ dén cad qudn tinh quay do bi&n dang

xodn truc gy ra.

Véi phén ti khung phdng, cdc bac ty do cta phan tu la :

{q}e::[ul v1 (ﬂ!) ug

SERS

dx1

Thi ma tran kh6i lugng tuong thich trong hé toa do dia phuong sé 1a :

[M}e =p Fl
(6 x 6)

L

1
3

0

[

13 Déi xing
35 '
ey 1y
C210 . 105
0 0 1
: 3
8 13 0
70 420
'x ~_1_§.1 —‘le 0

420 140

BTV SR

Con véi phan ta dhm;.\"'ei;td cdac bédc ty do chi con :

weef ()

o |

va ma tran khdi lu’qng tﬁdng thich la :

(M], =

pFl

420 °|

156 o
221 42 D6ixing
54 13 156
-1 -3 -2z 412

215

13
35

11

-l
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Khi cdc mat cdt ngang cua phan td khung, dam trén la khéng nhd, thi anh
hudng cda qudn tinh quay va bi€n dang trugt trd nén ddng ké vdi dao dong cua ha.
* Khi d6 cn ké thém cdc anh hudng nay trong phan tich.

4, Ma tran khoi lugng tuong thich cia phan tw dang tam giic va chi nhat
trong bai toan phang. - .
Véi phén tiz dang tam gide, nhu d4 biét & chuong 4, trong bai todn phéng, cdc
phan td dang tam gidc c¢6 6 bac ty do la cdc chuyén vi nuiit. '
{@le={uy v up vy ug vg}'
va trudng chuyén vi dugc biéu dién theo cdc bic ty do nay la :

R B
V(X,y) e 2 x 6) 6 x 1

=Je

Vdi ma tran [N] cé dang

Nl 0 N2 0 N3 0

0 N;g o N2 o0 N3

trong d6 cdc ham dang Nj(x,y) dd dugc trinh bay trong chuong 4.

[N(x,y)) =

Vay, c6 thé tinh ma tran khéi lugng tuong thich ctia phan tu’ nay theo (8.13)

™, = [ T N1 av

V.‘ r —
2
0 2 Doi xung

. 1 0 2
At
M), =22 0 1 0 2 (8.48)

12 1 0 1 0 2

0 1 0 1 0 2

trong d6 : p la khéi lugng riéng vat liéu, A la dién tich phan tu, t la d6 day cua
phan ty. A
Cung tuong ty vdi phén tz dang chiz nhdt cda bai todn phing, cé 8 bac tu do
la cdc chuyén vi nit theo cdc phuong x, y.
T
{ge=1{u; vi uy vy ug vy uy vyl
va

=[Nz {qle

2x8 (gx1)
vdi [N] dd cé trong bai 4.3.

Ma trdn khéi lugng tuong thich dugc tinh theo (8.13) cho két qua nhu sau.
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[M], = f INJT [N] 4V

8 x8 V.

4
0 4
2 0 4 Dsi  xing

pAt

M]e = === 0 2 0 4 (8.49)

36 . .
1 0 2 0 4 .
0 1 0 2 0 4
2 0 1 0 2 0 4
0 2 0 1 0 2 0 4

¢ day A la di¢n tich phan td chi nhat va t 1a d6 day cua phan tu.

Chd y la cdc cong thuc (8.48) va (8.49) cing la ma tran khoi lugng theo hé toa
do téng thé x’ y’
5. Ma tran khdi lugng tuong thich cia phan tu tdm chiu uén dang tam giac :

Trong bai 6.2 da trinh bay cdc phan tich cho phan tu tim inéng chiu uén dang
tam gidc (Hinh 6.5). Trong d6 ching ta da thay ring ham do vong w(x,y) dugc xip
xi hoa bgi da thuc sau :

w(x, y) = [P(x, y)] {a}. (8.50)
v6i ma tramr .cdc don thuc [P(x, y)] duge cho bdi (6.33), va vecto tham s6 {a} gom
chin thanh phan.

{a} = {al ag a3z ... ag}T

va dugc biéu didn qua cdc béc ty do cia phan tud {q}, bdi phuong trinh :
{a} = (A1 M qle . (8.51)
véi [A]"! duge cho trong (6.37).
Vay ham do véng dugce biéu dién theo {q} la :

w(x, y) = ([P(xy)] (A1) {q}, (8.52)
Ngoai ra, cdc diém ndm cdch mit trung gian tdm cing c6 céc chuyén vi theo
cdc phuong truc x, y 1a (cong thic (6.1)).

ow

u = —z —
Jx

V= —z ‘71 (8.53)
dy
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Vay ca ba chuyén .vi thing cé thé dugc biéu dién theo vecto {q}, cdc bac tu do
cda phan tu, vdi chd y s dung (8.52), (8.53) sé la :

—z L [P(x,y))
U(X,Y) ox :
{fule ={v&Y) | =12 2 Py | (a1! {q}e
w(x,y) oy.. '
€ [P(x,y)]
Hay  {ule=IN] [AI7' {q}e = INI {q}e (8.54)
@Bx1) @x9 @x9 @x1 @x9
g day
o, .
—Z 0— [P(x,y)] 0 -z 0 -2xz -yz 0 -3x% -z(y" + 2xy) 0
E X
Nl=|_., Pyl | = 0 0 -z 0 -xz2 -2yz 0 -a2xy+x) -3z |[(8.55)
@Bx9 0%’ ' 1 x y x° Xy ¥ x* x%y + xy) y
(xy)
va ~ [N]=[N1[A)? | | (8.56)

Chu ¥ ring ma tran [N} & day la khdc vdi [N] cho trong (6.29) & bai 6.2

Vay theo (8.13) ma tran khéi lugng tuong thich cia phan td t4&m dang tam gidc
la ’

o, = [T N1y
v

e

=f,, aaht T N At av. ,f (85T
4 | | | _

Ma tran khé&i lugng tinh theo (8.57) trén co sé ma trn [N] che béi (8.56) la
ké tdi ca quan tinh quay cda phan ti do cic doan thing vudng géc mit trung binh
quay xung quanh truc x va y trong qua trinh tdm bj uén.-

Néu bé qua >quén tinh quay nhu trong thyc t& vln lam thi cing e6 nghia la Lo
.qua cdc chuyén vi u va v. Khi d6 ma tran [N] chinh la [P(x, y)] va ma tran [N]
chinh 1a ma tran,[N] dad cho trong (6.39). Va ma trdn khéi lugng tueng thich cia
phén td tdm chiu ubn dang tam gidc la trong trudng hop nay la:

M, = p0A1 " | J tPexy® (P av
: v

e

(At

= pt (A" | [ PPy tPexy) dA] a1 (8.58)
A .
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trong d6 :
[P(x VI=[1 x y x2 Xy y2 x3 (x2y+xy2) y3] (8.59)

6. Ma tran khéi lugng twong thich ciia phan ti khéi tit dién.

Vé6i phan td khéi tu dién (Hinh 7.4) trong bai 7.1, trudng chuyén vi dudc cho
bdi (7.9). véi. ma trdn cdc ham dang nhu trong (7.10). Ma tran khéi lugng cia phan
tu trong hé toa d6 tdng thé dugc xdc dinh theo (8.13) 1a :

2
o 2
0 0 2 bai xing
, 1 0 0 2
. 0 1 0 o0 2
[l\ﬂe“="f£‘—13‘ o 0 1 0 0 2 (8.60)
12312 .20 1 0 0 1 0 o0 2
\
0o r 0 0 1 0 o0 2
0 0 1 0 0 1 o0 0 2
;, 1 0 0 1 0.-0-1 0 0 2
0 1 0 0 1 0 0 1 0 o0 2
0 0 1 0 0 1 0 0 1 0 o0 2

‘trong as V, la thé tich phan ti.

§8.4. DKO DONG TU DO - BAI TOAN TRI RIENG XAC PINH TAN SO
DAO DONG TU’ DO CUA KET CAU

Né&u ching ta tdc dong vao k&t cdu mét lyc kich thich nao d6 khién né léch
khéi vj tri cAn béing hién tai roi ngay lap tdc bd lyc kich thich dé di, thi két cdu
c6 thé sé thyec hién mot dao dong tudn hoan . Dao dong nay dugc goi la dao dong
ty do. Dao dOng ndy 13 mot thuéc tinh cia két ciu, né phu thude vao sy phan bé
cia khéi lugng va df cing trong toan k&t cdu. Do c6 cdn, bién d6 cia dao dong nay
sé giam dan.- Dao djng 14 tit dan khi do 16n cda luc cin khéng vugt qué mét gid
tri gidi han ndo d6. Trudng hgp ngugc lai, khi lyc cédn 16n, két cdu nhanh chéng
trd lai vj tri cdn bing ban dau ma khong thlrc hién mot dao dong nao ngay sau khi
bd lyc kich thich di.

' Tu (8.25), cho tdi trong ngoai {P} biing khéong, ta nhan dugc phuong trinh dao
dong ty do c6 édn cia ket cdu la :

IMITG } + [C) {4} + (K] {q} = {0} (8.61)
Né&u xem lyc cdn bing khong, két cdu sé dao dong lién tuc vdi bién dd phu
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thudc vao chuyén vi hay do léch ban dau gay ra bdi luc kich thich. Cac dai lugng
nhu tan s6 riéng, chu ky hay dang dao dong cua két cdu trong dao dong tu do la
rdt quan trong trong viéc nghién ciu cdc ddp ung dong luc hoc cua két cdu, cing
nhu tranh cdng hudng xay ra d6i vdi két cdu.

Trong trudng hgp khéng can, phuong trinh dao dong tu do cua k&t cdu c¢6 dang:

(M] {q } + [K1l{q} = {0} (86D
Bang cdch xem cdc dao dong 1a diéu hoa vdi tAn s6 géc w va bién do:

{q} = {q} .e" (8.63)
thi phuong trmh dao dong ty do (8.62) din tdl ba1 todn tri riéng c¢é dang :

(K] - o (M) {q} = {0} (8.64)

Véi {q} la bién do cia cdc chuyén vi nit khi dao dcfmg va xdc dinh dang dao
dong,

w la tAn sO riéng cda két cau.

Phuong trinh (8.64) dugc goi la bai toan tri riéng. Phuung trinh (8.64) la hée
phugng trinh tuyén tinh thuan nhat va né sé cé nghiém khong tam thuong déi vdi
{q} khi va chi khi dinh thide cua ma tran hé so ([K] - 2 [M)) 14 bang khong, tuc
la :

| [[K] - »° [M]} = 0 (8.65)

Didu kién (8.65) cho ta mot phuung trinh dai s6 bac N déi vdi w?, G1a1 phuong
trinh nay ta tim duge N nghiém thyc duong, tuc N gid tri dudng cua w?. Ti dé ta
tim dudge N gia tri tin s6 riéng ; (i = 1, 2, ... N). Tuong dng vdi mobi tan sd riéng
wi ta sé tim dugc vecto riéng tuong ung {q}; bang cdch thay gia tri w; vao phuong
trinh (8.64) va giai ra {q};. ‘ '

Vecta {q}; cho ta cdc bién do dao dong cua cdc nut va dugc goi la dang dao
dong (mode shape) cua két cdu tudgng ung vdi tan s6 riéng thi i. \
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